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By using the mean value theorem and logarithmic convexity, we obtain some new inequalities for gamma and digamma functions.

1. Introduction

Let I'(x), y(x), ¥"(x), and {(x) denote the Euler gamma
function, digamma function, polygamma functions, and
Riemann zeta function, respectively, which are defined by

I'(x)= J e 't dt,  for x>0,
0 I’ (x) M
y(x) = m, for x > 0,
y" ()
00 4N —Xxt (2)
= (—1)"“1 fe dt, forx>0; n=1,273,...,
o 1-— et
- 1
{(x) = Z; for x > 1. (3)
n=1

In the past different papers appeared providing inequalities
for the gamma, digamma, and polygamma functions (see [1-
18]).

By using the mean value theorem to the function log I'(x)
on [u,u + 1], with x > 0 and u > 0, Batir [19] presented the
following inequalities for the gamma and digamma functions:

y(x)<log(x-1+e), forx>0,
1,
log(x)—t//(x)<§1// (x), forx>1, 4)
I 7T2
v (x) 2 @eﬂ”(x), for x > 1.

In Section 2, by applying the mean value theorem on

(logT (x)) =y (x), for x>0, (5)

we obtain some new inequalities on gamma and digamma
functions.

Section 3 is devoted to some new inequalities on
digamma function, by using convex properties of logarithm
of this function.

Note that in this paper by y = lim,_, (3} ,(1/k) -
log(n)) = 0.5772156 - - - we mean Euler’s constant [5].

2. Inequalities for Gamma and Digamma
Functions by the Mean Value Theorem

Lemmal. Fort > 0, one has

_1//” (t)
v (1)’

<1. (6)

Proof. By [6, Proposition 1], we have

"

v ) y" (1) -2 [1//" (t)]2 <0, fort>O0. (7)

Thus the function 1//"(t)/1;/'(1‘)2 is strictly decreasing on
(0, 00).


http://dx.doi.org/10.1155/2014/264652

By using asymptotic expansions [20, pages 253-256 and
364],

, 1 1 1 9’ ’
ll/(t)=;+2—t2+@+w, (0<9 gl)) (8)
I
vin=—2-L L, L 0 gcercr). o

2 B 2t 615 6t
Fort > 0, we get

1//” (t)

tin(;low’ O =-1. (10)

Now, the proof follows from the monotonicity of V') /Y (t)?
on (0, 00) and

1//Il (t)

tingowl (t)Z =-L (1

O
Theorem 2. One has the following:

(@) x — (1/2) < 1/y/(x) < x + (6/7%) = 1 for x > 1;

(b) 1/x% < IIJI(X)I//’(X +1) < 2/x2forx > 0;

© [ )Py (x) = —*1720(3) for x > 1 and x*y' (x +
Dy (x) < 7r4/72C(3)forx > 2;

@ ([y' e+ WP = ¢/ ' (e + W)/hy' (x) > v (x + h)
forx > 0andh > 0;

(&) (W' (x + hy'(x) = [y () /hy' (x + h) < y" (x) for
x>0andh > 0;

(f) —lep"(x) < w'(x)/u/'(x + 1) and 1//'(x + l)/lp'(x) <
—x*y" (x + 1) for x > 0;

(@) (TPx/6) + NFT M)« T(x 1+ 1) < (2x +
1)+ (1/2) gmx(iy) forxz1;

(h) (1/x) - 1//'(x) < (1/2)1//"(x + (1/2)) for x > 0 and
(1/x) = ¢'(x) > (") (1) = Dy (x) forx > 1;

() w(x +1) > log(x + (1/2)) + w((w') " (1)) for x > 1/2;

G) (7*17203) log(x — (') (1) + 2) + w((w') (1)) >
wlx+ 1) forx > ') (1) - 1.

Proof. Letubea positive real number and y(x) defined on the
closed interval [u, u+1]. By using the mean value theorem for
the function w(x) on [u,u + 1] with u > 0 and since t//' isa
decreasing function, there is a unique 6 depending on u such
that 0 < 8 = 8(u) < 1, for all u > 0; then

Y+ 1) -y =y (w+6w), (12)
Since y(x + 1) —y(x) = 1/x and 1//'(x +1) - 1//'(x) = —1/x%,
we have

v 0w) =1,

u

for u > 0. (13)
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We show that the function 6(u) has the following properties:
(1) O(u) is strictly increasing on (0, 00);
(2) lim O(u) =1/2;
(3) 0'(w) is strictly decreasing on (0, 00);
(4) lim 0'(u) = 0.

u— 00

u— 00

To prove these four properties, since ' is a decreasing
function on (0,00), we put u = 1/1//'(t), where t > 0; by
formula (13) we have

w'(ﬁW(ﬁ))w’(ﬂ. (+)

Since by formula (8) we have 1//"(t) < 0 and 1//'(t) > 0, for
all £ > 0, then the mapping t — v/ (t) from (0, 00) into
(0, 00) is injective since also 1//'(t) — 0 and w'(t) — 00
whent — coandt — 07, respectively, then the mapping
t — y'(t) from (0,00) into (0,00) is a bijective map. Clearly,
by injectivity of ', we find that

1 1
G(V/'(t)>:t_wl(t)’ for t > 0. (14)

Differentiating between both sides of this equation, we get

1y o)y syo)]
o <u/’ 0 > - oo

Since by formula (8), 1//”(t) < 0, where t > 0, hence formula
(15) gives 0'(1/y'(t)) > 0,forallt > 0. Since the mappingt —
I/U/'(t) from (0, co) to (0, c0) is also bijective, then 0'(t) >0
for all t > 0, and the proof of (1) is completed.

From (8) we have

Jim 90
, 1LY, 1
= f ( 0 ) = A, (t 0 )
) (16)
Nt (t e+ (17207 + (1/66%) + (1/3t5))
_1
=
Differentiating between both sides of (15), we obtain
9" ( 1 )
y' (1)
3 (%)
' (t) " ! "
= [i,, (t} 20" ) -y 0" )]

Since ¥'(t) > 0 and y''(t) < 0, where t > 0, then
0" (1/y'(t)) < 0forallt > 0. Proceeding as above we conclude
that 8" (¢) < 0, for t > 0. This proves (3).
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For (4), from (8), (9), we conclude that

N

im0 () = lim 6 < v (@)

y' (1)

' 2
[v' )] .

=-1- lim —
t—oo y'l(t)

(17)
Now, we prove the theorem. To prove (a), let 1/y/(1) =
6/m* < t < 0o; then by (1) and (2) we have
1 .
9<m> <O(t) < tlingoe (t). (18)

Equation (13) and v (t) < 0 for all t > 0 give

60 =(v) " (7)-+ (19)

By substituting the value of 8(¢) into (18), we get
1 n-1/1 . 1
I—WQ(W) (;)—t<tll)rr0106(t)—£. (20)

By substituting the value t = 1/y/' (1) into this inequality, we
get

u—l< ! <u+6—1 (21)
2 Yy oAt

where u > 1.

In order to prove (b), by using the mean value theorem on
the interval [l/w'(t), 1/1//'(t + 1)], and since 0 is a decreasing
function, there exists a unique § such that

0<d(t) <1, (22)

fort > 0and
o(7erm)-(vm)
v (t+1) ' (t)

NOW, by (14), we ha\/e

(23)

1 1

- ——— + ——
vy (E+1) ¢ ()
(24)

(ot ) )
Y+ v o) \yE+sw)
Since 0 is strictly increasing on (0, 00), by (1), we have

v (t+1) -y ()
v+ 1)y (1)

grten) ()

(25)

By using this inequality and the fact that y(x+1)-y(x) = 1/x
and

1
v (x+1) -y (x) = - (26)
we obtain
v (t+ 1)y @) > ti t>0. (27)

Since 6 is strictly increasing on (0, 00), by (1), it is clear that

9(1//' (tl+ 1)) - 9(1//'10))

< lim 6.(1)-0(0") =

(28)
1
— t>0.
2
and then it is clear that (b) holds.
For (c), since t > 2, ¢t +8(t) > 1+ 8(1), and €' is strictly
decreasing on (0, 00) by (3), then

>

):_1_ [v ]

1//II (1)
vVt > 2.

o (W) <0 <w’1(1) (29)

Since y(x + 1) — w(x) = 1/x and y/(x + 1) — ¢/ (x) = —1/x%,
by using (24), we obtain

7_[4

72¢ (3)°

2y’ (t+ 1)y () < (30)

where t > 2.
Since 6 is strictly decreasing on (0, 0o) by (3) and w"(t) <
0, for all > 0, we have

! 1 12 1
6 ~ 0 bl
<w%n>< (w%n> Y
where t > 1.

Then it is clear that (c) is true.

Now we prove (d) and (e) by using the mean value
theorem on [1/y/(t),1/y/(t + h)] (t > 0,h > 0), for 6, we
conclude

9<w’ (tl+ h)) - 0<w'1(t)>

(e ve)? (eew)
\y'e+h) v o) \yi+a))
where 0 < a < h.
After brief computation we have

9,< 1 )_hw’(t+h)v/(t)_
v (t+a)) v @O -y (t+h)

Sincet+a > tforalla > 0,¢ > 0, and by the monotonicity of
0’ and y' we have 0'(1/y/(t + a)) < 6'(1/y'(t)); then

(32)

1, t>0. (33)

Y ey O-[v o]
" (34)
£+ R) <y (t), t>0, h>0.




By monotonicity of 6’ and ', we have

1 1
/(vira)? (gaem)
vira) " \yarn =
After some simplification of this inequality (d) is proved.

For (f), we put i = 1 in (e) and (d).
For (g), we integrate (a) on [1,t] for t > 0; then we have

2
log(m + 1) _y
6 (36)

Sy(t)<log2t-1)—-y, fort=>1;

the proof is completed when we integrate these inequalities
n[1,s], fors > 0.
By using the mean value theorem for the v'(t) on [t,t +
0(t)], there is a ae(t) depending on ¢ such that 0 < «(t) < 0(t)
forallt > 0, and so

Yy E+0m) =0y t+a®)+y' (). (37

By formula (13) and (2), since 1//" is strictly increasing on
(0, 00), we have

y' (t+a(t)0()

_ % ' ()< lim 0(5)y" <t + lim 6(t)>, for £ > 0,

(38)
or
1 ’ 1 1
;—w(t)<§1// <t+5>, for t > 0; (39)
since y'" is strictly increasing on (0, 00), by (1), we have
0y (t+a®) =~y >0y (), .

fort>1,

or
%—ll/'(l‘)>((1//')_1(1)—1)w"(t), fort>1.  (41)

In order to prove (i) and (j), we integrate both sides of (13)
over 1 < u < x to obtain

r 1//' u+0w)du= r lalu. (42)
1 1 u

Making the change of variable u = 1/y/(t) on the left-hand
side, by (14), we have

x+6(x) 0" t
J Il/l ) l/,/ (2)
W y' (1)

since 1//'(t) > 0 forallt > 0and 1//'(x)1//”(x) -
we find that, for x > 1,

dt =log(x); (43)

2ly" () <0,

x+6(x)

log (x) < J y' (t)dt

(ZN0Y)

(44)
=y o) -y ((v) W)
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or
log(x) +y ((¥) () <yx+6(). ()

Again using the monotonicity of 6 and v, after some simpli-
fications as for x > 1/2, we can rewrite

log (x += ) + 1;/((1//')71 (1)) <y(x+1).  (46)

This proves (i). By inequality (c) for x > 1, we have

720(3) (¥
log (1) > 22 Lwlm () dt
(47)
=0 (g 0w ((v) " 0))s
since for x > 10(x)>0(1)—((1//) (1) 1)) = (w')_l(l)—l,
from this inequality we find that
4 e
s e+ v ((v) ) )

>y (x+(v) ()-1);

replacing x by x — (1//')_1(1) +2, we get for x > (1//')_1(1) -1
nt -1 -1
— 1o @) +2)+ BINeY!
72¢ (3) 5(x-(v) )+v () ) (49)
Zy(x+1),
which proves (j). Then the proof is completed. O
Example 3. Consider the matrix
311 -+ 1
14 1 --- 1
A, = : . (50)
111 n+1
By using inequalities (a), we obtain
2 !
——— S > = 1. (51)
mx + 6 — m? l//(x)<2x—1 *

Now, we integrate on [1,¢] (for t > 0) from both sides of (51)
to obtain

2
log(% + 1)

replacing t by n + 1 (n is an integer number) and using the
identity w(n+ 1) = H, — y [6] and det A, = n!H,, [21], where
H, = Y7_,(1/k) is the nth harmonic number, then we have

—y<y) <logt—1)—y; (52)

nrr2 n!
log (T + 1) <nlH, <log(2n+1)". (53)
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3. New Inequalities for Digamma Function
by Properties of Strictly Logarithmically
Convex Functions

Definition 4. A positive function f is said to be logarithmi-
cally convex on an interval I if f has derivative of order two
onland

(log f (x))" = 0 (54)

forall x € I.
If inequality (54) is strict, for all x € I, then f is said to be
strictly logarithmically convex [22].

Lemma 5. The function T is increasing on [c, 00), where ¢ =
1/46163 - - - is the only positive zero of w [1, 19].

Lemma 6. If x > c and k(x) = 1/y(x), then k is strictly
logarithmically convex on [c, 00).

Proof. By differentiation we have

2

_me_mewmﬂwm]

log k II: _
[logk (x)] [wm v T

(55)
by Lemma 5, we obtain y/(x) = I'(x)/T(x) > 0, for every
x € [c,00) and since 1//"(x) < 0 on (0, 00), then we have
(log k(x))" >0, forx > c.

This implies that 1/y(x) is strictly logarithmically convex
on [c, 00). L]

Theorem 7. One has the following:

(@) [y(x+3)]*/y(ax +3) > (3/2) - y)*", fora > 1 and
x> —3/a;

(b) [w(x + 3)]*/ylax + 3) < ((11/6) — y)*/y(3 + a), for
a>1landx € (0,1);

(©) [w(x + 3)]%/w(ax + 3) > ((11/6) — y)*/w(3 + a), for
a>landx > 1;

(d) [y(x + 3)]"/y(ax + 3) > ((11/6) — )" /y(3 + a), for
a€(0,1)and x € (0,1);

() [y(x + 3)]%/w(ax + 3) < ((11/6) = y)*/w(3 + a), for
a€(0,1)and x > 1.

Proof. By Lemma 6 we have, fora > 1,

u_ v 1/p 1/q
W[p + q] >y @] ly ], (56)

where p>1,9>1,(1/p) +(1/q) =1L, u>c,andv > c.
If p=aandq=a/(a-1),then

v[ger (-2

foru>candv>c.

> [y @] [y )] 67)

Let v = 3 and u = ax + 3. Note that ¢(3) = (3/2) — y and
(1/a)u + (1 — (1/a))v = x + 3; also we obtain

[y(x+3)]" /3 ! u-3_ 3
—W(ax+3) ><E—y> for x = " >—;. (58)

In order to prove (b), let

f(x) =logy (ax +3) —logy (3 +a)
59
—alogy (x+3); 9

since y(4) = (11/6) — y, we have f(1) = log((11/6) — y)™.
Also

w'(ax+3) w'(x+3)
viax+3) w(x+3) |

flx)=a (60)
By Lemma 6, log(1/y(t)) is strictly convex on [c, 00); then
(log 1//(t))" < 0 and so (w'(t)/l//(t))' < 0; this implies that
W'(t) /y(1)) is strictly decreasing on [c, 00). Since a > 1 and
x € (0,1), we have ax + 3 > x + 3. Then

v (x +3)
y(x+3)°

v' (ax +3)
Y (ax +3)

(61)
And then f'(x) < 0;also f(1) =log((11/6) — y)~“. Then

F)> )= log<% - y>_u (62)
fora > 1land x € (0,1) or

[y (x +3)]"

((11/6) - y)*
v (ax +3) ’

yv(3+a) (63)

So (b) is proved.
By
ax+3>x+3, fora>1, x>1,
ax+3<x+3, forae(0,1), x€(0,1), (64)

ax+3<x+3, forae(0,1), x>1,
(¢), (d), and (e) are clear. O

Corollary 8. For all x € (0, 1) and all integers n > 1, one has

oo e
where H, = Y_ (1/k) is the nth harmonic number.
Proof. By [6], for all integers n > 1, we have
y(n+1)=H,-y, (66)

and replacing a by n in Theorem 7, the proof is completed.
O



Theorem 9. Let f be a function defined by
a
5 Vx>0, (67)

where 3 + ax > c and 3 + bx > c; then foralla > b > 0 or
0>a>b(a>0andb <0), f is strictly increasing (strictly
decreasing) on (0, 00).

Proof. Let g be a function defined by

g(x) =log f (x) =alogy (3 +bx) —blogy (3 +ax); (68)

then
! !
) v B3+bx) v 3+ax)
= - . 69
g (x) vGB1bx)  y(Btax) (69)
By proof of Theorem 7, we have
(logw(x))” <0, forx € [c,00); (70)

thisimpliesthatg'(x) >0ifa>b>00r0>a>b (g/(x) <0
ifa > 0 and b < 0); that is, g is strictly increasing on (0, co)
(strictly decreasing on (0, 00)). Hence f is strictly increasing
on (0,00),ifa > b > 0o0r0 > a > b (strictly decreasing if
a>0andb < 0).

Corollary 10. Forallx € (0,1)andalla >b > 00r0 > a > b,
one has

Gy 1)

[y G +a)”

(2y) " < lrerbor
2 [y (3 +ax)]’
where3+bx >2c¢,3+ax>c¢,3+b>2c and3+a>c.

Proof. To prove (71), applying Theorem 9 and taking account
of y(3) = (3/2) — y, we get f(0) < f(x) < f(1) forall x €
(0, 1), and we obtain (71). O

Corollary 11. Forall x € (0,1) and alla > 0 and b < 0, one
has

yG+b" [yGrbal (3 —y)u_b (72)
yG+a]” [yG+axn)]” \2 ’

where3+ax>c¢,3+bx>¢,3+b>=c,and3+a > c.

Proof. Applying Theorem 9, we get f(1) < f(x) < f(0) for
all x € (0,1), and we obtain (72). O

Corollary 12. Forallx € (0,1) andalla >b > 00r0 >a > b,
one has

WG o) [yl
vG+ay)l” [wG+ax)]

where3 +ax 2 ¢,3+bx >2¢,3+ay >c¢3+by 2 ¢ and
0<y<x<L

(73)
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Corollary 13. Forall x € (0,1) and alla > 0 and b < 0, one
has

vG+bol _[yG+by)]"
lyG+an)]” [y (+ay)’

where3 +ax 2 ¢, 3+bx >¢3+ay >2¢3+by 2 ¢ and
O<y<x<l

(74)

Remark 14. Takinga = nand b = 1 in Corollary 10, we obtain
inequalities of Corollary 8.
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