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In this paper, we are concerned with the multiplicity of nontrivial radial solutions for the following elliptic equations (P),: —Au +
V(x)u=AQ (x) [ulTu + Qx)f(u),xe RY; u(x) — 0,as|x|] — +0o, where 1 < q<2,0<AeR,N >3,V,and Q are radial
positive functions, which can be vanishing or coercive at infinity, and f is asymptotically linear at infinity.

1. Introduction and Main Results

In this paper, we deal with the multiplicity of nontrivial radial
solutions for the following elliptic equations:

“Au+V(xX)u=AQx) [uTu+Qx) f(u) xeRN,

u(x) — 0, as |x|] — +oo,

(P)y

where ] < g <2, 0 <A e R N > 3,V,and Q are
radial positive functions, which can be vanishing or coercive
at infinity.

When Q is a smooth bounded domain in RY, the problem

(PL),

where 1 < g < 2,0 < A € R,and N > 3, has been widely
studied in the literature and plays a central role in modern
mathematical sciences, in the theory of heat conduction in
electrically conduction materials and in the study of non-
Newtonian fluids. However, it is not possible to give here a
complete bibliography. Here we just list some representative
results. In the case where f is superlinear near infinity,
problem (P',), is the famous concave-convex problem; after
the celebrated work [1, 2], this kind of problem has drawn
much attention. In the case where f is linear in u, the authors

“Au=+MulTPu+ f (xu) xeQ,

u(x)=0, xeQ,

in [3] have proved that there exist at least two nonnegative
solutions for a more general question:

~Au=h(x)ul + f (x,u),
1)

OSueHé(Q), 0<g<l,

where h(x) € L°(Q) satisfies some additional conditions. For
problem (P') 1> in the special case f(u) = au + |ul?, where
2 < p < 2%, one nonnegative solution for any a € R and
A > 0 was found in [4] via Mountain Pass Theorem. In the
last years, several papers have also been devoted to the study
of nonlinearities with indefinite sign, for example, [5, 6] and
the references therein.

When Q = RY, there are a large number of papers
devoted to the following equation:

~Au+V (x)u=f(xu) withuew" (IRN). (R)

So far, in almost all the results concerning (R), the nonlinear
function f is assumed to be globally superlinear, that is,
lim, _, o(f(x,u)/u) = 0 and there exists 6 > 2 such that
0 < OF(x,u) < uf(x,u) for all (x,u) € RY x (R \ {0}),
where F(x,u) Iou f(x,t)dt. The case in which V(x) —
+00, |x| — 00, and f is globally superlinear was first
studied by Rabinowitz in [7]. The assumptions in [7] ensure
that the associated functional of the equation satisfies the
Palais-Smale condition; this fact was observed in [8, 9] where
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the results in [7] were generalized. For a radially symmetric
Schrodinger equation with an asymptotically linear term,
one radial solution has been obtained in [10, 11] by Stuart
and Zhou and their results were generalized to more general
situations in [12-15].

Since the class Sobolev embedding is WE(RY) <
LPRY), p € (2,2N/(N - 2)), we cannot study the
sublinear problems in WY2(RY) via variation method. In
order to overcome this obstacle, a regular way is to add
some restrictions on potentials V' and Q. For example, in
[16], the authors obtained the existence of infinitely many
nodal solutions for problem (R), where V € C(RN, R),
V(x) > 1,],x(1/V(x))dx < +oo, and the nonlinearity f is
symmetric in the sense of being odd in u and may involve
a combination of concave and convex terms. There are also
some other results about concave and convex problem on R”,
such as [17-19] and the references therein. However, as we
have known, there are few results about problem (P), with
both sublinear terms and asymptotically linear terms.

Recently, in [20], the authors established a weighted
Sobolev type embedding of radially symmetric functions
which provides a basic tool to study quasilinear elliptic
equations with sublinear nonlinearities. Motivated by the
works of [20], we consider (P), with more general potentials
and combined nonlinearities. In our paper, we assume the
following.

(V) V(x) € CRYN,(0,+00)) is radially symmetric and
there exists a; € R such that

V(f;) > 0. )

lim inf

|x] =00 |x|

(Q) Q(x) € C(RY,(0,+00)) is radially symmetric and
there exists a, € R such that

Q(x)

lim sup—2-= < co. (3)

|x| = oo |X|

It is clear that the indexes a, and a, describe the behavior of
V and Q near infinity. On a,, a,, we assume the following:

(A)) a, = (2Q(N-1)+a,)/2)-N, (N-2)/2)-N < a, < -2;
(Ay) a < (2(N-1)+a;)/4)-N, (N-2)/2)-N <a, <
_2,
(A3) a; <=2, (N-2)/2)-N < a, <(2(N-1)+a,)/2)-
N;
(A a, < ((N-2)/2)-N, (2(N-1)+4a,)/4)-N<a, <
(2N -1)+a)/2) - N;
(As)a; 2-2, (2(IN-1)+4g)/4)-N<a, < (QIN-1)+
a;)/2) = N.
According to the indexes a,, a,, we define the bottom index
2 .

e

2 + N
M, if (a,a,) €A, i=1,2,3;
N-2

2* = 4 + N (4)
A@IN) i ana) € A= 4.5,
2(N-1)+a
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Let CSO(IRN ) denote the collection of smooth functions
with compact support and

Cor (IRN) = {u e Cy’ (IRN) | uis radial}. (5)

Denote by Di‘Z(RN ) the completion of Cgf;(IRN ) under the
norm

1/2
lulss = (| 1vuPax) ©)
RN
Define
W, (RN; V) = {” e D,” (RN) | J V (x) udx < oo},
RN
7)
which is a Hilbert space [21, 22] equipped with the norm
1/2
fll = (|19l + Vi ) 0
RN
Let
I (RY;Q)

= {u :RY +— R | u be Lebesgue measurabe, 9)

JRN Q (x) |ulPdx < oo} ,

which is a Banach space equipped with the norm

1/p
o = (| QElldx) . 00)

Following Theorem 1.2 in [20], under the assumptions
(V),(Q), and (4,),i = 1,...,5, it holds that the embedding
WH(RY; V) — LP(RN;Q) is compact for p € (2,,2N/(N -
2)). We remark that the index 2, < 2by(4,), i=1,...,5,s0
it is possible to study (P), with sublinear nonlinearities. We
make the following assumptions on f:

(f1) f(w) € C(R,R);
(fy) limy, _, oo (2F(w)/|ul?) = b.

Since under the assumptions (V), (Q), and (4,), i =
1,...,5, it holds that the embedding W"*(RN;V)
L*(RY;Q) is compact, the eigenvalue problem

-Au+V (x)u=pQ(x)u x € RY,

(P),
u(x) — 0, as |x|] — +00

has the eigenvalue sequence
0<p <py<ps<--- — +00. 1

Similar to the eigenvalue problem on bounded domain, y; >
0 is simple and isolated and has an associated eigenfunction
¢, which is positive in R,

Our main results are the following.
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Theorem 1. Under the assumptions (V), (Q), and (A;), i =
1,...,5, if f satisfies (f,), (f,) with u, <b < +00, moreover

(f3) F(u) = fou f(s)ds>0, ueR;

(fy) there exist C' € (0,u,) and ry > 0 small, such that
|f )| < C'lul, lul <,

then there exists A, > 0 such that, for any A € (0,7,), (P), has
at least four nontrivial solutions.

Theorem 2. Under the assumptions (V), (Q), and (A;), i =

1,...,5, if f satisfies (f,), (f,) with p,, < b < +00 for some
k € N, moreover,

(fs) b is not an eigenvalue, F(u) > (ym/Z)uz, u € R,
lim supu_,O(ZF(u)/uz) < Ups1» for somem € N,m <

>

then there exists A, > 0 such that, for 0 < A < A,, (P), has at
least one nontrivial solution.

Remark 3. In Theorem 1, f may be assumed as superlinear
near zero; we can get four nontrivial solutions by Mountain
Pass Theorem and Ekeland’s variational principle and trun-
cation technique. In Theorem 2, under the assumptions on f
near zero, the functional associated to problem (P), enjoys
linking structure, and (P), has a linking solution.

Remark 4. In Theorem 1, b may be an eigenvalue of problem
(P),;; then problem (P), may be resonant near infinity.

Remark 5. As we have known, there are few results about
problem on R" with both sublinear and asymptotically linear
nonlinearities at the same time.

The paper is organized as follows. In Section 2, we give
some preliminary results. The proof of our main results will
be given in Section 3.

2. Preliminary

In this section we give some preliminaries that will be used to
prove the main results of the paper. We begin with a special
case of results on Sobolev type embedding which is due to
[20].

Lemma 6 (see [20]). Let (V), (Q), and (A;), i = 1,...,5,
be satisfied; the space W"*(R™; V) is compactly embedded in
LP(RY;Q), for any p such that 2, < p < 2N/(N - 2).

For er’z(lRN ; V), we denote

A
B =gl =2 | Qemitdx- | Qs

+ 1 A +
B = 3l =2 [ Qe

_ JRN Q(x) F (u*) dx,
(12)

where 4" = max{y,0}, v~ = min{u,0}; then, under
conditions (f,) and (f,), I; and I} € C'(W"*(RY; V), R).

Recall that a sequence {u,} is a (PS). sequence for the
functional I, if

I(w,) —c¢ I'(u,)—0, n— oo (13)

A sequence {u,} is a (C), sequence for the functional I, if

I(w,)—c¢ (+]u])I' () —0 n—oco (14)

Definition 7. Assume X is a Banach space, I € C'(X, R); one
says that I satisfies the (PS), condition, if every (PS), sequence
{u,} has a convergent subsequence. I satisfies (PS) condition
if I satisfies (PS), at any c € R.

Definition 8. Assume X is a Banach space, I € CI(X, R); one
says that I satisfies the (C), condition, if every (C), sequence
{u,} has a convergent subsequence. I satisfies (C) condition if
I satisfies (C), atany c € R.

Lemma 9 (Ekeland’s variational principle, [23]). Let V be a
complete metric space and let I : V. — R U {+oo} be lower
semicontinuous, bounded from below. For any € > 0, there is
some point v € V with

Yw e V.
(15)

I(v)< il‘}fI + &, I(w)=1W)-edw)

Lemma 10 (Mountain Pass Theorem, Ambrosetti-Rabi-
nowitz, 1973, [24]). Let X be a Banach space, I € CHX, R).
Lete € X and r > 0 be such that |le| > r and

b= ||ir||1£ I(u)>1(0)>1I(e). (16)

If I satisfies the (PS), condition with

= inf I(y(®)),
¢ := inf max (y@) .

[:= {Y € C([O’1]>X)]/(O) :0,’/(1) :e})

then c is a critical value of 1.

Lemma 11 (Linking Theorem, Rabinowitz, 1978, [24]). Let
X =Y &P Z be a Banach space withdimY < co.LetR >r >0
and z € Z be such that ||z| = r. Define
M={u=y+tz||lul <R t>0,yeY}
My :=1{u=y+tz| y € Yul = Randt >
0 or |ull <R andt =0}
N:={ueZ||u|=r}
Let I € C'(X, R) be such that

d:= 1113]1’[ > a:= max]. (18)

0

If I satisfies the (PS), condition with

o= i),
(19)

T={yeC(M,X): Y, = id},

then c is a critical value of I.



It is well known that the above two minimax theorems are
still valid under (C), condition. In our paper, we denote X :=
er’z(lRN ; V); C is denoted to be various positive constants.

Lemma 12. Under the assumptions (V), (Q), and (A,), i =

5, if f satisfies (f,), (fy), and (f,) with u, < b < +00,
then there exists \* > 0 such that, for 0 < A < A", one has the
following.

(i) There exist py, f; > 0, such that

I (w) =By >0 VueXwith |ul =py. (20)

(ii) There exists ey € X with |ley|| > pj such that I} (e3) <
0.

Proof. We only prove the above results for I.

(i) By (f1), (f,), and (f,), there exists C > 0 and p €
(2,2N/(N -2)), such that [F")| < (C'/2)[u"|? +(C/2)|u"|P.
Then

1 A
L= 3l - | Qe dr- | QuF(u)dx
q JrY
1,2 C 2, C J p
> 2P -5 | Qeldx-5 | Quwrdx
2 [ Q0 uax
q JrN
c’ C C,A _
> (“‘ Sl - oAy 2>||u||2.
2p q
1)
Set
gt = %tp_z + C—Z/ltq_2 for t > 0, (22)

where g € (2,,2) and p € (2,2N/(N - 2)). By g'(to) =0, we
have

t0=(2C1(2_q)

1/(p-q)
A ) (23)
qC, (p-2) )

Then there exists C, > 0 such that g(t,) = C,AP 2/,
Thus, there exists A, > 0 such that, for A € (0,1,), (4; —
C/2uy > CoAP™2/P=D Furthermore, set p; = ty; we have

Vel
1;(u)z<mz——c
t

=f; >0 VueX with |ul =

)
) A(pZ)/(pq)) ( 2, (2-q) /\) e
qaC, (p-2)

(24)
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(ii) Let ¢, > 0 be a y, -eigenfunction; for t > 0 we have

+ ’ At
B = Sl - [ eelalax

- | QuF () dx
R

_ P’
5 (25)

2A172
x(1-=—= | Qx)|¢|"dx
( dl¢:l’ JR” 1

2
-— Q(x)F(t(/)l)dx).
£ JRN

By (f,), 1 < b < +oo and q < 2; then there exists Ty, > 0
large enough such that

q—2
el QT
g1 (26)
o)
-———— | QX)F(Ty,¢,)dx <0.
Tl J=
So, we can choose e; = T, ¢,; then (ii) is proved. O

Lemma 13. Under the assumptions (V), (Q), and (A;), i =

5, if f satisfies (f,)-(f3) with p,,; <b < +oo and (f),
then

(i) for any given A and u € X =
EB]’.ZI ker(=A +V — u;Q), we have

I, (1) < 0; 27)

(ii) there exists \** satisfying the fact that for A € (0, A*")
there exist two positive constants d(A) and r(A) such
that for allu € N := {u € X;,, |ull = r(1)}, one has

I, () >d(A) > 0 (28)

(iii) there exists R > 0 such that, for any given A and u €
X, i1 and |lull = R, we have I) (u) < 0.

Proof. (i) Letu € X, ; by (f5), F(u) > (l/Z)ymuz,u € R, then

A

oA [ ot -
B = il =7 [ ot | QF wax

2
(29)

= [ Qupdx <o

(ii) Let u € Xjn; by (f;) and (f,) with y,; < b < +00,
and lim supu_,O(F(u)/uz) < (1/2)y,,.1> we have that there
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existe, > 0,C > 0, p > 2, such that F(u) < (1/2)(U4,,11 —
g,)u” + Clu|?. Then

1 A
B = Sl =~ [ Qx| QFwax

[\

1 1
Sl = (s =) [ Qudx
. (30)
- CJ Qlu|ldx - = J Qlu|dx
RN q Jr¥

[\
|

1 — &
<1 _ M) lull® - Cllull? - CAjul’.

Hm+1

The rest of the proof is similar to the proof of (i) of Lemma 12.

(iii) For any u € X, set f(u) = bu + g(u); by (f,), we
have G(u)/u®> — 0, as |u| — oo, where G(u) = j: g(s)ds.
Then

1 A b
auo:—wW——j @mwx——j Qluf*dx
2 q Jry 2 Jry (31

- J QG (u) dx.
RN
Since b > p,,,,,, for every z € span{¢,, .}, t e R,w € X,
Plalf + fwl -6 | QUez +w)dx <o,
RN

(32)
for tz + w#0.

Arguing by contradiction, we find a sequence {u, }, satistying
lu, | — oo,u, =t,z, +w,, where z, € spanf{¢,,.,},t, € R,
w, € X,,, such that

1 1 A
1) = el ol 2 [l
- J. QF (u,)dx > 0.
RN

Dividing ||u, ||* in both sides of the above equality, there holds

Li(w,) 15 o 1 2 A q
st el Sl - o [ @l
P 2 20 gl P e
(34)
F
_J Q (””z)dxzo,
S

; 20 112 2
wheret, := t,/|lu,ll, v, :=w,/lu,l.Since 7 llzoI*+[v,I° = 1,
after passing to a subsequence 7, — 7,inR,v, — vin
X, Letu' = 7z, + v; by (32), there exists a bounded domain
Q ¢ RY, such that

T2||Zo||2 +lv)* - bJ Q(rzy + v)zdx <0. (35)
Q

As F(u) = (1/2)bu? + G(u), it follows from (34) that

F(u,)

2
e

dx

1 1
0< 3mleolf + 5l - | @
B A
alu
1 1 1
= ETﬁ"ZOHZ + 5"1/,1”2 - Eb JQ Q(t,2y + vn)zdx
[ @@ty
o P gl
1 1 1
Sl + Sl - 56 |_Qmz + v,

_LQQ%M”

ot

Clearly, |G(u)| < couz, for some ¢, > 0 and Guw)/u* — 0,
as |lu| — oo.Sincer, — 7,inR, v, — vin X, then
7,20+ v, — ' =1z)+v,in L*(RY;Q). It is easy to see from
the Lebesgue dominated converge theorem that

G (uy)
Q—zdx =
L ol

Hence 0 < (1/2)7°[1zol*+(1/2)IIvI°~(1/2)b |, Qltzo+vI*dx <
0; this is impossible. O

J Q|un|qu
RN

(36)

J Q|u,,|"dx
RN

L Q%g") (Tfl + vfl) dx — 0. (37)

3. Proof of Main Results

Proof of Theorem 1. Firstly, we will prove that, for any fixed
A, the functionals I;f have a local minimizer, respectively;
then problem (P), has two nontrivial solutions: one is
nonnegative; the other one is nonpositive.

Similar to [25], for p; > 0 given by Lemma 12(i), define

FPI ={ueX|llul <py}, aBP; ={ueX||ul=p}

(38)
and Ep; is a complete metric space with the distance
dist (u,v) = |lu—v|| foru,ve Ep;. (39)
By Lemma 12, we have that
Ii(w)>py >0, ue 0B, (40)

Clearly, II € Cl(gp}’ R); hence I;: is lower semicontinuous

and bounded from below on EPI' Let

c)t = inf I;{ (u).
u€B +
PA

(41)



By the definition of I, we can easily claim that ¢, < 0.Indeed,
since g < 2 if t > 0 is small enough,

2 Al
I (tgy) = — -=
;o9 = Sl -~

| Qulftax
R
- [ Q@ F () ax

q
<Pl -2 [ ewiglar by ()
q JrY

< 0.
(42)
By Lemma 9, for any n > 0, there exists a u,, such that
1 + 1
o <Ij(u,) <c e
(43)

I (w) > Iy (u,) - % |4, —w|, forw e EP;.

Then, [Ju,| < p;: for n > 1 large enough. Otherwise, if [|lu, || =
p, for infinitely many n, without loss of generality, we may
assume that [|u,| = p; for alln € N, and it follows from (40)
that

Iy (u,) > B > 0. (44)

Letn — 0o and combine (43); we can get that 0 < f} < ¢; <
0. This is a contradiction.

We prove now that I;['(un) — 0,asn — o0o0. In fact, for
any u € X with |u]l = 1, let w, = u,, + tu and, for any fixed
n > 1, we have |w, || < |lu,ll +¢ < p/{ ift > 0 is small enough.
So it follows from (43) that

t
Iy (u, + tu) > I (u,) - - lull - (45)
That is,
+ +
t n n

Lett — 0; we see that (I;'(un),u) > —1/n, and this gives
1
|<I;' (un),u>' < — forany u € X with ul| =1. (47)
n

So, I}'(u,) — 0,asn — ©co,and, by (43), I} (1,,) — ¢, <0,
asn — oo0. Then, for any given A, {u,} is a bounded (PS).:
sequence of I}. By the compactness of Sobolev embedding
Lemma 6 and a standard procedure, we see that there exists
u) € X such that I}'(u) = 0. Since

I;' (u/l\) ui_ =0, (48)

this implies that u} > 0. That is, u) is a nontrivial solution of
problem (P),. For the case I}, by the same argument, we can
get that problem (P), has another nontrivial solution, which
is nonpositive.
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Secondly, we will prove that there exists A, > 0 such
that, for A € (0, A,), problem (P), enjoys two mountain pass
solutions.

Define

2+ . +
6 = infmax Iy (y (1)), (49)

where I := {y € C([0,1], X) : y(0) = 0, p(1) = e} }.
By Lemmas 10 and 12, we only need to prove that I}
satisfies (C)Cii condition.

Lemma 14. Under the assumptions (V), (Q), and (A;), i =

1,...,5, if f satisfies (f1), (f;) with u, < b, (f3), and (f,)
then, for any fixed A > 0, the functional I} satisfies the (OFs

condition.

Proof. Here, we only prove the case for I.
For every (C)Ci+ sequence {u,},

2+
b

Iy (u,) — ¢, asn— +oo, (50)

1+ |u) I (w,) — 0, asn— oo. (51)

We claim that the sequence {u,} is bounded in X. Seeking a
contradiction, we suppose that |lu, | — co.Letz, = u,/|lu,ll;
up to a subsequence, we get that

z, — zin X,
z, — zin L'(RY;Q), 2, <s <2N/(N -2),
Z,(x) = z(x)ae x € RYN.
We claim that z # 0. Otherwise, z = 0, since by (51)
o(1)
= (1 () )

= ||un||2 -2 J y Qui, (x)1dx - J . Qf (u, (x)) u, (x)dx.
R R

(52)
Dividing ||un||2 in both sides of (52), we get that
u)u’
0(1):1—JNQ—f( LN (53)
RY |

(f1), (f2), and (f,) with y; < b < +oo imply that there exists
C > 0, such that

|f ()] < Cuy. (54)
Combining (53) and (54), we have

1= J dex+o(l)
RN

2
Jual

< cj Q)| Fdx+o(1).
RN

(55)

Lettingn — 00, we get a contradiction. Thus, z# 0 in X.
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Set

f(un (x)) N
W, for x e R™, u, (x) >0, (56)

0, for x € RY, u, (x) <0.

P, (x) =

From I}’ (u,) = o(1),
J Vu, Vo dx + J V(x)u,pdx — A J Q(x) (u;)q_l(p dx
RN RN RN

_ JRN Qx) f () pdx =0 (1),
(57)

forall ¢ € CS)‘;([RN ). Dividing [lu,|| in both sides of the above
equality, there holds

J Vz, Vpdx + J V(x)z,pdx — J Q(x)P,(x) zqu dx
RN RN RN

=o0(l).
(58)

By (54), |P,(x)| < Cfor x € RY. Then we have

QP,z, ¢ dx

J{xeRN|z*(x):0} (supp ¢

< CJ Qz, |¢| dx
{xeRN|z* (x)=0} () supp ¢

Qz" |¢>| dx=o0(1).
(59)

:o(l)+Cj

{xeRN|z* (x)=0} ( supp ¢

On the other hand, since z;/(x) — z'(x) fora.e. x € RN, we
have lim,, _, o1 (x) = +co for a.e. x € {x € RN | z7(x) > 0},
which implies that lim, , P, (x) = b, fora.e. x € {x € R" |
z"(x) > 0}. Besides |P,(x)| < C, for a.e. x € RY. Using the
Lebesgue’s Dominated Convergence theorem, we obtain that

Q(P,(x)-b)z,¢dx

J{xeRNu* (x)>0} () supp ¢

<

Q|P, (x) - b|z] |¢|dx
J{xERN|z+(x)>O}ﬂsupp¢ | | " |¢l

<

1/2
(j QP (x) - bl 9| dx)
{xeRN|z* (x)>0} ) supp ¢ (60)

1/2
o Q=)' 4] d)
{xeRN|z*(x)>0} () supp ¢

1/2
< c( j QP, ()~ b[ || dx)
{xeRN|z* (x)>0} ) supp ¢

=o0(1).

7
By (59) and (60),
J QP, (x) 2/ ¢ dx
RN
. j QP, (x) 2} ¢ dx
{x€eRN|z* (x)=0} () supp ¢
+ j QP, (x) 25 ¢ dx (61
{x€RN|z* (x)>0} () supp ¢

:o(1)+J

{xeRN|z*(x)>0} () supp ¢

QP, (x)z, ¢ dx

=o(l)+ bj Qz'pdx.
RN

Combining (58) and (61), letting n — 00, there holds
J (VzVé + Vz¢)dx = b J Qz" ¢ dx. (62)
RN RN

We claim that meas{x € RY,z"(x) #0} > 0. Otherwise z* =
0; taking ¢ = z in (62), we have z = 0, which is impossible.
Taking ¢ = z~ in (62), then we can get z > 0. Moreover, by
the Hopf” Lemma, we also can get z > 0in R™. Taking ¢ = ¢,
in (62), we obtain

J (VzV, + Vze,)dx = bJ Qz'¢dx.  (63)
RN RN

Since ¢, > 0 is the eigenfunction associated to y;, and z > 0,
we have

J (VzVé, + Vz¢,) dx = p, J Qz¢pdx.  (64)
RN RN

This is impossible, since b > y,. Then {u,} is bounded

in X. Since the embedding from X into L'(RY;Q),s ¢

(2,,2N/(N - 2)) is compact, there exists uﬁ, such that u,, —

u stronglyin X, and I; (u3) = ;" = B > 0, I} (u3) = 0.
Finally, since I3 (u})u;~ = 0, then

J . (VuiVuf{ +V (x) uiuf{) dx
R

= JRN Q(x) (u?f)q_lui_ + JRN Q(x) f (u?) ui_dx

=0.
(65)
Wehaveu;” = 0,i.e,u; > 0. Thus, u is a nonnegative solution
for problem (P),. Similarly, for

_ 1 A _ _
I, () = E||u||2 o JRN Qlu |'dx - JRN QF (u”)dx, (66)

we can also get a nonpositive solution for problem (P);.
Thus, problem (P), has at least four nontrivial solutions.
The proof of Theorem 1 is complete. O



Proof of Theorem 2. In order to prove Theorem 2, we firstly
verify that the functional I, enjoys the linking structure. This
can be easily got form Lemma13. In fact, for Y = X,,,, Z = X,
z € span{¢,,,,} with ||z|| = r(1),

M:={u=y+tz||u| <Rt>0,yeY}

My ={u=y+tz| yeY|ul =Randt > 0or

[lu]l < Rand t = 0},

N:={ueZ|lul=rA)}

Lemma 13 implies that there exists A** > 0, such that, for
0<A<A™,

ilelzgl" (u) > usEuAE)OIA (). (67)

Define

& = inf max ], (y (),
(68)
I={yeCM,X): Vg, = id} .

Next, we prove that the functional I, satisfies the (C)
condition.

a

Lemma 15. Under the assumptions (V), (Q), and (A;), i =
1,...,5, if f satisfies the assumptions of Theorem 2, then, for

any given A > 0, the functional I satisfies the (C), condition.
Proof. For every (C),, sequence {u,,},
I, (u,) — ¢, asn— +oo,
(69)

(1+ ”un")l),t (u,) — 0, asn— +oo.

Here we just prove that {u,} is bounded. Seeking a contradic-
tion we suppose that [[u, || — oo. Letting w, = u,/|lu,ll, up
to a subsequence, we get that

w, = win X,
w, - win L(RY;Q), 2, < s < 2N/(N - 2),
w,(x) — w(x)ae x¢€ RY.

Now, we consider the two possible cases.

Case 1 (w = 0in X). From o(1) = (I/'\(un), u,), we have
o) = -1 | Qlufdx— | of w)wdx. G0
RN RN

Dividing ||un||2 in both sides of the above equality, we get that

f )y

el 7

0(1)=1—JRNQ

Since (f,), (fs), and (f,) with g, < b < +0co imply that

|f (1,) | < Clu,|*,  for some C > 0, (72)

Abstract and Applied Analysis

combing (71) and (72), we have

f () u,
1= J[RN Qde +0(1)<C JRN Q|wn|2dx +0(1).
(73)

Letn — 00; we get a contradiction.

Case 2 (w#0 in X). From I} (u,,) = o(1),

JRN Vu, Ve dx + JRN V(x)u,¢dx

- AJ' Q(x) |un|q_2un¢ dx - J Q(x) f (un) ¢d'x
RN RN

=o(1),
(74)

forall ¢ € Cgf;([RN ). Dividing |lu,,|l in both sides of the above
equality, there holds

JRN Vw, V¢ dx + JRN V(x)w,pdx

(75)
f(u,) _
- Q(X) wn¢dx_o(1)'
RN un
By (72), | f(u,)/u,| < Cforx € RY. Then we have
J’ Qf (un) wn¢ d.x
{xeRN|w(x)=0} N supp ¢ Uy
<C J Quw,, |¢| dx (76)
{xeRNw(x)=0} ) supp ¢
:0(1)+CJ Qulg|dx =o(1).
{xeRNw(x)=0} ( supp ¢

On the other hand, since w,(x) — w(x) for a.e. x € RY, we
have lim,,_, . |w,(x)] = +oco fora.e. x € {x € RN w(x) #0},
which implies that lim,, _, .,(f(u,)/u,) = b, fora.e. x € {x €
RY| w(x) #0}. Besides | f(u,)/u,l < C,forae x € RY. Using
the Lebesgue’s Dominated Convergence theorem, we obtain
that

J Q <M - b> w,$dx
{x€RN|w(x) # 0} () supp ¢ U,

S,

u

<

Q w, |¢| dx

J {xeRN|w(x) # 0} () supp ¢

n
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1),

Uy,

2 1/2
|¢|dx>

5 1/2
Qfu f I¢ldx )
2 12
ol

(77)

< J Q
{xeRN|w(x) # 0} () supp ¢

X
J{xERNIw(x) #0} () supp ¢

C

IN

1),

n

Q

LxeRMw(x) #0}(\supp ¢

o(1).

By (76) and (77),

JRN Q%wngb dx

n

J{xeRle(x):O} u,

of (1,)

g
{xeRN|w(x) # 0} u,

0(1)+J Qf(un)

{xeRN[w(x) # 0} Uy,

w,$dx

(78)

w, ¢ dx

w, ¢ dx

0(1) + bJ Qug dx.
RN
Combining (75) and (78) and letting n — 00, there holds

J (VwVe + Vwe) dx = b J Quw¢ dx. (79)
RN RN

It implies that b is an eigenvalue which contradicts ( f5). Thus,
{u,} is bounded in X. Since the embedding from X into
L'(RY;Q),s € (2,,2N/(N - 2)) is compact, there exists
Uy such that u, — wu, strongly in X, and I) (1) = ¢,
I, (uy) =0. L]

Remark 16. The sublinear term |u|7 21 can be relaxed to more
general type, and the function Q before the sublinear term
and asymptotically linear term can also be different.
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