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We study a nonlinear elliptic problem defined in a bounded domain involving biharmonic operator together with an asymptotically
linear term. We establish at least three nontrivial solutions using the topological degree theory and the critical groups.

1. Introduction

We consider the following biharmonic problem:
Ay = f(x,u) inQ,
@
u=Au=0, on 0Q,
where Q € RY (N > 5) is a smooth bounded domain and
f: QxR — Risof class C' with f(x,0) = 0.

In the past decades, biharmonic operators have attracted
much attention of many researchers and experts. While
f(x,u) = bl(u+1)" - 1], the solutions of (1) characterized
the travelling waves in a suspension bridge; see [1].

In 1998, Micheletti and Pistoia [2] considered the follow-
ing biharmonic problem:

Nu+aAu=b[u+1)"-1], inQ,
)
u=Au=0, on 9Q,
where a, b are constants and QO ¢ R” is a bounded smooth
domain, and they established multiple results by using a
minimax process.

Three years later, Zhang [3] considered a more general

condition; that is,
Au+ cAu = f(x,u), inQ,
(3)
u=Au=0, on 0Q,
where ¢ € R and f satisfies the subcritical growth; at least one
nontrivial solution was obtained.

Since then, a lot of papers dealing with biharmonic
problems by the critical point theory sprung up, and so forth
(4, 5].

At the same time, Leray-Schauder degree as a very won-
derful tool was introduced to handle biharmonic problems;
see [6-9]. To our best knowledge, there are few papers con-
sidered (1) by combining the critical point theory (especially
Morse theory) with Leray-Schauder degree.

Our argument was originally developed by Hofer [10] and
Zhang [11]. Following Hofer [10] and Zhang [11], there are
some papers dealing with second-order elliptic problems, and
so forth [12].

Zhang [11] first considered the following second-order
elliptic problem:

-Au=g(x,u), inQ,

(4)
Bu=0,

on 0Q),

where B denotes Neumann operator or Dirichlet operator.
Sub- and sup-solutions methods with critical point theory
were used to obtain at least two distinct solutions. Also under
subcritical growth condition, Chang [13] proved that if p, is
an isolated critical point of J, then, for all g € N, Cq(f, Po) =

Cq( J, po) with integral coefficients, where 7, J denote the

energy functional under C, (Q)NCHQ) and Hé Q), C, means
gth critical group corresponding to (4), which inspires us to
consider (1).

Bartsch et al. [12] considered (4) and obtained more
results in this direction. Then, some other results in this
direction were also obtained; see [14].
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As far as we know, there are few papers concerned with
the biharmonic problem (1) using this method; only Qian and
Li [5] considered

Au+cAu= f(x,u), inQ,
©)
u=Au=0, on 0Q;
And they proved that if 1 is an isolated critical point of
J, then, for all g € N, C,(J,uy) = C,(J,u) with integral
coefficients, where T, J denote the energy functional on the
space Cy(Q2) N C'(Q) and HS(Q) n H*(Q), C, means qth
critical group. In our paper, the results in [5] are improved,
and some new results are obtained.

LetO0 < A} < A, < A3 < -+ < A, < --- denote the
eigenvalues of (-A, Hé (Q)) (counting with their multiplicity)
with corresponding eigenfunctions e;,e,, es,...,¢e,,.... We
may choose e; > 0in Q. Let . = Ai, k=12...,n...,
then y, < p, < p3 < --+ <y, < -+ are eigenvalues
of the following biharmonic problem [3] corresponding
eigenfunctions €1,€5,€3,...,€,,...

ANy = pu, in Q,
(6)

u=Au=0, on 0Q.

In order to obtain nontrivial solutions, we now assume
that the nonlinearity f satisfies the following conditions:

(f1) f € C'(QAXR,R), f(x,u)u > 0forall (x,u) € AxR,
and there exist constant numbers C > 0 and « with
1 <a<(N+4)/(N -4),such that

|f,: (x,u)l <c(1+|u|“_l); (7)

(f2) there exists i € N with piy; < iy, ,, such that £, (x,0) =
thy;» for all x € O

(f3) lim supy, _, o, f(x, ) /u < py uniformly for x € Q;
(f4) there is some r > 0 small, such that

uelR, |ul<r, ae. xeQ,

(8)

2 2
poit” < F(x,u) < py; 0",

where F(x,u) = jou f(x,s)ds.
The main result of this paper is the following

Theorem 1. Suppose f satisfies (f1)-(f4). Then (1) has at least
three solutions.

2. Preliminaries

In this section, we first recall some lemmas and preliminaries.

Let Co(ﬁ) N C*(Q) denote the set of f: Q — R which
are k-times continuous differentiable in Q and identically
vanishing on 0Q) with the norm |ul, = Zf:o [l ly> where
lull, = max_gu(x), P, = {u € Co(Q) N C*Q) : ulx) >
0,Vx € O}, Vk e N.
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Lemma 2. P, is a solid cone of C, (Q) N C*(Q); that is, i’z +0.

It is well known that the positive cone P, is a solid cone of
C, (Q)NCYQ). Our proof depends on the fact above; what is
more, the technique we used here is originated from [15, page
628].

Proof. Since P, is a closed positive cone of (Co(ﬁ) n Ccl(Q),
Il - II,), by the definition of || - ||, k = 0,1,2,...,n,...,foru €
Co(ﬁ) NC3(Q), llull; < llull, thus the embeddingi : (Co(ﬁ) n
C*Q), [ - ly) = (Co()NCH(Q), | - ;) is continuous. i * (P,)
is closed in (Cy(Q2) N C*(Q), |- |I,) (in fact P, = i '(P)).

Obviously 131 n (Co(ﬁ) nC*(Q), | - Il,) #0; thus P, = iil(Pl)
has nonempty interior. The proof is finished. O

Remark 3. Using the method above, it is not difficult to
know that Py is a solid cone in (Co(ﬁ) n ck@Q), | - ), k =
2,3,4,...,m,....

Remark 4. Foranyu € C, (Q)NC?*(Q), if u is an interior point
of P, in (Cy(Q) N c'Q), |- [;), then u is an interior point of
P, in (Cy(Q) N C*(Q), || - II,).

In what follows, we will use the Hilbert space V =
HS(Q) N H2(Q), and the norm on V is given by |lul,, =
_[Q |Aul*dx. Tt is well known that solutions of (1) are critical
points of the functional

¥ (u) = % JQ |Aul*dx — JQ F (x,u) dx, )

where F(x,u) = J; f(x,s)ds. Since f € C'(Q x R,R), it is
easy to know that ¥ ¢ C*(V,R), and

<‘I" (u),v> = J [AuAv — f (x,u) v] dx,
? (10)
<‘{’" (1) v,h> = J [AvAh - f’ (x,u) vh] dx.
Q

Corresponding to the eigenvalues [/l;S we have the split-
tingV = H @ N ® H" where

2i-1 +00
H™ :@ e, N = span {e,;}, H = @ e;. (1)
Jj=1 j=2i+1
Consider the problem
Au=h, inQ,
(12)
u=Au=0, on 0Q.

For all r € R*, denote B(0,7) £ {u € Cy(Q) N C*(Q) :
lul, < 1, UO,7) £ {u € V: |lully, < r}, P; = P, N B(0,r),
P} = P, N 0B(0, 7).

Let K denote the solution operator of (12), and (fu)(x) =
f(x,u(x)). Under condition (f1), it is easy to see that A = Kf :
V — Visofclass C'. Since f : V. — V* is completely
continuous [3], then A : V' — V is completely continuous.
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Lemma 5 (see [16]). Suppose h € L1(Q), q = 2; then the weak
solution u = K(h) of (12) satisfies ||ully1a < Cllhll s what is
more, we have that

K:L1(Q) — W1 (Q) n W, (Q) (13)
is continuous.

Remark 6. Actually, forall h € V*, there exists a unique weak
solution u = K(h) € V of (12). Since by Riesz representation
theorem, for all h € V™, there exists a unique ® = @(h)
such that (h,v) = (©,v) Vv € V; thus ® = K(h) is the
corresponding weak solution.

Consider the Cauchy problem in V,

d
au (t) = —u(t) + Kfu(t), "

u (0) = u,.

Lemma 7 (see [13]). Let H be a real Hilbert space, and let ¢ €
C?(H, R) satisfy the (PS) condition. Assume that

1//' (vy=v-Av, veH, (15)

where A is a compact mapping, and that p, is an isolated
critical point of f. Then we have

(o)

ind (', py) = Y (-D)7rankC, (v, py) . (16)

q=0

Let X be a retract of a real Banach space E, let U be a
relatively open subset of X, and let A : Uy — X bea
completely continuous operator. Suppose that A has no fixed
points on 0xU and that the fixed point of A is bounded. The
following lemma establishes the relationship of fixed point
index and topological degree.

Lemma 8 (see [17]). If any fixed point of in U is an interior
point of X, then there exists an open subset O of E with O c U
such that O contains all fixed points of A in U and

deg (I - A,0,0) =i (A, U, X). (17)

Remark 9. Let O be abounded open subset of U, and let there
be no zero points of I — A on 0. Since C,(Q) N C*(Q) can
be compactly embedded into V, it follows from the bootstrap
argument and the definition of Leray-Schauder degree that

deg, (I - A,0,0) = degco(ﬁ)nd@) (I-A0,0). (18)
In what follows, degcé (@) is denoted simply by deg.

Remark 10 (see [18]). Remark 9 implies that two topological
degrees in both degc(z)@) and deg,, are the same. Combining

with Lemma 7, we can obtain the connection between the
topological degree and the critical group:

deg(I - A,0,0) = Z(—l)q rank C, (1, po) - (19)
q=0

Lemma 11. Let u(t, u,) be the unique solution of (14) with the
maximal interval [0, n(u,)). We have the following conclusions.

(i) Ifu, € Co(ﬁ)ﬂcz(ﬁ), then {u(t,uy) : 0 <t < nuy)} C
Cy (Q)NC*(Q), and u(t, u,) is continuous as a function
of t from [0, (uy)) to Co(Q) N C*(Q).

(ii) Ifug, u* € Cy(Q) N C*(Q), u* = Kfu*, and |u(t, uy)-
u*l, = 0ast — nuy), then |lu(t,uy) —ull, — 0
ast — n(uy).

(i) If uy € Co(Q) N C*(Q) for some u € (0,1) then
{u(t,uy) : 0 <t < yuy)} € Cy(Q) N C*(Q) and is
bounded in the Cé’” norm.

Lemma 11 essentially comes from [19].

Proof. We only need to construct the embedding chains like
(5) and (6) of [19]; the rest can be proved similar to [19,
Lemma 2].

Without loss of generality, « can be assumed to satisfy
max{8/(N — 4),1} < a < (N + 4)/(N — 4). We can choose
d > 0, such that

N+4)(1-6
a<d+ w (20)
N -4
Letg) = 2N/(N - 4), and define g; by
1 a2
— = -2, i=01,3,.... 1)
%, 9 N
A direct computation shows that
5 n
N
qn 5_ 48 qO ( )
Hence there exists a number n > 3 such that
N«
Qo <@ <<y < <G (23)
Let
qiqu{, i=01,2,...,n-3, (24)
and choose g,,_, and g,,_; such that
N«
9n-3 < Gn-2 < 7’ In-1 = aN. (25)
Let
I
p=2 i=0,1,2,...,n-1. (26)
«
Define
Xo=L®(Q),  X;,, = WP (Q)nw,7,
Y, = LF (Q), Z;=L%(Q), (27)
i=0,1,...,n—1.

Then we have the following imbedding chains:



Abstract and Applied Analysis

Vv
l
X — Xy — Xy — o — X — X
_ _ ! l ! l (28)
C(Q)nc(Q) — Zoy — Zy, — o — Z, — Z,
Yo=Y, ,— - —Y —Y,
What is more, we have the chains of bounded and continuous 3. Calculation of Degree

operators

Z—)Y-—)X

; i i=0,1,2,..,n-1 (29E)]
Lemma 12. Suppose that (f1) and (f3) hold. Then ¥ satisfies
the (PS) condition.

The proof of this lemma is similar to the proof of [5,
Lemma 2.1]. We omit it here.

Since A : V. — V is completely continuous, then
by the above bootstrap iteration, A : Co(ﬁ) nci(Q) -
C,o(Q)NC*(Q) is completely continuous. For our application,
sometimes we would consider the restriction ¥ of ¥ on a
smaller Banach space C,(Q)NC*(Q). The functional may lose
the (PS) condition. However following [20], the following two
lemmas can be obtained.

Lemma 13 (see [20]). Suppose that (f1) and (f3) hold. Then v
possesses the following properties.

(i) ¥(K) is a closed subset.

(ii) For each pair a < b, K N Y la,b) = 0 implies that
¥, is a strong deformation retract of ‘I"b \ K;,, where K
denotes the critical set of ¥ (and also v).

Lemma 14 (see [20]). C, (¥, po) = C.(Y, py) with integral
coefficients.

Here and in what follows, we always assume that ¥ has
only finitely many critical points.

Lemma 15 (see [21]). Let 0 be an isolated critical point of ¥ €
C%*(E,R), where N = ker[¥'(0)]. Denote y =dimE" < oo,
vy = dim N < oo, and assume that ¥ has a local linking at
0 with respect to a direct sum decomposition E = W~ & W™,
where W™ = E~ @ N; that is, there exists v > 0 small such that

Yw)>0 foruew,, 0<|ull,<r,
(30)
Y (u) <

0 foruew., |ully<r

Then
C, (%,0) =6

GkF fork=up+v. (31

Lemma 16. Suppose that (fI), (f3), and (f4) hold. Then there
exists ry. > 0, such that, for all v € (0,1y],

deg(I - A,B(0,1),0) = (32)

Proof. Since {ej}‘]?zl is an orthogonal basis of V, for u € V,

there exist {aj}j.’gl C R, such thatu = Y2 ae.. Let

=170

E=H eN, E'=H" (33)

Since E” is finite dimensional, we have that, for given r > 0,
there exists some p > 0 such that if

weE, July<p (34)
then
[u(x)|<=-<r, ae xeQ. (35)
By (f4), for u € E~ with ||u|| <p
Y (u) = 1 J |Au| - J F(x,u)dx
2 )a
< ! (|Au| — Uyl )dx
2 Ja
1 2i
=5 JQ - !421'];“]"3;‘ dx (36)
< 1 J |Au)* - mu ‘uz)dx
= 2 Jo 2i
_1 Z Z
2 Jo Au] /421
For u € E" with 0 < |Ju|| <
1
‘P(u):EJ (1aul*)d —J F (x,u) dx
> lJ' (|Au|2—[,t ; uz)dx
2 Q 2i+1
2
=§J'Q<A'Z aje; —muzm.z ajej>dx
Jj=2i+1 Jj=2i+1
1 (o]
= EJ Zy] - Z tindje; |dx > 0.
Q N\ |j=2i j=2i+1
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Thus ¥ possesses a local linking at the origin. By Lemma 15,
the critical groups of ¥ at the origin satisty

C,, (%0) #0. (38)

Then there exists 7z > 0 small such that there is no other
critical point in B(0, ry) except 0, for all ¥ € (0, ry; ], and the
following can be obtained by Lemma 13 and Remark 10:

deg(I - A,B(0,r),0) = 1. (39)
O

Lemmal7. Suppose (1) and (f2) hold. There existsr, € (0, 7]

(ry is defined in Lemma 16), such that, for all v € (0,1,],
i(AP,P)=0, i(A-P,,-P)=0.  (40)

Proof. We only prove thati(A, P, P,) = 0. By (f1), A(P,) C P,
it follows from the condition (f2) that there exist §, > 0 and
p; € (0, 1y] such that

flet)zp(1+8)t,

If u = Au + ve, for some v > 0 and u € OP}, where
r € (0, p,] is a positive number, that is

(x,1) € QA x[0,p,]. (41)

Ay = f(x,u)+7ve;, in Q.
(42)
u=Au=0, on 0Q,
then we have from (41) that
Nuzp (1+8)u, inQ.
(43)
u=Au=0, on 0Q.

Thus,
t JQ u(x)e; (x)dx > p; (1+6) J-Q u(x)e; (x)dx, (44)

and this is a contradiction. Therefore, according to the
property of fixed point index, we get
i(A,P),P,)=0. (45)

Similarly, we can also show that there exists p, € (0, 1]
such that i(A,-P;,-P,) = O forallr € (0,p,]. Let r; =
min{p,, p,}. Then the conclusion holds. O

Lemma 18. Suppose that (fI) and (f3) hold. Then there exists

O, ¢ P,\ {0}, O_ ¢ (=P, \ {0}), such that
deg(I - A,0,,0) =1, deg(I-A,0_,0)=1. (46)

Proof. Since limy,|_, o, f(x,£)/t < p; uniformly for x € Q,
there exist constants § € (0, 1) and C; > 0 such that
fOot) <y (1-8)t+Cp, (x,t)€Qx[0,00). (47)

We will first show that any solution of (1) is bounded. Suppose
u, is a solution; then u, satisfy

A2“o = f (xu),

Uy = Auy =0,

in Q,
(48)
on 0Q.

Multiplying by u,, we have

ol = | 7 Gem)u xe0s )

by (47), it is easy to see

"“0”\2/ = L) p (1-9) u(z] + L Ciuy, x€Q. (50)

Let e < u;6/(2C,), and using Young inequality, there exists
constant C, = C,(§, C;) such that

5
||u0||f, < Lyl (1—5>u§+c2|0|”2. (51)

By Poincaré inequality, there exists C; > 0 only dependent on
Q, such that

oy < Cs. (52)

Byabootstrap argument, there exists R; > 0 such that ||z, <
R,.
Let R > Ry, and we will show that

Au#vu, VxeP,NOB(O,R), v=1. (53)

Suppose there exists vy > 1, |lugll,, = R, such that Auy = vyu;
then v, > 1. By (f3), such that f(x,t) < g, (1 - 8)t + C,, for
allt >0,

VoUg = Auy < g (1 -6) Kuy + C,K1. (54)

Then [1 - u,(1 - 8)/Klu, < Cs, where Cs

CilIKl e, @nc@),.c,@ncz@)y- Then uy < Cg, where Cg =
[(I = K)'|Cs. Let R = Cg; then, for all u € 9B(0,R), we
have

Au#yu Vx €dPR v>1. (55)
Then
i(APP) =1 (56)
From Lemma 17, we have
i(APS\PLP) =1, (57)

By Lemma 18 and the strong maximum principle of sec-
ond order elliptic problem, it is easy to know that ifu € P,\{0}

is a solution of (1), then u € 132, and thus, by Lemma 2,

u € 152. Using Lemma 8, there is a bounded open O, ¢ P,n
(B(0,R) \ B(0, 7)), such that

deg (I - A,0,,0) = 1. (58)

Similarly, there is a bounded open subset O_ ¢ —(PZR \ 1_32),
such that

deg(I-A,0_,0) =1. (59)
O



4, Proof of Main Result

Proof. By conditions (f1) and (f3), it is easy to know that
ind (I - A,00) = ind (I - A’ (00),0) = (-1)’ = 1;  (60)
that is, there exists R > R large enough, such that
deg(I-A,B(0,R),0) =ind(I- A,00)=1.  (6])

If A has no fixed point in B(0, R) \ (P2R u (—PZR)), then the
additivity property of degree implies

deg(I-A,B(0,R),0)
= deg (I - A4,0,,0) (62)
+deg (I - A,0.,0) + deg<1 —A,B(O, %),o).

It follows that 1 = 1+1+1. This is a contradiction. Thus (1) has
atleast a solution u; in B(0, R)\(PRU(-PY)UB(0, (r/2))). O
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