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In this paper, optimal homotopy asymptotic method (OHAM) for the semianalytic solutions of nonlinear singular two-point
boundary value problems has been applied to several problems. The solutions obtained by OHAM have been compared with the
solutions of another method named as modified adomain decomposition (MADM). For testing the success of OHAM, both of
the techniques have been analyzed against the exact solutions in all problems. It is proved by this paper that solutions of OHAM
converge rapidly to the exact solution and show most effectiveness as compared to MADM.

1. Introduction

Nonlinear singular boundary values problem (SBVP) is of
considerable importance in the modeling of many branches
of mathematical physics and engineering i-e fluid mechanics,
quantum mechanics, astrophysics and so forth. Nonlinear
problems are difficult to solve as compared to linear problems
but the singularity of such nonlinear problem becomes more
difficult to solve by researcher. Such type of problems have
been successfully solved by modified adomian decomposi-
tion method [1, 2], but the convergence rate of its series
goes gradually to accurate solution. Recently a new growing
method has been introduced by Marinca et al. [3-6], for
approximate solution of the problems of thin film flow of
a fourth grade fluid on a cylinder surface and for under-
standing the behavior of nonlinear mechanical vibration of
an electrical machines. OHAM attracted great attention of
many researchers to solve a large class of linear and nonlinear
differential equations and so forth; Idrees et al. extended
OHAM by applying on initial and boundary values problems
of ODEs and PDEs [7-10]. Igbal and Javed [11] applied
OHAM for the analytical solution of singular Lane-Emden
type equations. The goal of this paper is to apply the proposed
method to compute best approximate solutions of nonlinear
singular boundary values problems. This paper is arranged

in four sections; the first section of the paper describes the
introduction, the second section of the paper is about the
basicidea of OHAM, and the third section presents numerical
results to demonstrate the efficiency of OHAM, and the last
section of the paper is the conclusion.

2. Basic Mathematical Theory of Optimal
Homotopy Asymptotic Method

The framework of OHAM is given in few steps.
(i) Consider the undertaken differential equation

ZwE)+ N (wEn)+g(E1)=0,
B (w,w,) =0,

)

where £ and 7 are independent variables and & (w(&, 7)) and
N(w(&, 7)) are linear and nonlinear part of (1), respectively.
Simply linear operator is denoted by & and nonlinear by 4/,
w(&, 7) is taken as an unknown function, g (x, ) is considered
as known function, and % (w, w,) yield corresponding initial
condition. Now
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(ii) According to OHAM, an optimal homotopy, ¢(&, q) :
P x[0,1] — R can be built, fulfilling homotopy equation:

(1-d)[Z(pE&1:d) + g (&71)]
=X (D) [ZL(p&:;d)+g &)+ N (9E1:d)],
B (¢ 1;d)) =0,
)

Z(d) is auxiliary function with d € [0, 1], an embedding
parameter, such that

ZKjdj, d+0,
x(d)=113 3)
0, d=0.

d varies from 0 to 1 and the solution ¢(&,7;d) varies
from wy(&, 7) to the final solution w(§, T), where wy(&, 1) is
evaluated from (2) for d = 0:

3 (wO (E’ T)) t+g (E’ T) = 0) B (woy LU§) =0. (4)

(d) is reserved in the series as below:
#(d) =dK, + @K, + d’K; + - . (5)

(iil) Next (&, 73 d : K;) can be spread out by Taylor’s series
about the parameter d:

(& nd:K)=w,(&1)+ z wi (& 1K) d,
k=1 (6)
i=1,2,....

K|, K,,..., cause the accurateness and convergence of (6) and
it it converges at d = 1 then we have the following (see [5]):

(& :K)=w, (1) + iwk (ETK)dS i=1,2,...,m
=1
7)

Insert (6) into homotopy formula (2) and comparing like
powers of d, the original nonlinear problem transferred into
a sequence of linear problems, we obtained zeroth order (4),
first order (8), second order (9), and Kth order (10) as below:

B <w1’ dwl > =0,

Z (w, (§,1)) = K, N, (w, (&,7)), 2
(8)
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( Z (w2 (E’ T)) - (wl (E’ T))
= K, (wy (§,7))
) +K, (Z (w; (§1) + N (w6 1)wy (§,7)), [

)

(& (wk & T)) -& (wkq (&, T))
= KW (w, (8, 7))

k-1
+ ;Ki (& (W, € 7))
Wiy (wy (€, 7),
w, (&1),...,w_; 1)),

dwk
B ,—— =0
_ <w’° ds) J
k=2,3,4,....
(10)

(iv) The resultant linear problems can now be solved and
their solutions are used to construct Kth order solution that
comprises K; of the original problem through (7). Then by
substituting (7) into (1), we get the following residual:

R(ETK) =% (E(m) & Ki)) +g(E1)

(11)
+ (ﬂ?(m) (f, T; Ki)) R

when R(§,7;K;) = 0, for some values of K; then L@,
7; K;)) will agree with the exact solution. Though, this does
not occur generally, especially, in nonlinear problems. There-
fore, optimal values of the auxiliary constants K, K,, ..., K,
are calculated for minimizing the following functional J (see

[5]):
1
](KI,KZ,...,KW):J R*(§,K,K,,...,K,)dE.  (12)
0

Therefore, the unknown constants K; (i = 1,2,...m)
can be optimally identified from the following conditions
(see [5]):

g _9J

JJ
= R ca—
K, 9K, a3

With these known values of the auxiliary constants the
approximate solution (7) is now well determined.
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3. Application of OHAM

OHAM is implemented on three models of singular bound-
ary value problems in order to show the accuracy of this
method.

Model 3.1. Consider second order singular boundary value
problem [1]:

W -t ® = Ewt © (14)
£ ERL

subject to boundary conditions

w(0) =1, w' (1) = -0.216506 (15)
with exact solution
Ez -1/2
w(E)=(1+?> ) (16)
Zeroth Order Problem. Consider the following:
!
W (0= 2 ©),
¢ 17)
w, (0) = 1, wy (1) = ~0.216506.

Its solution is
w, (§) = 1 -0.108253&7, (18)
First Order Problem. Consider the following:
w (&) wy ()
+
3 3
+0.33333338°K,w; (§) = 0,

w €) -wy @) (1+K;) -

(1+K,)

(19)

w, (0) =0, w] (1) = 0.

Its solution is
wy (f’ Kl)
= (0.0637828E - 0.0416667¢" +0.00751757¢°

—0.000813799&® + 0.0000528577¢°

~1.90734 x 10°"? +2.94964 x 10°¢") K.
(20)

Second Order Problem. Consider the following:
w) (€) —wy €) (1+K;) - Kyuwy (§)

RGN Kyw) ()
£t £

+0.333333382 K, w;, (§)

(1+K))+

(21)

+ 1.66666678° K, wq (§) w, (£) = 0,

w, (0) = 0, w) (1) = 0.

Its solution is
w, (5» Kl’KZ)
= K, (0.0637828E - 0.0416667¢" +0.00751757¢°
—0.000813799&® + 0.0000528577&"°
~1.90734 x 10°¢"? +2.94964 x 107°¢™)

+ K7 (0.0700404€° — 0.0416667¢" + 0.00308821¢°
+0.00159194&% — 0.000573068¢"°
+0.0000997917£"* — 0.000011419&™
+9.36638 x 107/

—5.633 x 10 %88 4+ 2.43915 x 10 &%
—7.20125 x 10711 &%
+1.29926 x 10728 — 1.08191 x 107 4£%)
+ K, (0.06378285” — 0.0416667E* + 0.00751757E°
—0.000813799&® + 0.0000528577&"°

~1.90734 x 107 °¢"? +2.94964 x 107°E™) .
(22)

Solve (17) to (22) to obtain approximate solution in the form
of

(&K, K,y) = wy (&) +w, (§K;) +w, (§ K}, K;). 23)
23

To determine constant values, K, and K, apply the method
of least square (12), (13) where

K, =-0.902176342508146,
(24)
K, = -0.004742918346272.

By substituting values of K, and K, in (22), we achieved the
approximate solution of OHAM.

Model 3.2. Consider the following third order nonlinear
boundary value problem [2]:

W O- 20 O-w@-w O =hE, @
with boundary conditions

w(0) =0, w' (0) =0, w(l) = 2.71828182,

(26)
where

h(E) = 78%° + 6Ee® — 66’ — E96%. 27)



Zeroth Order Problem. Consider the following:

"
a @ =208 oot o s Dt By 2o
325, 5729 20137. 67181 .5
" T68° 28800 151200 100800°
w, (0) = 0, w, (0) = 0, w, (1) = 2.71828182.
(28)

Its solution is

wy () = & + 1.03828* +0.5E” + 0.15E° + 0.0337302¢’
+0.006101198% — 0.00185185” — 0.00358245¢™°
—0.002583428™ — 0.001261198" — 0.0004747E".

(29)
First Order Problem. Consider the following:
2w (§) 2wy (§)
w @ -wy O +K) - —p=+ —— (1+K)
+wy Q) Ky +wp (§) Ky
+ (—6 + 1082 + 98 + 14—754 + %ES - %Eﬁ - %57

572 20137 67181

ST e T80 (14 Ky) =0,
2880 ° 15120 100800

w, (0) =0, w; (0) =0, w, (1) = 0.

(30)
Its solution is

W, (E) Kl)
=7.544 x 107 '8&* — 7.04904 x 107 '8¢’

~-9.91271 x 10 °£® — 3.08395 x 107 °¢°

+4.11194 x 107 £ + 2.8837 x 107!

+1.05135 x 10" ¢"?

+ K, (0.03880548" - 0.0166667E° — 0.00823971¢7
—0.00223214&% — 0.00319444&°
~0.00390766&"° — 0.00270645"

— 0.00126549"% — 0.000445398¢ "
—0.000126185&™ — 0.000027677E"

— 1.64425 x 10 %¢'°

+3.24922 x 10 %8¢ +2.71079 x 107%™
+1.42573 x 10 °¢" + 5.40486 x 107&*°
+1.49526 x 1077 &*! +2.95509 x 10”3
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+2.60148 x 1078 — 1.57505 x 107 &
—1.38639 x 10 &% — 6.93534 x 10 '0¢%
—2.50421 x 107°6%7 - 6.59925 x 107 1&*®

~1.11005 x 1071&7).
(31)

Second Order Problem. Consider the following:
&, () - €Ky, () = & (©) = EC,yy" (§) + 2K,y (©)
+ 2K,y () + 28K,y (§) y, () + &Ky, (§)
+ EK, yp (8) + K,y (6) = 237 (8) + 297 ()
- 68K, + 108°K, + 9¢*K,, + %ESKZ + %fﬁlg

2. 325 4 5729
~ 2K, - 228K, - 222K
35 2 168£ 2 28805 2
67181

100800

20137 .10
kil 2 4
151205 2

EIIKZ — 0’

w, (0) = 0, w} (0) =0,

Its solution is
w, (§ K1, Ky)
=7.544 x 107 '8¢* — 7.04904 x 107'8¢7

-9.91271 x 10 °&® - 3.08395 x 10¢°

+4.11194 x 1098 + 2.8837 x 107 ¢!!

+1.05135 x 10 98" + 1.05135 x 109"

+ K, (0.0388054¢* - 0.0166667&°
—0.00823971&” - 0.00223214&° — 0.00319444&°
~0.00390766&™° — 0.00270645¢"!
—0.00126549&" — 0.000445398& "
~0.000126185¢"* — 0.000027677E"

— 1.64425 x 10 €' + 3.24922 x 107°¢°
+2.71079 x 10 °¢'® + 1.42573 x 107°¢"°
+5.40486 x 10782 + 1.49526 x 10774
+2.95509 x 10 %% + 2.60148 x 10 &%
— 157505 x 10 °&** — 1.38639 x 10 &%
—6.93534 x 1071°6%° — 2.50421 x 1071°&¥

~6.59925 x 10"'%* — 1.11005 x 107"'&?)
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+ K7 (0.036921888" - 0.0166667&°

— 0.00854769¢” — 0.00223214&°
—0.0031481510&° — 0.00403613°
—0.0028082¢' — 0.00126764¢"
—0.00041452¢" — 0.0001051258"* x 107%¢'°
+8.49649 x 10 °¢" + 5.8467 x 107%¢"®
+2.90517 x 10 °¢" + 1.10585 x 107 °¢*°
+3.2565 x 107 7&*" +7.18826 x 107%&%
+6.70135 x 10 & — 5.45808 x 107 &**
—4.99343 x 1078 - 2.6526 x 10 &
~1.05107 x 10 °&*7 - 3.27247 x 10710
+7.96076 x 10 11¢* — 1.3044 x 10 1&°
— 436977 x 10728 — 1.22809 x 10712
+8.15668 x 107 +3.55887 x 10 &
+1.20393 x 107 28% + 3.18368 x 107 14&%
+6.13738 x 107 +5.19104 x 107 16&%
—2.50795 x 107166% — 1.86591 x 10 6%
—8.03133 x 107 7E* —2.61417 x 1077 &
—6.5531 x 10 8&*¥ — 1.19784 x 107 18&*
—1.2982 x 10" &* — 0.0000168305¢"°
+5.60083 x 10 °¢'® + 8.49649 x 10~°¢"7
+5.8467 x 107%™ +2.90517 x 107%¢"
+1.10585 x 10 °%° + 3.2565 x 1077 &
+7.18826 x 10 %% + 6.70135 x 107 °&>

—5.45808 x 10 & — 4.99343 x 107 °&*
—2.6526 x 1077E% — 1.05107 x 10 &%
—3.27247 x 10 1°6%® 4+ 7.96076 x 10”11
—1.3044 x 107 1&° — 4.36977 x 10712&!
—1.22809 x 107 "2£%% + 8.15668 x 10 2&*
+3.55887 x 107 2£%* 4 1.20393 x 107 7¢
+3.18368 x 10 £ + 6.13738 x 107"

16 £38 16 £39
§ §

+5.19104 x 10 —2.50795 x 10~

—1.86591 x 10716 — 8.03133 x 10 7&4

~2.61417 x 1077&* — 6.5531 x 107'8¢*

~1.19784 x 107'%&* — 1.2982 x 107%*)

+ K, (0.0388054¢" - 0.0166667E°

—0.00823971&” - 0.00223214&"
—0.00319444&° — 0.00390766&™°
—0.00270645E™ — 0.00126549E"2
— 0.000445398E" — 00001261858
—0.000027677E" — 1.64425 x 10 °¢'®
+3.24922 x 10 %€ + 2.71079 x 10 %¢"®
+1.42573 x 10 6" + 5.40486 x 107&%°
+1.49526 x 1077 &*! + 2.95509 x 10 %&*
+2.60148 x 1078 — 1.57505 x 107 &**
—1.38639 x 10 &% — 6.93534 x 10 '0¢%°
—2.50421 x 107 1°6% — 6.59925 x 10711 &%

~1.11005 x 107'&?).
(33)
Solving problem (28) to (33), in the form of

(&K, Ky) = wy () +wy (§K;) +w, (§ K, Ky). 34)
34

We obtained the constant values of K; and K, as

K, = -0.615104986973096,
(35)
K, = -0.11776184847135589.

Taylor series of the exact solution with order 10, which is given
below

w(&) = & + & +0.58 +0.1666668° + 0.04166666¢

+0.008333E% + 0.0013888&” + 0.0001988™ + - - .
(36)

Model 3.3. Consider the following third order singular
boundary value problem [1]:

W (&) - %w” ©-w @ =h@, 37)

subject to boundary conditions

w (0) =0, w' (0) =0, w' (1) = 10.8371, (38)



where
h(E) = 7825 + 68 — 6e° — 7> + x€b. (39)
Exact solution of (41) is
w (&) =86 (40)
Zeroth Order Problem. Consider the following:

2w, (&)

wy' (&) - +6— 108 — 108° — 5.25¢*

— 1.86666666667E> — 0.5E° — 0.107142857143¢’
—0.0190972222224° + 0.9970899470899471¢°

+2.9996130952380953¢° = 0,
(41)

w, (0) = 0, wy (0) = 0, wy (1) = 10.8731.  (42)
Its solution is

wy (§) = & + 1.0097E* + 0.5E° + 0.166667&°
+0.04166678 + 0.00833333£° + 0.00138889¢°
+0.000198413" + 0.00002480166"!

—0.000944214&" — 0.002136488".
(43)

First Order Problem. Consider the following:

2w, (&)

w" (€) —wy (§)(1+K,) - 3

2wy (£)
TR

— (6108 - 98" - 5.25¢"

(1+K,)+w} K,

— 1.86666666667E° — 0.56° — 0.107142857143&7
— 0.0190972222224&% + 0.9970899470899471¢&°
+2.9996130952380953E"°) (1 + K, ) = 0,

w] (1) = 0.

w, (0) =0, w, (0) =0,

(44)
Its solution is

w, (f’ K1)
=2.96059 x 10 "°&> — 2.07889 x 107 "%¢*
—7.04904 x 10787 — 1.98254 x 107 '8¢®
+2.56996 x 1072°¢' 4+ 9.01155 x 107 2'&M

+6.32606 x 107 ¢"
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+ K, (2.96059 x 107'°8” + 0.0348465¢*
—7.04904 x 10787 — 1.98254 x 107 '8¢®
+2.56996 x 107 2°¢" 4+ 9.01155 x 107 2'&M
—0.00094697& — 0.00215765E"
—0.000250492&™ — 0.00197358&"°
—0.00118551&'° — 0.000578225¢"7
—0.000238163¢" — 0.0000850952¢"°
—0.0000268863&%° — 7.225 x 107 %!
~5.00972 x 1077 &*
+1.4809 x 107°6% + 1.41769 x 107°6**
+8.1403 x 1077E> + 3.49615 x 107/ &*°
+1.21188 x 1077¢%7 +3.53307 x 10 °&%

+8.89992 x 10 ¢ +1.85617 x 10 &

10 £31 10 £32
§ §

~1.99788 x 107°&°" - 9.12587 x 10~

~6.52991 x 10 7&” - 2.65181 x 10 1°&*

- 7.59661 x 1071 E” - 1.67268 x 1071 &

~2.98912 x 107787 - 4.49394 x 10778

— 4.19389 x 107*& +9.57023 x 1071£"

+2.1308 x 1077E* + 1.49031 x 107°E%).
(45)

Second Order Problem. Consider the following:

wy (&) -w" () (1+K;))-w, K,

2w () 2w (§)
g + £ (1+K))+ £

+ 3K1w§ @) w, (&) + szg () - w;u ©
—w) (&) (1+K,)

— (6 - 10&” - 108” - 5.25¢" — 1.86666666667¢°

2K2w(')' ©

—0.58° - 0.107142857143” — 0.0190972222224&"
+0.99708994708994718
+2.99961309523809536'°) K, = 0,

w, (0) =0,

w) (0) =0, w) (1) = 0.

(46)



International Journal of Differential Equations

TaBLE 1: Comparison of second order OHAM solution with exact solution and third order MADM solution up to order 14.

I3 EXACT solution MADM solution OHAM solution Absolute error MADM Absolute error OHAM
0.1 0.998337 0.998336 0.998338 1.78094 x 10°° 3.03759 x 1077
0.2 0.993399 0.993392 0.9934 712004 x 107° 1.00144 x 10°°
0.3 0.985329 0.985313 0.985331 1.59824 x 107° 1.59946 x 107”7
0.4 0.974355 0.974326 0.974356 2.82262 x107° 1.66785 x 107°
0.5 0.960769 0.960725 0.96077 434674 x 107° 114773 x107°
0.6 0.944911 0.94485 0.944911 6.08991 x 10~° 3.98556 x 1077
0.7 0.927145 0.927066 0.927145 791571 x 10~ 1.05074 x 1077
0.8 0.907842 0.907745 0.907841 9.65148 x 107 3.56447 x 1077
0.9 0.887358 0.887246 0.887357 112075 x 10~ 1.45927 x 107°
1 0.866031 0.865902 0.866026 1.29346 x 10~ 5.62911 x 10°¢

Second order OHAM solution gives encouraging results after comparing it with third order MADM solution.

TaBLE 2: Comparison of OHAM solution with exact solution and MADM solution of order 10.

3 EXACT solution MADM solution OHAM solution Absolute error MADM Absolute error OHAM
0.1 0.00110519 0.00110515 0.00110517 1.87999 x 10~ 2.64081 x 104
0.2 0.00977122 0.00977092 0.00977122 3.00822 x 1077 1.58487 x 10~°
0.3 0.0364462 0.036447 0.0364462 1.52339 x 107° 2.99917 x 10~°
0.4 0.0954768 0.095472 0.0954765 4.81805 x 10°° 2.31584 x 1077
0.5 0.20609 0.206078 0.206089 117777 x 107 112844 x 107
0.6 0.393578 0.393553 0.393573 2.44717 x 107° 4.14866 x 107
0.7 0.690717 0.690671 0.690704 454747 x 107 126327 x107°
0.8 1.13947 11394 113944 7.79179 x 107° 3.36654 x 107
0.9 1.79304 1.79292 1.79296 125578 x 107 8.13233 x 107°
1 2.71825 2.71806 2.71807 1.93023 x 107* 1.82278 x 1074
Its solution is +8.1403 x 1077E% + 3.49615 x 107/ &%

w, (§,K,,K,) +1.21188 x 10778 +3.53307 x 107%¢*®

=2.96059 x 107'%8> — 2.07889 x 107 '%¢* +8.89992 x 10 8% +1.85617 x 10 °£>°

—7.04904 x 107887 — 1.98254 x 107 '4&® ~1.99788 x 10708 — 9.12587 x 10710

+2.56996 x 108" +9.01155 x 107'&" ~6.52991 x 107%% — 265181 x 107108

+6.32606 x 107°EY - 7.59661 x 1071 & — 1.67268 x 107 &

+ (592119 x 10718 + 0.0348465¢* —2.98912 % 1077”7 — 4.49394 % 1077

—14¢39 —14 ¢40
— 1.40981 % 10_1867 —3.96508 x 10_18£8 —4.19389 x 10 E +9.57023 x 10 E

—13 41 —13 42
+5.13992 x 1072°8" + 1.80231 x 107 2°¢"! +2.1308 x 107°€" + 149031 x 107°¢%) K,

— 0.00094697E" — 0.00215765E" — 0.002504928™ +(2.96059 x 107'°8” - 0.0360497¢*
—0.001973588"° - 0.00118551"° — 7.04904 x 1078¢7
—0.000578225¢"7 — 0.000238173&" —1.98254 x 107"8¢® 4 2.56996 x 10720
—0.0000850952¢"° — 0.0000268863&>° +9.01155 x 10'&"" - 0.00094697¢"
—7.225%x107%* = 5.00972 x 1077 &* - 0.0022321¢" - 0.00262092&"

+1.4809 x 107> + 1.41769 x 10756 —0.00206498&"° + 0.00123426&°
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TaBLE 3: Comparison of the series of OHAM solution with exact solution and MADM solution with order 10.

3 EXACT solution MADM solution OHAM solution Absolute error MADM Absolute error OHAM
0.1 0.00110517 0.00110273 0.00110615 24423 x10°° 9.77862 x 1077
0.2 0.00977122 0.00973215 0.00978687 3.90768 x 107° 1.56458 x 10~°
0.3 0.0364462 0.0362484 0.0365254 1.97827 x 107* 792069 x 10~°
0.4 0.0954768 0.0948515 0.0957271 6.25242 x 107 2.50333 x 10~
0.5 0.20609 0.204564 0.20670 1.52656 x 107> 6.11167 x 107*
0.6 0.393578 0.390412 0.394845 316596 x 10° 1.26732x10°
0.7 0.690717 0.684849 0.693064 5.86744 x 10° 234789 x10°°
0.8 1.13947 1.12946 1.14348 1.00169 x 107> 4.00545 x 107
0.9 1.79304 1.77697 1.79946 1.6067 x 102 6.41611 x 10
1 2.71825 2.69371 2.72805 2.45465 x 107 9.77953 x 10~

1.00 0.00012 |

0.98 | 0.00010 |

0.96 [ 0.00008

5
094 | 5 0.00006
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0.92 0.00004 +
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--- OHAM

()

--- OHAM
MADM

()

FIGURE 1: (a) Plot of exact, third order MADM, and second order OHAM solution of model 3.1. (b) Plot of absolute errors of OHAM and
MADM with exact solutions.

25

2.0

15¢

1.0+

0.5 F

Error

—— Exact
MADM
--- OHAM

(a)

0.00015
0.00010

0.00005 | A

0.4 0.6 0.8

--- OHAM
MADM

(b)

FIGURE 2: (a) Plot of Exact, second order MADM, second order OHAM solution of model 3.2. (b) Plot of Absolute errors of OHAM, MADM
with exact solutions.
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FIGURE 3: (a) Plot of Exact, third order MADM, second order OHAM solution of model 3.3. (b) Plot of Absolute errors of OHAM, MADM
with exact solutions.

—2.66882 x 10778 — 7.4357 x 107 '8¢

+1.78031 x 1018 — 3.07739 x 107 9&%
+6.87535 x 107226 + 1.26899 x 10 19¢%!
+7.41807 x 107 2°%% + 2.6999 x 1072%¢%

+7.17458 x 10721 &% + 1.49357 x 10721E%
+2.55087 x 10722¢% + 3.52795 x 1072
—2.35347 x 10724 — 1.39052 x 107 2°&%

~1.48117 x 10 287" - 6.12864 x 10 ') K.
1

(47)
Solving problem (41) to (47), we obtained
(&) = wy (§) +wy (§Ky) +w, (§ K, Ky). (48)
We obtained the constant values of K; and K, as
K, = 2.7875178639324 x 10>,
(49)

K, = —7.889481663510912 x 102",

Substituting constant values of K, and K, in (48) to obtain
approximate solution of OHAM.

4. Conclusion

Optimal homotopy asymptotic method has been applied
to obtain the approximate solution of singular boundary
value problems. Results have been compared with modified
adomian decomposition method and with the exact solutions
of proposed models. Numerical results present in Tables 1, 2,
and 3 showed that this technique is fast convergent and has
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remarkable low error than MADM. It is observed through
represented plots in Figures 1(a), 2(a), and 3(a) that the
presented technique is effective and reliable within bounded
domain. Absolute errors plots by Figures 1(b), 2(b), and 3(b)
showed the precise closeness of OHAM to exact results.
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