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A numerical method for the modified time fractional Fokker-Planck equation is proposed. Stability and convergence of the method
are rigorously discussed by means of the Fourier method. We prove that the difference scheme is unconditionally stable, and
convergence order is O(r + h*), where T and h are the temporal and spatial step sizes, respectively. Finally, numerical results are

given to confirm the theoretical analysis.

1. Introduction

Fractional differential equations have attracted considerable
attention due to their frequent appearance in various appli-
cations in fluid mechanics, biology, physics, and engineering
[1, 2]. Usually, fractional differential equations do not have
analytic solutions and can only be solved by some semian-
alytical and numeric techniques. Recently, several semiana-
lytical methods, such as variational iteration method, homo-
topy perturbation method, Adomian decomposition method,
homotopy analysis method, and collocation method, have
been used to solve fractional differential equations [3-7].
Meanwhile, some effective numerical techniques are devel-
oped; see [8-17].

In the present paper, we are motivated to study the follow-
ing modified time fractional Fokker-Planck equation [18]:

] Do u (e t) + f(x1),

ou (x,t) _ a_z_v 0
ot “ox2  “Ox

0<x<L, 0<t<T,

@)
u(x,0)=¢(x), 0<x<IL,
u(0,t)=¢, (t), 0<t<T, (2)
u(L,t)=¢, (), 0<t<T,

where x, > 0 is a fractional diffusion coefhicient, and v, > 0
is a fractional friction coefficient. RLD(I);“u(x, t) denotes the
temporal Riemann-Liouville derivative operator defined as

(2]
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where T'() is the gamma function.

The outline of the paper is as follows. In Section 2, an
effective numerical method for solving the modified time
fractional Fokker-Planck equation is proposed. The solvabil-
ity, stability, and convergence of the numerical method are
discussed in Sections 3 and 4, respectively. In Section 5, we
give some numerical results demonstrating the convergence
orders of the numerical method. Also a conclusion is given in
Section 6.

2. The Construction of Numerical Method

Letxj = jh(j =0,1,...,M)and t;, = kr(k =0,1,...,N),
where h = L/M and 7 = T/N are the uniform spatial and
temporal mesh sizes, respectively, and M, N are two positive
integers.
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Lemma 1. Suppose that

0 0
[Ka@_vaa]u(xj’t) :g(x]"t); (4)

then a fourth-order difference scheme for the above equation is
given as follows:

du(x,t) = Zg(x;t)+0(h), 5)
where o and Z are two difference operators and are defined by
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9 =k, cosh <— ) Si — Vot Oor
6K,

(04

2
3=1+i’—2<5§—2—wxax>,

in which I is an unit operator and u..8,, and 8> are average cen-
tral and second central difference operators with respect to x
and are defined by

u(xjt) —u(x;t)
2h ’

Siu (x‘ t) _ u (xj+1’t) -2u (h);j,t) + u(xj_l,t)‘

YO, 1 (xj, t) =
(7)

Proof. In view of Taylor expansion, we can obtain

E; (t) = du (xj,t) -Zg (xj,t)
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Noting (4), we easily obtain

E;(t)=0(n"). )
This completes the proof. O

Combing (1), (4), and (5), we obtain

s ou (xj, tk)

ot (10)

=d - Dy u (x]., )+ 2 f(xj,tk) +0(h').

Using the relation of the Riemann-Liouville fractional
derivative RLD(I);“u(x, t) and Griunwald-Letnikov fractional

derivative GLDé;yu(x, t), we can approximate the Riemann-
Liouville fractional derivative RLDé;“u(x, t) by [2]

k
! Z 1™y (xj, tk,m) +0(1),

Tl—oc
(1)

1-a
RLDOJ u(xj, tk) =

where (Dinl_“) =(=D" (L),
For first-order derivative ou(x;,t;)/0t, we apply the
following backward difference scheme:

ou (xj,tk) _ u(xj’tk) —u (xj’tk‘l) +0(1). (12)

ot T

Let uf‘ be the numerical approximation of u(x;, t;); substi-
tuting (11) and (12) into (10) and omitting the error term O(7+
h*), we can obtain the following difference scheme for solving

1):

k
& (ul? - ulf_l) =7 Z(D(l_wu?_m +1%- f]k

(13)
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The discrete form of above system is

(14)

k
(1-w) k-m k-m
_Csz@m (”j+1 _”j—l)
m=2
: (1-a) (. k k
1-« -m —m —m
+szm (uj+1 —2u +uj71)
m=2
k Ok 1 k
+T<E Cl)fj+1+gTj +T<E +cl>fj_l,

where ¢, = v h/24K,, ¢, = T, 0/W*, ¢; = %V, /2h, and 0 =
cosh(\/gvah/&c‘x).
The initial and boundary conditions can be discretized as

60, =00
(15)

u](;:(pl(k‘[), u’;w:(pz(k‘r), k=0,1,...,N.

Obviously, the local truncation error of difference scheme
(14) is R§ =O(t + h*).

3. The Solvability of the Difference Scheme

Firstly, let us denote

U’ = (¢ (xl)’¢(x2)""’¢(xM—1))T’

U= (o) = (A e )
k=0,1,...,N.
(16)

Then we can give the compact form of difference scheme
(14) as follows:

k
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Theorem 2. Difference equation (17) is uniquely solvable.

Proof. 1t is well known that the eigenvalues of the matrix A
are

km
AL =58, +24/s;5;cos| — |,
k=5 153 <M>

5 21%,0

=
) ( 1 _T“K“6>2_<vah _T"‘va>2 <k7r>
12 K 24k,  2h “o\m)

(20)

wherek =1,2,...,M - 1.
Note that 6 > 1 and x, > 0; if

1 .0\ vh %\
~ TR (et T V) 21
<12 h? > (24;<“ 2h) ) @

then we easily know that A, #0.

If
o 2 o 2
<i_TKa9> _<vah_rv‘x) >0, (22)
12 24k,  2h
then
5 27t%,0 1 %0
Ak > g + hZa - IE - h; > 0. (23)

At the moment, we obtain det(A) #0; that is to say, the
matrix A is invertible. Hence, difference equation (17) has a
unique solution. O

4. Stability and Convergence Analysis

In this section, we analyze the stability and convergence of
difference scheme (17) by the Fourier method [8]. Firstly, we
give the stability analysis.

Lemma 3. The coefficients (Df;_“)(m =0,1,.
follows:

..) satisfy [8] as

Wal™=1,a"Y=a-1,0!"<0,j=12..;
@) X, @, " =0.

Let U;»‘ be the approximate solution of (14) and define

j=12..,M-1, k=0,1,...,N,
(24)

p :(pf,pf,...,pf,f_l)T, k=0,1,...,N,

respectively.
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So, we can easily obtain the following roundoff error
equation:

1 k 5 k
<E_C1 %+C3>Pj+1+<g+202>l’j
1 k
+ (E ta - _C3>Pj—1
k-1

1 (1-a) (1-a)\ k-
=(12_CI+CZ‘D Y -G, a)Pjﬂ

5 1- k-1
+ (5200 4

1 -
+ (E +¢ +6al"™ 4+ gal” “)> pj,1 (25)
: (1-a) ( Kk k
1-«a —m —m
-G Z @, (Pj+1 ~ Pj1 )
m=2

(1-0) (k- kem | k-

+CzZ‘Dm : (Pj+1m_2Pj m+ij1m)’
m=2

i=1,2,...,M-1,

ok=pf =0, k=0,1,...,N.

Now, we define the grid functions

) p}‘, Whenxj—g<xij+g,
p(x) = j=12,...,M-1, (26)
0, whenOstﬁorL ﬁ<st,
2 2
then p*(x) can be expanded in a Fourier series:
2nlx
P (x) = Z & () xp< ) (27)
where
L
£ =1 I o (x) exp (—Zﬂlxi> dx. (28)
LJo L

We introduce the following norm:

2 L 1/2
||Pk||2=<zh| l) HO |Pk(x)|2dx] (9

and according to the Parseval equality

j o ofdx= Y e 0P, (30)

I=—00

we obtain

I li= Y &P )
I=—co
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Through the above analysis, we can suppose that the solution

of (25) has the following form:

pi = & exp (iBjh),

where 3 = 27l/L.

Substituting the above expression into (25) one gets

(32)

[1 - (% —402)sin2 <%,8h> —i-2(c, —¢;)sin (ﬁh)] &

= [1 - <% + 452051’“)) sin’ (%ﬁh)
—i-2(q + c3a)(11_°‘)) sin (Bh) ] &
- [élozsin2 <%ﬁh> +1-2¢; sin (ﬁh)]

k
x Z‘Dfi_a)gk—m’ k=0,1,...,N.
m=2

Lemma 4. The following relation holds:
2
S
where
1 o\ L2 /1
Q= [1 - <§ +4cz(7.)51 )>sm2 <5ﬂh>
—-i-2 (C1 + %a)f‘“)) sin (Bh) ] ,
S= [1 - <% —4@) sin’ (%ﬂh)
i-2(c, - &) sin (Bh) ] .

Proof. Because of

87° 6v,h\ 21
8¢, — 32¢,¢; = T %a cosh & -—=
h? 6K, 3K,
k
8" &1 [ Vevh\
Sl S o) s
h & 2RI\ 6x,
we obtain

<[8(>cc2 [1 - %sin2 (%ﬁh)] — 320, ¢5c08° (%ﬁh)}

+16¢ (1 - oil“"’z) sin’ (%ﬁh)

- 1
+16¢; (1 -a!! “)2> cos’ <Eﬁh> > 0.

(33)

(34)

(35)

(36)

(37)

Furthermore, we can rewrite the above inequality as

[1 - %sin2 (%ﬁh) — 4, Vsin’ <%ﬁh)]2
+ 4(c1 + cS(Dglf"‘))zsin2 (Bh)
(38)
< [1 - ésin2 (%ﬂh) + 4c,sin’ (%/)’h)]z
+4(c, - ¢;)’sin® (Bh);

that is,

(3ot ()26
Xsin(ﬁh)) x (1 - (% —4Q>sin2<%/3h>

-i-2(¢ —¢)sin (Bh) >_ ’ <1
(39)

This completes the proof of Lemma 4. O

Lemma 5. Supposing that &, (k = 1,...,N) is the solution of
(33), then we have

|| <exp(M (k-1)7)|&|, k=1,...,N. (40)

Proof. For k = 0, from (33), we get

AR (1)
In the light of Lemma 4, it is clear that
[&1] < [&| = exp (M - 07) [&,| . (42)
Now, we suppose that
ol <expME-1)71) |, (€=1,2...,k-1). (43)
For k > 0, from (33) with Lemmas 3 and 4, we have

1

5 Q& - [4czsin2 (%ﬁh) +1i-2¢;sin (Bh)

18| =

k
1—
x Z ‘Din a)skfm
m=2




= |_;| ‘Q’g’k_l - [4<;Zsin2 <%ﬁh) +1i-2¢; sin (ﬂh)]
X kil‘afi_“)’fk—m
m=2

_ [40251112 <%ﬁh) +1i-2¢; sin (ﬁh)] &

< l—; {lQl €] - |4<;zsin2 <%ﬁh> +1i-2¢; sin (ﬁh)l

k-1
x Z (Dirlt_“) |Ek—m|
m=2

_ ‘40251112 (%ﬁh) +1i-2¢sin (ﬁh)’ (D,(cl_“) |£o|}

1
< { 1Ql exp (M (k - 2) 1) |&|

- ’4czsin2 <%ﬁh> +1i-2¢; sin (/3h)|
k-1

x ) @, exp (M (k—m—-1)7)[§)]

m=2
_ |4ozsin2 <%[3h> +1i-2¢8in (ﬁh)| (D,il_a) |50|}
< s (3012 S|
x exp (M (k- 2) 1) |&|
- {|Q| +a |4(231n ( ﬁh) +1i-2¢ sin (ﬂh)”

18I
x exp (M (k —2) 1) |fo|

< (1+Mrt)exp (M (k-2)7) [&]
< exp (Mt)exp (M (k- 2) 1) |&|
=exp(M((k-1)7) |50| =K |EO|'
(44)
O

This finishes the proof of Lemma 5.

Lemma 6. Difference scheme (14) is unconditionally stable.

Proof. According to Lemma 5, we obtain

. M-1 2 1/2
1= (S )
M-1 2 2 Ml 2 v
= < Zh|£k exp (iBjh)| ) = ( Zh|fk| )
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1/2

M-1 , 1/2 M-1 ,
S OUTS RO
i=1 i=1
M-1 ) 1/2
:K<zh|p?|> P k=12,
i=1

(45)
which means that difference scheme (14) is unconditionally

stable.
Next, we give the convergence analysis. Suppose

1, k=1,...,N,
(46)

& = ulx,t) - ”;c’

1

i=1,...,M~-

and denote

g = (858585 ),

From (14), we obtain

1 k 5 k
<E—c1—cz+c3>%jﬂ+<g+2¢z)%j

1 k
+(E +¢ - cz—c3>%j_l

1
= <— —q + 6" - gall™® ) %’;Hl
12
5 (1-0) ) k-1
+ <g — ZGZ(DI ) %]

1 _ _ _
+ (E +¢ +6a" Y+ gal! “)> %’]‘_11

(48)

k
-6 Ya, " (gL - &)
2

k
toy @y (& -2

j+l

+ &)

m=2

1 k 5 k
+T<E—C1>Rj+l+gTRj
1 k
+T(12 +c1>Rj_1,
j=12,...,M~-1, k=0,1,...,N.

Similar to the stability analysis method, we define the grid
functions

h h

%’;, whenxj——<xSx-+—,

2 )

& (x) = i=1,2,...,M-1,

h h
0, whenOstzorL—E<st,
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h
Rf, when x.— — <x<x:+—,
] J 2 J 2

RF (x) = i=1,2,..,M-1,
h h
0, whenOSxSEorL—E<st;

(49)

then %k(x) and Rk(x) can be expanded to the following
Fourier series, respectively:

5w = Y Gen( Z),
e (50)
S 2l
RF (x) = lzzoonk ) exp< szi> ,
where
1 (* 27l
=1 L & (x) exp (— ’zxi) dx,
(51)

1 (F & 2nlx
e (D) = ZL R (x)exp(— I z)dx.

The same as before, we also have

M-1 5 12 0o . 1/2
wm=(zww) (Sror)” o
j=1 I=—c0

M-1 5 12 0o , 1/2
Mm=(zwm) (Smar)" o
j=1 I=—c0

Based on the above analysis, we can assume that %f‘ and Rf
have the following forms:

&) = Geexp (ijh).

RI; = exp (iBjh) ,

respectively. Substituting the above two expressions into (48)
yields

(54)

SC = QGq — [4(‘251n2 (%ﬁh) +1i-2¢; sin (ﬁh)]

(Dirlt - (k—m
2 (55)

+ T{[l - %sin2 <%,8h>] —i-2¢ sin (ﬁh)} ks

k=1,2,...,N.

M=

X

3
I

O

Lemma?7. Let(, (k=0,1,...,N) be the solution of (55); then
there exists a positive constant Cs, so that

8] < Cikrexp(M (k-1)7) ||, k=0,1,...,N.

(56)

Proof. From &° = 0, we have

(0 = Co H=o. (57)

In view of the convergence of the series of (53), there is a
positive constant C,, such that

| = [ O] < Cy || = Cy [y D] (58)

For k = 1, from (55), we have

Q ‘r~{[1—(1/3)sin2 ((1/2)[3%1)]—1"261 sin(ﬂh)}
G = ECO"’ S

T {[1 — (1/3)sin* ((1/2) h)| i - 2¢, sin (ﬂh)}
= S M-

m

(59)
Noticing (58), then

|C,] < 7|m| < Cirexp (M- 07) |1 ] - (60)

Now, we suppose that

6| <CirexpM(€-1)1) ||, €=1,...

Then when k > 1, we obtain

Cc| = Ell ’Q(k,l - [4czsin2 <%‘Bh> +1i-2¢; sin (ﬁh)]
X i_@f;_a)(k—m
+T{[1 - %sin2 <%,Bh>] —1i-2¢ sin (ﬁh)} qk’

< |—1| {|Q| | - ’4czsin2 <%ﬁh) +i-26sin ([Sh)l

k
X ZGS_M |Ck—ml

m=2
+‘r|[1 - ésin2 (%ﬁh)] —1i-2¢ sin (ﬁh)’ |17k|}
< 5 { Q- Dexp (M k-2)7)
- ‘élczsin2 <%/3h> +1i-2¢ sin (ﬁh)l (k —m)

k
x Y @l exp (M (k—m-1)1)

m=2

[ ) s
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TaBLE 1: The maximum error, temporal, and spatial convergence orders by difference scheme (14) for different a.
o The maximum error Temporal convergence order Spatial convergence order
0l h=1/4,7=1/4 0.1650 — —
' h=1/8,7=1/64 0.0103 1.0004 4.0017
02 h=1/4,7=1/4 0.1526 — —
' h=1/81=1/64 0.0095 1.0014 4.0057
0 h=1/4,7=1/4 0.1400 — —
' h=1/8,7=1/64 0.0087 1.0021 4.0083
04 h=1/4,7=1/4 0.1274 — —
' h=1/8,1=1/64 0.0080 0.9983 3.9932
05 h=1/4,1=1/4 0.1150 — —
' h=1/8,1=1/64 0.0072 0.9994 3.9975
06 h=1/4,7=1/4 0.1027 — —
' h=1/8,1=1/64 0.0065 0.9955 3.9819
0.7 h=1/4,1=1/4 0.0907 — —
. h=1/8,1=1/64 0.0058 0.9917 3.9670
08 h=1/4,7=1/4 0.0789 _ —
' h=1/8,17=1/64 0.0051 0.9879 3.9515
0o h=1/41=1/4 0.0676 — —
' h=1/81=1/64 0.0045 0.9773 3.9090
< 1 { Q| (k — 1) exp (M (k - 2) T) Theorem 8. Difference scheme (14) is convergent, and the
N convergence order is O(T + h*).
o l 4c, sin? (l ﬁh) +1i-2¢sin ( ‘Bh)| Proof. Firstly, we know that there are exist positive constants
2 C,, such that
x(k—1)exp(M (k—-1)71) |RIJ<| <C, (T+h4), (63)
1. 1 . .
+ | [l—gsm2 (zﬂh)] —i-2¢ sin (ﬁh)”» Ci7|m| "RI;" <CVM-1)h (T + h4) < CZ\/Z(T + h4) :
(64)
1 . 2(1 . .
< S| {(k_ 1) [lQl ta |4czs1n <§ﬁh) +i - 2¢; sin (ﬁh)H Using (52) and (64) with Lemma 7, we get
k 1
1 1 &, <Cikrexp(M (k-1)71)||R
o[- Lan (L) =126 sim (o]} [8°), = Cikrexp @G = )[R, .
3 2 (65)
<C,C, VLkt exp (MT) (T + h4) =C (T + h4) .
x Cirexp (M (k-2) 1) |m]
Duetok < N,
1
< { (k-1) [|Q| +(x|4czsin2<§ﬁh> +i-2¢ sin(ﬁh)H kr <T, (66)
so,
.2 . .
+|[1-(1/3)sm ((1/2) Bh)] =i - 2¢, sin (Bh)| [, <+ 1), 67)
IS|
where C = C,C,TVL exp(MT). This ends the proof. O
x Citexp (M (k-2)7) || ‘
Remark 9. From above discussion, we know that difference
< {k(1+M71)}C,rexp (M (k-2)7) |,71| scheme is an implicit scheme and it is unconditionally stable
and convergent. If we take
< C ktexp (M) exp (M (k - 2) ) ||
Ou(xpte) — u(xptin) —u(x;t) 0@ (69
= Cikrexp (M (k- 1) 1) |ny|. ot = . T
in (1), then we can obtain an explicit scheme and it is
This completes the proof. conditionally stable and convergent.
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0.18

0.16 R

0.14 R

0.12 R

0.1 R

0.08 1

u(x,t = 0.5)

0.06 1

0.04 J

0.02 J

0 1 1 1
0 0.5 1 1.5 2

%  Numerical solution
—e— Analytical solution

FIGURE 1: The comparison of the numerical solution with the
analytical solution at t = 0.5. (7 = 1/400, h = 1/20).

5. Numerical Example

In this section, a numerical example is presented to confirm
our theoretical results.

Example 10. Consider the following equation:

2
ou (x,t) _ [a_ _ i] RLD(I);"‘u(x,t)+f(xst)7

ot ox?  Ox 69)
0<x<2, 0=<t<1,
with the initial and boundary conditions
u(x,0)=0, 0<x<2,
(70)
u(0,6)=0, u2t)=0, 0<t<l,

where f(x,t) = 2tsin(x)sin2 - x) + (2t""/TQ2 +
a))[2cos2(x — 1) + sin2(1 — x)]. The analytical solution of
this equation is u(x, t) = #2 sin(x) sin(2 — x).

The maximum error, temporal, and spatial convergence
orders by difference scheme (14) for various « are listed in
Table 1. From the obtained results, we can draw the following
conclusions: the experimental convergence orders are appro-
ximately 1 and 4 in temporal and spatial directions, respec-
tively. Figures 1 and 2 show the comparison of the numerical
solution with the analytical solution at t = 0.5 and & = 0.8 for
different temporal and spatial mesh sizes.

By Table 1 and Figures 1 and 2, it can be seen that the
numerical solution is in excellent agreement with the analyt-
ical solution. These results confirm our theoretical analysis.

6. Conclusion

In this paper, a computationally effective numerical method is
proposed for simulating the modified time fractional Fokker-
Planck equation. It has proven the unconditional stability

0.18

0.16 +

0.14 +

0.12

0.1}

0.08 -

u(x,t = 0.5)

0.06 -

0.04 +

0.02 +

%  Numerical solution
—e— Analytical solution

FIGURE 2: The comparison of the numerical solution with the
analytical solution at t = 0.5. (7 = 1/200, h = 1/50).

and solvability of proposed scheme. Also we showed that the
method is convergent with order O(t + h*). The numerical
results demonstrate the effectiveness of the proposed scheme.
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