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Using fixed point theorems in ordered Banach spaces with the lattice structure, we consider the existence of nontrivial solutions
under the condition that the nonlinear term can change sign and study the existence of sign-changing solutions for some second
order three-point boundary value problems. Our results improve and generalize on those in the literatures.

1. Introduction

In this paper, we shall discuss the existence of nontrivial solu-
tions for the following boundary value problem:

~u"(t)=g(tu(), 0<t<l,

u(l) =au(pB),

where g : [0,1] x (-00,+00) — (-00,+00) is continuous,
O<a<l, 0<B<l.

Many problems of different areas of physics and applied
mathematics can be changed into multipoint boundary value
problems for ordinary differential equations (see [1]). In [2],
Gupta firstly studied three-point boundary value problems
for nonlinear second order ordinary differential equations in
1992. Since then, many authors have been concerned with
second order multipoint boundary value problems (see [3-
20] and references therein). For example, some authors have
studied the existence and multiplicity of positive solutions
for nonlinear multipoint boundary value problems under
the condition that the nonlinear term may be nonnegative
by applying Krasnosel'skii’s fixed point theorem, theory of
fixed point index, and so on (see [3-8]). Meanwhile, some
authors considered the existence of nontrivial solutions when
the nonlinear term can be negative; for example, see [9-
11] and references therein. For instance, in [10], under the

ey
u(0) =0,

assumption of non-well-ordered upper and lower solutions,
some multiplicity results for solutions of three-point bound-
ary value problems (1) have been obtained using the fixed
point index theory. On the other hand, some authors have
considered the existence of sign-changing solutions to some
boundary value problems (see [12-16, 18] and references
therein). For example, in [13], by using the fixed point index
method, Xu and Sun have considered the existence of sign-
changing solutions for the following three-point boundary
value problem:

Y +g(y®)=0 0<t<l,

y(©0)=0, y1)=ay(B).

In [18], Rynne has considered the following second order
m-point boundary value problem:

_u” = f (u),

2)

m—2 (3)
u(©0) =0,  u()=Y auy),
i=1

where f : (-00,+0c0) — (—00,+00) is continuous. The
author has used global bifurcation theorem to obtain sign-
changing solutions of the boundary value problem (3) under
some conditions on the asymptotic behavior of f.
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Inspired by [9-18, 21-25], we shall use fixed point theo-
rems derived by Liu and Sun [21] to consider the existence of
nontrivial solutions for BVP (1). There are two main features.
Firstly, the used methods are fixed point theorems with
respect to noncone mappings, which are different from those
of [9-18]. Secondly, when we consider the existence of sign-
changing solution to BVP (1), we generalize the nonlinear
term g(t, ¢), which is different from [13-15, 18].

The organization of this paper is as follows. In Section 2,
some preliminaries and lemmas are given including some
properties of the lattice and some lemmas that will be used
to prove the main results. In Section 3, we shall give the main
results. Finally, in Section 4, concrete examples are given to
illustrate applications of obtained main results.

2. Preliminaries and Some Lemmas

Let E be an ordered Banach space in which the partial
ordering < is induced by a cone P C E. P is called normal
if there exists N > 0 such that 0 < x < y implies ||x|| < N y||
(see [26]).

Definition 1 (see [16, 21-23]). We call E a lattice under the
partial ordering <, if sup{x, y} and inf{x, y} exist for arbitrary
x,y € E.

For x € E, let

x" = sup{x,0}, x = sup{-x,60}, (4)
x" and x™ are called the positive part and the negative part of
x respectively,and clearly x = x"—x". Take |x| = x"+x~, then
|x| € P,and |x]| is called the module of x. For convenience, we
use the notations x, = x*, x_ = —x~, and obviously x, € P,
x_ € (=P), x = x, + x_ (see [16, 21-23]).

Definition 2 (see [16, 21-23]). Let D ¢ Eand A: D — Ebe
anonlinear operator. A is said to be quasi-additive on lattice,
if there exists v* € E such that

Ax = Ax, + Ax_+v", VxeD. (5)

Definition 3 (see [21]). Let E be a Banach space with a cone P
andlet A : E — E be a nonlinear operator. We say that A is
a unilaterally asymptotically linear operator along P, if there
exists a bounded linear operator L such that

|Ax — Lx|
x€P,||x|| = co ||x||

0, (6)

where L is said to be the derived operator of A along P and
will be denoted by A',.

Remark 4. The operator A in Definition 3 is not assumed to
be a cone mapping.

Let P be a cone of Banach space E. x is said to be a positive
fixed point of A if x € (P \ {0}) is a fixed point of A; x is said
to be a negative fixed point of A if x € ((—P) \ {6}) is a fixed
point of A; x is said to be a sign-changing fixed point of A if
x ¢ (P U (—P)) is a fixed point of A (see [21-23]).
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Lemma 5 (see [21]). Let E be a Banach space with a lattice
structure, let P be a normal cone of E, and let A : E — E be
completely continuous and quasi-additive on lattice. Suppose
that there exist v;,v, € P and a positive bounded linear
operator L : E — E withr(L) < 1, such that

Ax>-v,, Vxe€P

7)

Ax > Lx-v,, Vxe(-P).

In addition, assume that AQ = 0; the Fréchet derivative A},

of A at 0 exists, 1 is not an eigenvalue of Ay, the sum of the

algebraic multiplicities for all eigenvalues of Aj, lying in the

interval (1, 00), is an odd number, and A'P exists, r(A’P) <1.
Then A has at least one nontrivial fixed point.

Lemma 6 (see [21]). Let E, P, A, and L be as in Lemma 5.
Suppose that there exist y,, u, € P such that

Ax <y, Vxe(-P);

(8)

Ax < Lx+u,, VxeP

In addition, assume that AQ = 6; the Fréchet derivative A}y of
A at 0 exists; 1 is not an eigenvalue of A'e, and A'(fp) exists;
T(A’(ipg) > .1 and 1is not an eigenvalue of A'(fp) corresponding
a positive eigenvector.

Then A has at least one nontrivial fixed point.

Lemma 7 (see [21]). Suppose that E is an ordered Banach
space with a lattice structure, P is a normal cone of E, and A is
quasi-additive on the lattice. Assume that

(i) A is strongly increasing on P and —P;

(ii) both A'P and Al(_p) exist with r(A'P) > 1 and
r(A'(_P)) > ‘1, and 1 i‘s 'not t‘m eigenvalue ofA'P or A'(_P)
corresponding a positive eigenvector;

(iii) AO = O; the Fréchet derivative Ay of A at 0 is strongly
positive and r(A'e) <1

(iv) the Fréchet derivative A’ of A at 0o exists; 1 is not an
eigenvalue of A',_; the sum of the algebraic multiplicities
for all eigenvalues of A',_, lying in the interval (1, 00),
is an even number.

Then A has at least three nontrivial fixed points containing one
sign-changing fixed point.

Let E = CI[0, 1]. Define the norm |ul| = maxg,,|u(t)l;
then E is an ordered Banach space. It is obvious that P = {u €
E | u(t) =0, t € [0,1]} is a normal cone of E and that E is a
lattice under the partial order < which is induced by P (see
(16, 21-23]).

For convenience, we list the following conditions.

(H,) The sequence of positive solutions of the equation
sin Vx = asin f/x 9)
is

0<A <A, <o <A, <A <--. (10)
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(H,) lim(p_>+oo(g(t, ¢)/¢) = & uniformly on [0, 1].
(H;) lim,, _, _,(g(t,¢)/9) = p uniformly on [0, 1].

(Hy) [go(t,l(])) = 0, lim(p_,o(g(t, ¢)/9) = # uniformly on

By [4], it is well known that BVP (1) can be converted to
the following nonlinear Hammerstein equation:

u(t) = Ll Z(t,s)g(s,u(s)ds, tel0,1], (11)

where
ot

1-af

t(l-s), 0<t<s<l,
s(1-t), 0<s<t<l.

Z(t,s)=k(t,s)+ k(B,s), (12)

Kt.s) = { (13)

Define the operators

1

(Du) (t) = J Z (t,s) g (s,u(s))ds,

0

tefo,1], (14)

1

(Lu) (£) = j Z(ts)u(s)ds,

0

te[o,1], 15)

(Gu)(t)=gtu(?),

where Z(t, s) is defined by (12), and obviously ® = LG. It is
obvious that fixed points of ® are solutions of BVP (1) (see
(4]).

te[0,1], (16)

Lemma 8 (see [13]). Let 8 be a positive number. The eigenval-
ues of the linear operator 8L are

o0 9
TRB WIS

n

17)

and the algebraic multiplicity of each positive eigenvalue 6/A,,
of the linear operator 8L is equal to 1, where A, is defined by
(10).

Lemma9. Let ® and L be defined as (14) and (15), respectively.
Then

(i) ®,L : E — E are completely continuous;

(ii) @ is quasi-additive on the lattice;

(iii) (L) = 1/A,, where r(L) is the spectral radius of the
operator L.

Proof. By [4], we know that (i) holds. The proof of (ii) is
similar to that of [16, 21-25], so we omit it. We easily know
that

r(L) = sup

1
Al = P (18)
Ael1/A,n=1,2,..) 1

O

Lemma 10. Let ® and L be defined as (14) and (15), respec-
tively. Then

(i) if (H,) holds, then d); =&L;
(ii) if (Hs) holds, then d)z_P) = pL;
(iii) if (H,) holds, then d)(', =yL.
Proof. (i) By (H,), for any € > 0, there exists R > 0 such that
lg(t,9) —Ep| <ep, Vtel0,1], ¢ >R (19)
Let My = maXy(,17,0<p<r|9(t, @)|. Then
|(Gu) (8) ~ & (6] = |g (6, u (1)) ~ & (8)] < My + ER + €ul

YueP, |ul|l=R,
(20)

and hence

|ou ~ &Lu| = |L(Gu) ~ ELu|| < IL| (Mg + &R + € [ul)),

(21)
which means
o Qu—ELu
M <ellLl; (22)
u€P,|lull — oo ||1/l||
that is,
Ou—ELu
[ =EL] _, (3)
ueP,|lull - oo ||u||

so by Definition 3, we have @}, = &L.

(ii) Similar to the proof of (i), we can prove that conclu-
sion (ii) holds.

(iii) By (H,), since g(t,0) = 0, Vt € [0, 1], ®O = 6. And
for any € > 0, there exists r > 0 such that

lg(t.o) —nepl<elol, Vte[o1], |p|<r.  (24)

Then
[(Gu) (t) = qu )| = |g (t,u (t)) = qut)| < €llul, (25)
Viul <,
and hence
HCDu -0 - ;7Lu|| = ||L (Gu) - 11Lu|| < |IL|l € llull,
(26)
Viul <7
that is,
_||®u - @6 - nLu| o, 27)
lll — 0 (4]
which means CD(9 =yL. O]

3. Main Results

Theorem 11. Assume that (H,)-(H,) hold. In addition, sup-
pose that



(i))0<&<A,0<p<Ay;

(ii) there exists an odd number n > 0 such that

A, <1 <Ay (28)

where Ay, A, and A, are defined by (10).
Then BVP (1) has at least one nontrivial solution.

Proof. By (H,) and & > 0, there exists ¢ > 0 such that

g(t,e)=—-c, Vte[0,1], >0, (29)

and hence by (14) and (15), we have

(®u) (t) = (LGu) (t) = —Lc, Vte[0,1], ueP. (30)
And we easily know that Lc € P. By 0 < p < A, we know
that there exists d > 0 such that

0<p+d<A,. (31)
By (H;) and (31), there exists C > 0 such that
gt,p)=(p+d)e-C, Vte[0,1], <0, (32)
and therefore by (14) and (15), we get

(@u) () > (p+d) (Lu) (t) —LC, ¥t € [0,1], u € (-P).
(33)

And we easily know that LC € P. By (30) and (33), we know
that (7) of Lemma 5 is satisfied.

Set L = (p + d)L; by (31) and Lemma 9, we have r(L) =
(p+d)r(L) < Ayr(L) = 1.

By Lemma 10, we have CD; ={L, CDé =L.

By (H,), we easily know that ®0 = 0. By Lemma 8, we
know that /A1, /A, ,...,7/A,, ... are the eigenvalues of @y,

Since A, < # < A,,; and n > 0 is an odd number,
1is not the eigenvalue of ®p, and the sum of the algebraic
multiplicities for all eigenvalues of d)(',, lying in the interval
(1, 00), is an odd number.

By 0 < & < A, and Lemma 9, r(q);,) =&L = &(L) <
Ayr(L) = 1.

So the conditions of Lemma 5 are satisfied. Lemma 5
assures that @ has at least one nontrivial fixed point. So BVP
(1) has at least one nontrivial solution. O

Theorem 12. Assume that (H,)-(H,) hold. In addition, sup-
pose that

DHOo<E<Ay
(ii) there exist natural numbers n; > 1 and n, > 1 such
that
/\nl <p< /\n1+1’ Anz <n< /\n2+1’ (34)

where Ay, A, Ay 15 Ay Ay L are defined by (10).
Then BVP (1) has at least one nontrivial solution.
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Proof. By (H,), we easily know that ®0 = 0. By Lemma 10,
we have @, = §L, ®(_,) = pL, @y = 1L

From Lemma 8,#/A,,1/A,,...,n/A,,...are the eigenval-
ues of the linear operator ®j. Since Ay, <1 <Ay, 4, lisnotan

eigenvalues of ®j. Since Ay, < p <A, and (10), we know
thatp > A, > 0. So r((DE_P)) =pr(L) = p/A, > 1.
By (H;) and p > 0, there exists #m > 0 such that

gt.p)<m, Vte[0,1], p<0; (35)

hence by (14) and (15), we have
(Du) (t) = (LGu) (t) < Lm, Vte[0,1], ue (—P). (36)

Obviously, Lm € P. Since 0 < & < A,, there exists h > 0
such that

0<E+h<y. (37)
By (H,), there exists M > 0 such that
glte)<E+h)e+M, Vte[0,1], ¢ =0, (38)
so by (14) and (15), we have

(Du) (t) = (LGu) (t) < (& +h) (Lu) () + LM, (39)
39

Vt € [0,1], ueP.

Set B = (£ + h)L; by (37) and Lemma 9, we have r(B) =
(& + h)r(L) < A;r(L) = 1. Equations (36) and (39) show that
(8)of Lemma 6 are satisfied. Therefore, Lemma 6 guarantees
that Theorem 12 is valid. O

Theorem 13. Suppose that (H,)-(H,) hold and & = p =y. In
addition, assume that

(i) g(t, @) is strictly increasing on ¢;

(ii) there exists an even number #i > 2 such that

Ay <y < Ajs (40)

(iii) 0 <y < Ay,

where A, A;, and A, are defined by (10).
Then BVP (1) has at least three nontrivial solutions, con-
taining a sign-changing solution.

Proof. By (13), we know that
k(B.s)=B(1-B)s(1-s),

Since k(t,s) > 0 for any t,s € [0, 1], by (12) and (41), we
have

Vse[0,1]. (41

ot ap(1-p)
Z(t,s) > l_aﬁﬁ(l—ﬁ)s(l—s)z mts(l—s),
Vt,s € [0,1].

(42)
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It follows from (12) that k(z, s) < s(1-5s), V7,s € [0, 1]; so by
(42) we have

(ﬁ)

Z(t,s)>
l+a-

k(‘r, s), Vt,t,se[0,1]. (43)

Form (13), we easily know that

292 5ok (B9)2 17 ok (B)
aﬁ(l -P)t
2T “ﬁl k(ﬁ s), VtT,5€[0,1].
(44)
Therefore, by (43) and (44), we get
Z (t,s) 2 (tZ (t,s), Vr,t,s€[0,1], (45)

where { = aff(1 - 8)/2(1 + o — afs).
From (45) and (15), for any u € P\ {0}, we have that

(Lu) (t) = Jol Z(t,s)u(s)ds >t JOI Z(t,s)u(s)ds

46)
=t (Lu) (1), Vtelo1],
which means
(Lu) (t) > Ct | Lull; (47)
namely,
L(P\{6)) cintP. (48)

By (48) and the condition (i), we know that @ is strongly
increasing; so condition (i) of Lemma 7 is satisfied.
By Lemma 10 we have

Op =@ p=yL,  Dy=1L (49)

By Lemmas 8, 9,and (49), we know that y/A,,y/A,,
.»Y/A,, ... are the eigenvalues of the linear operators @}, =
@27},). Since A; < y < Ay, we know that 1 is not an eigen-
value of d); and <D2_P), and r(q);,) = r((Dé_P)) =y/A; > 1,50
condition (ii) of Lemma 7 is also satisfied.

Since g(t,0) = 0, PO = 0. By (48), we know that CI)('9 is
strongly positive. By (49), Lemma 9, and 0 < 7 < A,, we have
r(CD'g) =#/A, < L. So condition (iii) of Lemma 7 is satisfied.

In the following, we prove that @/ = yL.

In fact, by (H,) (H;) and & = p = y, for any € > 0, there
exists R > 0 such that

lg(t.9) —yo| <elp|, Vtel0,1], |p|>R. (50)

Let M = maxte[o,l],—ﬁgpsﬁlg(t’ ¢)I- Then
|(Gu) (1) = yu (t)| = |g (t,u () = yu ()] < M +yR + € |lull,

lull = R,
(51)

vVt € [0,1],

5
and hence
|®u - yLu| = |L(Gu) - yLu|| < LI (M + yR + € |u),
(52)
which means
®u - yL
Y Ll 2 1Ll (53)
oo |lull
that is,
"(Du - YLu“ =0 (54)
lul—co  lu ’

so we have @/ = yL.

By condition (ii) and Lemma 8, we know that 1 is not the
eigenvalue of @/ , and the sum of the algebraic multiplicities
for all eigenvalues of @/ , lying in the interval (1, 00), is an
even number 7. So condition (iv) of Lemma 7 is satisfied.
Therefore, Lemma 7 guarantees that Theorem 13 is valid. [J

Remark 14. In [13-15], the authors considered the boundary
value problem (2). In this paper, it is obvious that we
generalize and improve the nonlinear term g, and we also
obtain that BVP (1) has at least a sign-changing solution. The
methods we use are different from those of [13-15]. In [18],
the author has used global bifurcation theorem to obtain sign-
changing solutions of the boundary value problem (3), so the
methods we use are different from those of [18].

4. Applications

In this section, some examples are given to illustrate our main
results obtained in Section 3.

Consider the following second order three-point bound-
ary value problem:

~u"(t)=g(tu(), 0<t<l,
(55)

w(0) =0, u(l)= %u(%)

By simple calculations, we know that 1| = 6.9497, A, =
39.4784, and A; = 98.6077 are solutions of the following
equation:

sin lesinﬂ. (56)
2 2
Example 1. Choose
g(t¢)
29+ (t - 8) /o, €[0,1], ¢ € [9,+00),
—26 + 2t
(p-1)
_ +t + 20, te[0,1], ¢ €(1,9),
~ 209 + 19”7, te0,1], ¢ € [-1,1],
#((p+l)—20—t, te[0,1], ¢ € (-8,-1),
(3¢ + (t = 1) /o, te€[0,1], ¢ € (00, -8].

(57)



Obviously, the nonlinear term g(t,¢) can be negative
when ¢ > 0and & = 2, p = 3,1 = 20. It is easy to know that
the conditions of Theorem 11 are satisfied. So BVP (55) has at
least one nontrivial solution.

Example 2. Choose

g(t.9)
<p+(t—21)\/_ t €[0,1], ¢ € [144, +00),
—-13+1t
g @1
+61 —t, te[0,1], ¢ € (1,144),
:460(p+(1 )’ te[0,1], ¢ € [-1,1],
749 + 3t2 + 2t
26
x(p+1)-61+t, te[0,1], ¢ € (-27,-1),
(30 — t + 23/, t €[0,1], ¢ € (=00, -27].

(58)

It is easy to know that & = 1, p = 30, = 60 and the
nonlinear term g(¢,¢) can be negative when ¢ > 0. The
conditions of Theorem 12 are satisfied. So BVP (55) has at
least one nontrivial solution.

Example 3. Choose

g(t9)

(609 + t /@, te[0,1], ¢ € [4,+00),
236+t(g0—1)+t+4, te[0,1], ¢ € (1,4),
=130+ (1+1)9", tel0,1], o € [-1,1],
A0 (pe1)—a-t, tefo1], <pe(8 D,

[ 609 + £/, te€[0,1], ¢ € (—00,-8].
(59)

Obviously, £ = p =y = 60, 7 = 3. It is easy to know that
the conditions of Theorem 13 are satisfied. Thus BVP (55) has
at least three nontrivial solutions, containing a sign-changing
solution.
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