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We define and study Sobolev-type spaces W7 (R, ) associated with singular second-order differential operator on (0, 00). Some
properties are given; in particular we establish a compactness-type imbedding result which allows a Reillich-type theorem. Next,
we introduce a generalized Weierstrass transform and, using the theory of reproducing kernels, some applications are given.

1. Introduction

The Sobolev spaces have served as a very useful tool in the
theory of partial differential equations, mostly those related to
continuum mechanics or physics. Their uses and the study of
their properties were facilitated by the theory of distributions
and Fourier analysis. The Sobolev space W¥?(R,) is defined
by the use of the classical Fourier transform as the set of
all tempered distribution u such that its classical Fourier
transform i satisfying

(1451 a e 17 (R,). M

Generalization of the Sobolev space has been studied by
replacing the classical Fourier transform by a generalized one.

In this paper we consider the differential operator on
(0, 00),

aZ Axd
= — _— N 0, 2
A dx2+A(x)dx+P P> @

where A is the Chebli-Trimeche function (cf. [1, Section 3.5])
defined on [0, 0co) and satisfies the following conditions.

(i) There exists a positive even infinitely differentiable
function B on R, with B(x) > 1, x € R,, such that
A(x) = x*HB(x), a > —1/2.

A(x) = oo.
(0, c0), and

(ii) Aisincreasing on R, and lim
(iii) A"/A is decreasing  on
lim, _, oo (4 (0)/A(x)) = 2p.

(iv) There exists a constant o > 0, such that for all x €

[x9, 00), x4 > 0, we have

X — 00

A (%) 2p+ e F(x), ifp>0
=q2a+1 i (3)
A (x) +e F(x), ifp=0,

where F is C* on (0, 00), bounded together with its deriva-
tives.

For A(x) = x**™, & > —1/2, and p = 0, we regain the
Bessel operator

l“f:d2f+<2a+1>ﬂ (4)

dx? x dx’

For A(x) = sinhZ“”(x)coshzﬁ“(x), a>p>-1/2,a# -
1/2,and p = « + 3 + 1, we regain the Jacobi operator

d2
lopf = d_xJ: +[(2a + 1) coth x + (28 + 1) tanh x]

(5)

X =+ p°.
x P
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The purpose of this paper is to introduce and study new
Sobolev-type spaces W;’P (R,), associated with the singular
operator A , that generalizes the corresponding classical
spaces. The Bessel case was treated by Assal and Nessibi [2],
while Ben Salem and Dachraoui [3] studied the generalized
Soblev spaces in the Jacobi setting theory.

The paper is organized as follows. In Section 2 we recall
the main results about the harmonic analysis associated with
the operator A 4. In Section 3 Sobolev-type spaces on the
dual of the Chébli-Trimeche hypergroup are studied. Some
properties including completeness and Sobolev embedding
theorems are established. Next, we prove a Reillich-type
theorem. Finally, in Section 4, as applications, we give prac-
tical real inversion formulas using the theory of reproducing
kernels for the generalized Weierstrass transform.

2. Preliminaries

In this section, we collect some harmonic analysis results
related to the operator A ,. For details, we refer the reader to
(1, 4-8].

2.1. Eigenfunctions of the Operator A 4. In the following, we
denote by

& . (R) the space of even C*°-functions on R,

S, (R) the subspace of &, (R), consisting of functions
f rapidly decreasing together with their derivatives,

S2(R) = 9,8, (R), where @, is the eigenfunction of
the operator A 4 associated with the value A = 0,

&' (R) the dual topological space of &, (R),
(8%)'(R) the dual topological space of §2(R),
&' (R,) the dual topological space of &, (R),

Z . (C) the space of even entire functions on C which
are of exponential type and slowly increasing,

# . 4(C) the subspace of 7, (C) satisfying
Im € N.

B, (f) = sup(1 + 1) £ )] exp (-aTm A} < +00.
AeC

We have Z, (C) = [ 59 # . 4(C).
For every A € C, let us denote by ¢, the unique solution
of the eigenvalue problem:

Auf(x)=-Af(x),
f@=1  f(©=o.

Remark 1. This function satisfies the following properties.

(7)

(i) Vx = 0, the function A — ¢, (x) is analytic on C.
(ii) Product formula:
Vx,y = 05

00 (8)
P () (y) = L o) (2w (x, y,2) A(z)dz,
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where w(x, y,-) is a measurable positive function on
[0, 00), with support in [|x — y|,x + y].

(iii)

VA20, x€eR, |p(x)|<1 9)
(iv) For p > 0, we have
Vx>0, VAeR,
(10)

|2 ()] < 9 (x) < m (1 + x) exp (-px),
where m is a positive constant.
(v) For p = 0, we have

Vx>0, ¢@(x)=1. (11)

(vi) We have the following integral representation of
Mehler type,

Vx>0, VAeC, ¢)(x)= J k (x,t) cos (At) dt, (12)
0

where k(x,-) is an even positive C* function on
(—x, x) with support in [—x, x].

2.2. Generalized Fourier Transform. For a Borel positive
measure g on R, and 1 < p < oo, we write L?(R,) for the
Lebesgue space equipped with the norm || - || LL(®,) defined by

1/p
||f||Lz;(R+) = <IR |f (o)l du (x)) , if p<oo, (13)

and ||f||L‘;O(R+) = esssup,r |f(x). When pu(x) = w(x)dx,
with w a nonnegative function on R, we replace the y in the
norms by w.

For f € LY(R,), the generalized Fourier transform is
defined by

F(H) = IR fx) gy (x)A(x)dx, VAeR. (14)

The inverse generalized Fourier transform of a suitable
function g on R, is given by

Fg(x)=F g (x) = jR Wy 0dy (D), (15)

where dy(A) is the spectral measure given by

di
lea VI

Remark 2. The function A — c¢4(A) satisfies the following
properties.

dy(A) = (16)

(i) For A € R, we have c4(—1) = c4(A).

(ii) The function ICA(/\)F2 is continuous on [0, co[.
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(iii) There exist positive constants k;, k,, and k5, such that
Ifp20:YAeC,ImA<O0,|A| > ks;
K AP < ey W] < kAP (17)
Ifp=0,a>0:VAeC, |\ <ks;
Ky AP < ey |7 < kAP (18)
Ifp>0:VAeC, A <ks;
kAP < [ea W[ < AR (19)

Proposition 3 (see [7, 9]). (i) The generalized transform F
and its inverse f are topological isomorphisms between the
generalized Schwartz space $*(R) and the Schwartz space
S(R,).

(ii) The transform & is a topological isomorphism from
%L(RQ onto  ,(C). Moreover, for all T ¢ %;(RQ, we have
supp(T) < [~a,a] if and only if F(T) € I , ,(C).

Next, we give some properties of this transform.

(i) For f in LL\(IRJr) we have
"97(f)“L3°(R+) S ”f"LlA(RJ (20)
(ii) For f in oS’i([R) we have

F AN )=y F (),

Proposition 4 (see [7, 9]). Plancherel formula for %. For all
fin cS’i([R{), we have

VyeR,. (21

j |f(x>|2A(x>dx=j 17 (H)©Pdy®. (22
R, R,

(ii) Plancherel Theorem. The transform F extends uniquely to
an isomorphism from L,(R,) onto Li(l]&).

Remark 5. We have oS’i (R) c Li(IRJr) forall2 < p < oo, but
S$2(R) ¢ LA (R,) forall 0 < p < 2.

Proposition 6. Let 1 < p < 2. The Fourier transform F (resp.
J) can be extended as a continuous mapping from LP,(R,)

onto L‘;l (R,) (resp. from L‘;’}(RJr) onto LI/’;([RJr)) and we have

15y < Il Wl < lolige,

(23)
with (1/p") + (1/p) = 1.

2.3. Generalized Convolution

Definition 7 (see [10]). The translation operator associated
with the operator A , is defined on L',(R,), by

Vx,y2 0 1.f(y)= LOO f@w(x, y,2)A(z)dz, (24)

where w is the function defined in the relation (9).

Proposition 8 (see [10]). For a suitable function f on R, we
have

@) 7. f(y) =71, f(x),

(i) 7 f(y) = f(y)

(i) 7,7, = 7, T,

(iv) 702 (y) = P ()P (»),

V) F(1, f)A) = g (x)F ()N),

(i) A4 () f = 1 (A 4 ).

Definition 9 (see [10]). For suitable functions f and g, we
define the convolution product f* ,g by

frag@= | nfaaG)dy @)

Remark 10. 1t is clear that this convolution product is both
commutative and associative:

(1) f*ag9=9g*af.
(i) (f*ag)xah = fx4(g*4h).
Proposition 11 (see [10]). (i) Assume that 1 < p, g,v+ < 00

satisfy (1/p) + (1/q) — 1 = 1/r. Then, for every f € LE(R,)
and g € LY, (R,), we have f*,g € L',(R,), and

|f*a9 r,®,) S C||f||Lg(R+)||9||L1(R+)~ (26)
(ii)Ifp>0and1 < p < q <2, then
L‘t/)a (R+) *AL‘A (R+) - L(fA (R+)- (27)

(iii) If p > 0 and 2 < p,q < oo such that q/2 < p < g, then
Rl (R) = L R), (9
where q' is the conjugate exponent of q.
(iv)Ifp>0and 1 < p < 2suchthat p < q < p/(2-p),
then

Lqu (R+) *ALqu (R+) - Ltzq (R+)' (29)

Proposition 12. For f € LZA(IRJr) and g € L’Z(IRJr), with 1 <
P < 2 we have

F(f*ag9)=F (HH M F (9 M) (30)

Proposition 13. Let f,g € L*,(R,). Then f*,g € L*,(R,) if
and only if F(f)F (g) belongs to LZA(IRJr), and in this case we
have

F(fxa9) = F () F(9). (31)

Definition 14. The generalized Fourier transform of a distri-
bution 7 in ($?)'(R) is defined by

(F@.4)=(n.F"(9)), VoS, (®). (32



Proposition 15. The generalized Fourier transform F is a
topological isomorphism from (é’i)’(R) onto ' (R).

Let 7 bein (§2 )’(IR+). We define the distribution A 47, by

(Aamy) = (T, A,4y),
This distribution satisfy the following property:

vyest(R,).  (33)

F (A1) =~y F (7). (34)
3. Sobolev-Type Spaces on the Dual of
the Chébli-Trimeche Hypergroup

Definition 16. Let s € R and p € [1,00]. We define the
Sobolev-type spaces W”(R,) as the set of tempered dis-
tributions u € S'* (R) such that

(1 + xz)sj (u) € Lf; (R,). (35)

We provide the space W;’P (R,) with the norm:

e, = [(1+ )7 @) (36)

AR,

In the sequel, we will give some properties of the space
WP (R,).

Proposition 17. Let s € R. The space §,.(R) is dense in
WP (R,), for

if p=0
if p>0.

Proof. Firstly, we want to prove that the space &,(R) is a
subset of W,P(R,). Indeed, let f € &, (R). By Proposition
3(i) the function (1+ xz)sj(f) € é’i (R). Thus, using Remark
5, we deduce the claim. Now, we prove the density. Let f €
Wi’p(lRJr). Then, from the density of D, (R,) in LIZ(RJr), we
deduce the existence of a sequence (g,,),, in D, (R, ) such that

lim u(l +x2)5j (f) - 9

n— 00

(37)

. {[1,00),
[2,00),

= 0. (38)

(R)

On the other hand, according to Proposition 3(i), for all n €
N, the function f, = F((1+x%)~g,)isin &, (R) and we have

£ = filwr,y = |(1+ )7 (F) - g

Therefore, the result follows by combining (38) and (39). [

(39)

LR,

Proposition 18. (i) Let 1 < p < co and let s; and s, in R such
that s, > s, then

WP (R,) — WP (R,). (40)

(ii) Let 1 < p < 00, and let s;, s and s, be three real
numbers: s; < s < s,. Then, for all ¢ > 0, there exists a
nonnegative constant C, such that for all u in WP (R,,)

luller e,y < Celulyar, + elulyerg) (4
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Proof. (i) is clear.
(ii) We consider s = (1—t)s, +ts,, with t €]0, 1[. Moreover
it is easy to see

1-t t
lelhir, < Il ooy lillyns ey (42)
Thus,
1-t t
—t/(1—
lehzrce,y < (7 Mabnr,y)  (eldurre,)
(43)
~t/(1-t)
<e "u”VVX’P(R,,) + 3"“”1/\{;2"’(R+)-
Hence, the proof is completed for C, = ¢ /07, O

Proposition 19. (i) Let p € [1,00] if p = 0 and p in [1,2], if
p > 0. The space W;’P(IRJr)provided with the norm || '||W:P(R+)

is a Banach space.
(ii) Let s,t € R and p € [1,00]. Then, the operator (I +
SZA)t defined, on cS"*([R), by

(I+2,)u= 9((1 +x2)tj(u)> (44)

is an isometric isomorphism from WP (R ) onto W/:_t’p(lRJr).
Moreover, for all u € W:P(R+), p € [1,2], and forallt < s,
the function

x — (I+2,) u(x) (45)
belongs to the space LJ;,(R+), with (1/p) + (1/p") = 1.
Proof. (i) Let (f,,)men be a Cauchy sequence in WP (R,).
Then ((1 + xz)sj(fm))meN is a Cauchy sequence in LZ(RQ.

But L¥ (R, ) is complete, so, there exists a function g such that
(1+x*)°g e LA (R,)and

rr}gnm“(l +52) 7 (f) - (145°)g

But since p € [1,00] when p = 0 and p € [1,2] when p > 0,
then g € (Si)'(IR) and consequently f = F(g) € S'*(R). This
implies that f € WZ"D (R,) and from relation (46), we get

Zwy O (40)

lim || £ = flwer @, = 0. (47)

m — 00

This achieves the proof of (i).

(ii) Let u € W;’P([FL). By remarking that # is an
isomorphism from &’ (R) onto (Si(IR))' and using the fact
that

(142) " ((T+ D)) = (1+52) 7 W),

(I+9A)t ° (I+@A)_t (u)= (I+9A)_t ° (I+9A)t (w)=u,
(48)

we deduce the first part of (ii). Now, let u € W;’p (R,), p €
[1,2]. Then, for all < s, the function

x — (1 + xz)tj () (49)

belongs to the space LZ(IR ). Therefore, we obtain the second
part of (ii) by using inequality (23). O
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In the following, we prove a Hardy-Littlewood-Paley type
inequality for the transform 7.

Proposition 20. (1) Let p € [1,2]. Then, for p = 0and a > 0,
there exists a positive constant C, such that for all f € Lf,(R +)
|27 () @ A ) dx < C gy G0)
0 PR
(2) (i) Forp >0,1< p<2,a>-1/2,and § > 0, we have for
all s > 2(a + 1)(1 - (2/p))
X7 ()P A dx < C (&5 p) [ I} -
0 Ly(R,)

felf(R)NH,5(C).

(ii) Forp > 0, p = 2, « > —1/2, and 6 > 0, we have (51)
foralls > 0.

We start with the following lemma deduced from the
hypothesis of the function A.

Lemma 21. (i) For any real a > 0, there exist positive constants
C,(a) and C,(a) such that for all x € [0,al],

C, (a) x**™ < A(x) < C, (a) ™. (52)
(ii) For p > 0,
A (x) ~ &%,

(iii) For p = 0,

(x — 00). (53)

Ax) ~ x (x — 00). (54)

Proof of Proposition 20. (1) Let p = 0 and o > 0. Clearly, the
operator K defined on L(R,), 1 < p < 2, by

K (f) () = 07 (f) (x) (55)
is of strong type (2,2) between the spaces (R,,dy(A))
and ([R+,A(x)dx/x4(“+1)). Therefore, according to the
Marcinkiewicz theorem (cf. [11]), to obtain the result, it
suffices to show that K is of weak type (1, 1) between the
spaces under consideration. Indeed, using assertions (i) and
(iii) of Lemma 21 and inequality (23), we obtain for all A > 0
and f € L;(IR +)

J A(x)dx
(xeR, K(f)(x)>A)  xH@FD)
x2a+1dx

=C J e
(xR 27 (P, >4 X4

dx

" 2043 (56)

o
{xeR, x>V f]

L%,(R+

_c dx
T angy e x243
f LY (R4)

1w,
i Akl
<C P

and the desired result follows.

(2) Let p > 0, ¢ > —1/2,and & > 0. According to
Proposition 3(ii), for all f € LI;,(R+) % . 5(C), it follows

that supp(7(f)) < [-8,8].

() Ifp € [1,2) and s > 2(a + 1)(1 — (2/p)), one can
easily see by using Holder inequality, Lemma 21(i),
and inequality (23) that for f € L*’;(IRJr) NF,sC)

o) 1/p
(L <77 (f) (x)|PA(x)dx)
S C(8, S, p) ||1[0’6]j(f)||Li,(R+) (57)

<C(8,sp) ||f||L*;<R+>'

(i) If p = 2, then by virtue of Plancherel Theorem for the
transform _#, we deduce that for all s > 0,

|, 17 (D @F A dx<eIfIE,,
0 (58)
fel)(R)NF,45(C).

This completes the proof of the proposition. O

Proposition 22. (1) Let p € (1,2]. Then for p = 0, « > 0, and
s<(ax+1)(1-(2/p))

P (R,) = WP (R,). (59)
and we have
nf”wAf’P(Rg < C“f”Lf;(Ry fe LI; (R,). (60)

(2) (i) Let p € [1,2). Then for p > 0, « > —1/2, and § > 0,
we have for all s > (a + 1)(1 — (2/p))

LE(R) N, (C) = WP (R,),
(61)
I lwsew, < CMflpe,y L (R)NF 5 (©).
(ii) For p = 2. Then for p > 0, « > —1/2, and § > 0, we

have for all s > 0,

Wi (R,) c L2 (R)NF,5(C),
(62)

11

Proof. (1) The result follows from Proposition 20(1) and the
fact that, for all s < (a + 1)(1 - (2/p)),

wiwy S Clflh, el (R)NF,4(O).

(1+x7) < 2@V e (0,00).  (63)
(2) (1) If p € [1,2) and using the fact that, for all s € R,

(1+x2)ssC(x2S+l), x € (0,00), (64)



it follows, from Holder inequality, that for all § > 0 and s >
(a+1)(1-(2/p))

“f”wj;f’(&) <C(8,s,p)

0 25 » i 1/p
x[(L x| 7 (f) (x)|"A (x) x) (65)

1 ' .
Ao Dy

Thus, we deduce the result using Proposition 20(2) and
inequality (23).

(ii) By virtue of (64), we obtain the result, for p = 2,
from Plancherel Theorem and Proposition 20(2).

Proposition 23. Let s be a non negative real number. Then, we
have

(i) For p > 0, W' (R,) n L4 (R,) < C?™(R,), m € N;
m < S,

(ii) If p = 0, WSA(R,) € C2"(R,), m € N; m + (1/2)(ax +
1) <s,

where CX(R,) is the space of even functions with
class C* on R.

Proof. (i) Let u be in W‘ffl(R+) N LZ(RJr) withs € R,. Itis
clear that 7 (u) belongs to LQ(RJr) n LZ(IRJr).
Thus, from (14) and Proposition 4(ii), we have

u(A) = JR F W) (x) @) (x) A(x)dx, ae AeR,. (66)

We identify u with the second member, then we deduce that
u belongs to C, (R) and the injection oij\’1 (R,)into C,(R)
is continuous.

Now, let u be in WZ’I(IRJr) with s € R, such thats > m
with m € N\ {0}. From (12), for all x, A € R,, and n € N such
that n < p, we have

|D}gy ()] < ™. (67)

Using the same method as for m = 0 and the derivation
theorem under the integral sign, we deduce that

Vx eR,,

68)
Diu()) = JR J (u) (x) Dyg, (x) A (x) dx.

Then, for all n € N such that n < 2m, Dju belongs to
C.(R). Thus, u is in C>™(R) and the injection of WIZ’I(IRJr)
into C*™(R) is continuous.

(i) If p = 0Oand u in Wj{z(RJr); then using assertions (i)
and (iii) of Lemma 21 and Holder inequality, we deduce that
forallm € N;m + (1/2)(« + 1) < s, the function u belongs to
W(R,) N LA (R,).

Therefore, (ii) follows from (i). O
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Proposition 24. For 1 < p < oo and s € R, the space
W;"D (R,) is separable.

Proof. Let p € [1,00). It is well known that LZ([RJr) is
separable. More precisely, the set

E= {A—I/P (x) Z o1y, (%) o a;,b; € @} (69)
finite

is countable and dense in Li(IRJr). Thus, forallu € W:P([RQ,

s € R, there exists a sequence (u,,),,n in E such that

u, — (1 + xz)sj (u)

lim

n— oo

(70)

=0.
PGS

On the other hand, for alln € N, u, € (LLl n Li)(IRJr), and

sou, € (Si)I(RJr). Therefore, for all n € N, there exists v, €
Wj\’p(lRJr) such that u, = (1 + xz)sj(vn). Hence, from (70),
we obtain

Jim [,

wirw,) = 0 (71)

This implies that F = {F((1 + xz)_sf) : f € E}is countable
and dense in W,?(R,) and the proposition is proved. O

3.1 Reillich-Type Theorem. In this subsection, using Hahn
Banachs and Rieszs theorems [12, 13], we describe the
dual space (WXP(RJr))* of WzP(R+). We prove also that a
compact imbedding theorem and a Reillich-type theorem are
established. We need firstly the following lemmas.

Lemma 25. Lets € R and x,t > 0. For all positive continuous
function f, we have

(1 + xz)s lrxf (t)| < 2|s|(1 + tz)s

w0 s] ).
(72)

Proof. The result follows by using the following classical
Peetre’s inequality:

(1 + xz)s < 2's|(1 + tz)s(l +|x - t|2)|5|, (73)

and the fact that the kernel W(x, ¢, -) is positive with support
in [|x —t], x + t]. O

Lemma 26. Forallu € S’ (R) and ¢ € S, (R), we have
F(Qu) = 7 (u) 4.7 (D), (74)

where, for S in (S2)'(R) and v in S2(R), the function S * v is
the generalized convolution product of the distribution S and
the function y defined by

S# 4y (%) = (S, 7, () - (75)

Proof. Forall S e (Si)'(R) andy € Si(IR), the function S * y
belongs to (Si),([R{) (cf. [4]) and we have

(S* 4y, 0) = (S, ,0)
F(Sxa0)=F () F (y).

$eS(R),
(76)
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Therefore, the result follows by using the fact that & is an
isomorphism from Si(IR) (resp. (Si)'(IR)) onto &, (R) (resp.
S’ (R)). O
Theorem 27. Lets € R, ® € &, (R),and1 <q<r <oo.
(i) If p = 0, then the mapping
Wy (R,) — Wi (R,)
(77)

u+— Ou

is continuous.

(ii) If p > 0. We have the same result as in (i) if 1/2 <
(I/g)-(1/r) < L
(iii) If p > 0 and 2 < q < o0, then the mapping
Wit (R,) — Wi (R,) o
ur— Ou

is continuous.
(iv) Let p > 0, s > 0, and q < 2 < r. Then, the mapping
W (R,) — Wy (R,)
A + A + (79)
u+— Ou

is continuous.

Proof. (1) (i) According to Lemmas 25 and 26, we have, for
DeS,(R)yandu € WIZ’P(IRJr),

(14 ) 7 (@u) ()|
= l <(1 + tz)sj (u),

(1+2)°(1+x) 7, (7 (<D))>

L4(R,)

<) i)« (14 8) 17 @) | .
(80)

On the other hand, from the hypothesis on g and r, there
exists

pe[loo]-l+l—l—l (81)
TP oq r

Thus, using Proposition 11(i), we obtain the result.

(ii) As @ € &, (R), it is easy to see that O € WJ:"‘D(IRJr)
for 2 < p < oco. Moreover, we proceed as above and using
Proposition 11(i), we obtain

1Pullr @,y < 2% Nl ) IOy (82)
for
1 1 1
pel2,00]: —4+--1=-. (83)
P 4 r

Hence, using the fact that the imbedding &,(R) —
WJ:"P (R,) is continuous, the desired result follows.

(ii) Let p € (max(2,q/2),q). Then & € WEP(R,).
Therefore, from (80) and using Proposition 11(iii), we
deduce the result.

(iv) Using (23) and Holder’s inequality, we obtain, for all
OeS,(R)andu € W;’q(RJr),

1Dl g,
S "(Du"Lfy,(R_,_)
< o ¥y @ 1Py, Torr#a gy
||u||L2y(R+)||q)||Ll;°(R+)’ forr=q=2

{||u||W<R+)uq>||L¢mq)w for r#4

||u||w;2(R+)||q)||L‘;°(R+)) forr=q=2,

where q' and r' arerespectively, the conjugates of q and
r. Therefore, we deduce the result by remarking that the
embedding &, (R) — LI;(R ,) is continuous. This achieves
the proof of theorem. O

Now, we shall characterize the dual space (W;’P (R,)" of
WP (R,).

Theorem 28. Let p € [1,00) when p = 0 and p € [2,00)
when p > 0. The dual space (W;’p(IRJr))* ofW;’P(IRJr) can be

identified with W:’PI(IRJr), where q' is the conjugate of p.

Proof. Let p € [1,+00) when p = 0 and p € [2,00) when
p > 0. Then, for u € W:’P (R,), we have, for all ¢ € S, (R),

o= (1) 7 @.(142) 7).
AV (85)

< IIMIIW;,I)'(R+)||<P|w;"(RJ

This proves, from the density of S, (R) in WZ’P (R,), that u
admits a unique continuous extension to W;.

Conversely, suppose that u € (W;P(R,))". Then the
mapping
715 (R,) —C
B (86)
v (w27 (y))

is continuous, where % is the isometric isomorphism from
WP RO Ny, ) into (LA R, - Iz g, ), defined by

U(p) = (1+x°) 7 (9). (87)

with inverse

) =F((1+5)y). (88)



Thus, and using the fact that u € S;(R), there exists C > 0
such that

Yy €D, (R),
(89)

7 (y)] = |<(1 ) @), <l

Hence, from the density of D,(R) in L% (R,) and using

Riez’s theorem, we deduce that u belongs to W:’P (R,). This
completes the proof of Theorem 28. O

Proposition 29. Let g € (1,00) when p = 0 and q = 2 when
p>0.Let ® bein S, (R) and r € [g,00). Then for all s,t € R
suchthat t <sifp=0and t <0 <sifp> 0, the mapping

Wi (R,) — W, (R,)
(90)
um— du

is compact.

Proof. Let (u,,,),, be a sequence in W;I(R,) such that
||”m||qu(R+) < 1, for all m € N. Then, from Theorem 28,

we deduce that (u,,),, can be regarded as a sequence in

W, (R,)", with (1/g) + (1/q)) =
inequality, we obtain for all m € N

1, and using Holder

”um " (W;Sﬂ, (R+))*

||‘V||W,5>ql ® )Sl (91)

(1+x%) "7 ()

L% (R,)

< "“m“wj‘f(&) <L

Therefore, by virtue of Propositions 24 and 19(i), Wgs’ql(lR +)
is a separable Banach space. Which implies, from Alaoglu
theorem (cf. [14]), that there exists a subsequence (i, )i

weakly converging in (W:’q’ (R,))". We denote by u its weak
limit. Using Lemma 26, for all k € N, we have

~u)] (@) = [ 7 (1, — 1) 547 (@)] (x)
= (I (th, 1), T (T (@)))  (92)

= (b, ~ 1,9y () D).

(@ (un,

(R NS
-u)(x) =

But (&, —u); is weakly converging to zero in (W,
then it follows that for all x € Rlim; _, ., #(®- (u
0.
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Now, according to Theorem 27, forallk € N, ®-(u,,, —u) €
WY (R, ) and using (82) we get
VkeN, VxeR,
|(1+x2)5j((1).(um u))(x)| (93)

< 2M (1 + lulyeag,y ) - 191

! .
WE\,q R,)

Hence, by Lebesgue’s theorem, we deduce that for all R > 0,

klirréo JOR 1+x° |j u)) (x)|rA (x)dx =0,
r € [g,00).
(94)

On the other hand, for p = 0 with ¢t < s, g € (1,00), and
r € [q, 00), it follows from Theorem 27(i) that for p € [1, co]
and satistying (1/p) + (1/q) — 1 = 1/r, we have

J:O 1+x 'j u))(x)rA(x)dx

o+ (1) ‘r/v;'(R+)

r(s—t) (95)

(1+R?)

(1 + Dothwsnce,)) 19U 1o )

<C
(1+R2 )r(s D

Andforp > Owitht <0 <s,q=2,andr € [2,00), we obtain
from Theorem 27(iv)

[ (1217 (0 (1, ) 0] A0
“Q) ' (umk B u) r A
(1 + Rz)—rt
r (96)

e ||u|IW§21(R+)Izz;|fD IR

+
(1+ Ny ) llq’"Lm(R )
R , for r = 2.

Which implies that these last integrals, (95) and (96), tend to
zero when R tends to co uniformly with respect to k € N
and so, by virtue of (94), we conclude that (O - (U, — 1)) 1s
strongly converging in W;"(R +); thatis, limy _, |l (D.(umk
u)||W;\,r(R+) = 0. This achieves the proof of Proposition 29. [J
Notation. Let K be a compact contained in R. We denote by
WIZ”L}((R ,) the subspace of W;%(R,) defined by

WZ?{ (R+) =

{ue Wy (R,);suppuc K}.  (97)
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As a consequence of Proposition 29, with ¢ € &, (R)
supported on a bounded set V containing the compact K and
satisfying ¢ = 1 on K, we deduce the main result of this
section.

Theorem 30 (Reillich-type theorem). Let g € (1,00) when
p =0andq = 2when p > 0. Let K be a compact contained
in R and let r € [g,00). Then for all s,t € R such that t <s
ifp=0and t < 0 < sifp > 0, the canonical imbedding
WZII{(RJ) — WZK(IRJr) is compact.

Using Reillich-type theorem, we prove the following
inequalities.

Corollary 31. Let K be a compact contained in R and s > 0.
Then, for q € (1,00) when p = 0 and q = 2 when p > 0, there
exists C > 0 such that, for all u € WX‘;((RJ), we have

1 .
Sl < 1@ < Clulwogy, 8
where J,(u) = (5 %17 ) (x) " AGo)dx) .

Proof. 1t is clear that, for all u € WIZ’Z{(RJ), F(u) € L‘i\(IRJr)
and we have
Jo ) < s, - (99)

Now, let us prove the left hand side inequality. Suppose that
for all positive integer k, there exists 1, € Wi’j((lR ,) such that

1 .
E”uk"‘/\rzq(R+) > ]s (uk) . (100)

Without loss of generality, one can suppose that [|u; "ij([Rg) =
1. Then we have

Jim J () = 0 (101)
and, by using Reillich-type theorem, we deduce that there
exists a subsequence (v ), of (1), strongly converging in

Wli’q([R{ +)» £ < 0. Let u be its strong limit. Therefore, by (101)
and the fact that for R > 0

R 1/q
<j X7 () (x)|7A () dx)
0 (102)

<(1+ B fu -, e, + s (o)

it follows that J (1) = 0. This implies that #(u) = 0 and so
u = 0. On the other hand, there exists a positive constant C
such that

= “ukn W5 (R,)

SC{(J o) 7 )l awras)

0

0 1/
+<L |x23f(”kn)(x)|qA(x)dx> q}.

<C {"”kn “wj"q(&) +Js (”kn)} :

(103)

Hence, by tending # to infinity and from (101), it follows that
1 < 0 which is impossible. Thus, the required inequality is
satisfied. Combining the left hand side inequality of (98) and
(99), we obtain

1 .
Sl < Jo ) < Clulyag,)- (104)

This completes the proof. O

4. Applications

4.1. Weierstrass Transform on the Dual of the Chébli-Triméche
Hypergroup. This subsection is devoted to define and estab-
lish some properties for the Weierstrass transform 7, on the
dual of the Chébli-Trimeche hypergroup, which we need later.

Definition 32. Let s > 0. We define the generalized Weier-
strass transform of order s on S (R) as follows:

T ()= F (e“‘”z*f’z)g«“1 (u)) . (105)
For 1 < p < 00, we denote by
W (R,)={pcSLR): T (¢) e Lb(R,)}.  (106)
The norm in 77 (R, ) is given by
“ﬁl’l?/jf(&) =75 (¢)||L§(R+)- (107)
Remark 33. Lets > 0. Forall A € R, we have
) = T @)W o)

where w,(s,-), n € N, are the heat functions on the Chébli-
Trimeche hypergroup (R,, *4). In particular, w,,(s,-) = E; is
the Gaussian kernel on (R,, *4), see [15].

In the case of the Bessel-Kingman hypergroup (when the
function A is of the form A(x) = x**'! and p = 0), the
Weierstrass transform associated with the Hankel transform
is studied in [16]. For the classical Weierstrass transform, one
can see [17-19].

In the following, we show some properties for 77, and
WE(R,).

Proposition 34. (i) Lets,t > 0. Forall f € &;(IR),

Tu(TaN) =74 (),  TaH=f 109
(ii) For all f € Li(IRJr), we have
lim 5 (f) = £, in L}, (R,). (110)

s— 0t

(iii) Let 1 < p < coands >t > 0. Then, for all ¢ € WP (R,),
we have

“95&(‘/’)“7,;@(&) = “‘/’l%jf(&)‘ (111)
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(iv) Let s > t > 0. Then, WZZ(RJr) C Wff(l&r). Moreover, for
allu € ‘Wff([l&r), we have

"””WS2 R,) "”"W’Z(R ) (112)

Proof. (i) For all f € &' (R), we have

g ( (f)) Gv( —s(A*+p?) —t()\2+p )g—l (f))

= F (I () (113)
=75 ()
and 7%(f) = F(F'(f) = f.
(ii) Clear.
(iii) Let ¢ € 7P (R,). By (i) and Definition 32, we obtain
“92 (¢)' PR,
=175 (T O, =175 Dy @9)
= "(/)“‘W‘f(RQ

(iv) We deduce the result by using Proposition 4(ii). [

Now, under a sufficient condition on p and g, we shall
prove that 77, is a bounded operator from W, "P(R,) into
P (R,).
+

Proposition 35. Let s > 0 and t € R. Then, for all q > 2 and
p = q/(q - 1), there exists a positive constant Cg,(p,q) such

that for all f € WiP(R,), we have

1]

Proof. According to Lemma 21 and Definition 32, we obtain
the result by using Proposition 6 and applying Holder
inequality. O

wim,) < Cot (0D [ flwir e, (115)

4.2. Kernel Reproducing. Let s € R. The space Z5(R,) =
W5*(R,) provided with the inner product,

{f 9w, = JR (1427 (1) () 7 (9) (¥) A (x) dx,

’ (116)

and the norm ||f||’2%,2(R+) = (/> f) o w,)» is a Hilbert space.

Proposition 36. Fors > 3/4 when p > 0 and s > (« + 1)/2
when p = 0, the Hilbert space I,(R,) admits the following
reproducing kernel:

[ e ®e, O AEG
Ks (x’y) - JR+ (1 +Ez)25

5 (117)

that is,

Abstract and Applied Analysis

(i) for all y > 0, the function x — K (x,y) belongs

to 5 (R,).
(ii) The reproducing property: forall f € (R, ) and y >
0)
f(y) = <f’Ks (x’y»zf;([&)- (118)

Proof. (i) It is clear from Lemma 21 and relations (9) and (10)
that, for all y > 0, the function

@, (&)
0, :f— ———
y (1 +Ez)25

belongs to L (RN L? “(R,) when s > 3/4 when p > 0 and
s> (a+ 1)/2 when p = 0. Thus, the function K(, y) is well
defined and we can write

K (xy)=7(0,)x),

Moreover, from Proposition 4, we can see that the function
K,(-, y) belongs to L%Y(IRJr), and we have

@, (&)
(1 N 52)25 >

Therefore, according to Lemma 21 and using relations (9) and
(10), we deduce that

2
1K G ) s,y < 00

(119)

Vx € R,. (120)

F (K () €)= VEER,.  (121)

(122)
This proves that for all y > 0, the function K(-, ¥) belongs to

A (R,).
(11) Let f bein %% (R, ) and y > 0. Then by (121), we get

FK ey = | 7D @0, @A®E (23

and from inversion formula, we obtain the reproducing
property
f(y) = (fiK(x, y))y{sA(R+)

This completes the proof of the theorem. O

(124)

Definition 37. For all positive real numbers r, s, and ¢,
we define the Hilbert space #7;*(R,) as the subspace of
7, (R,) with the inner product:

t t
<f) g>%;’$’t(R+) = r(ﬁ h>%;(R+) + <gA 5 9A9>LZV(R+)’

frge,y(R,).

The norm associated to the inner product is defined by

1154y = 7l

(125)

) 1 e, (126)

Proposition 38. Let s > 3/4 when p > 0 and s > (a + 1)/2
when p = 0. Forallr,t > 0, the Hilbert space ;> (R ) admits
the following reproducing kernel:

; ¢ () g, )
‘%r,s (X,y) = J >

R, r(1+82)% 4 e 2+

A)dé.  (127)
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Proof. As in Proposition 36, we can deduce that for all y > 0,
there exists a function x — ﬁ’s(x, y) in Li(IR ) such that
we have
Py
j (‘%i,s (" y)) =

r(1+82)% 4 2@+’

(128)
7. 2)]

2
%Z{S(RJ < 0.

This proves that for all y > 0 the function # tr’s(-, y) belongs
to 7 (R,).

On the other hand, for f in #/;*/(R,) and y > 0, we have

<f’ ‘%i,s (" y)>7(25yt(R+) = TII + IZ) (129)

where
I, = <f’ ‘%:‘,5 ( y)>%;(R+)’
L=(T%f.Ta(% Y))>L§<R+>‘
But from (116) and (128), we have

o J (1+8)° 7 () © 9, ©®
R,

b r(1+&2 2 4 e 2@

(130)

A &) dE. (131)

and from (128), it follows, by using Parseval formula for the
transform &, that

L=[ #(r(n)we

+

« (e_t(X2+P2)f (%:S (, y))) M) dy (1) (132)

A () ds.

¥ () ©) 9, ©)
R

.or(1+ 52)25 + e 2E+pY)

Thus, by virtue of (129), and combining (131) and (132), we
deduce that

<f’ %:',s (.’ y)>%25,f(R+) = f (y) > a.c. (133)

O

4.3. Extremal Function for Generalized Weierstrass Transform.
In this subsection, we show the existence and unicity of
the extremal function related to the generalized Weierstrass
transform J,. We start with the following fundamental
theorem (cf. [20]).

Theorem 39. Let Hy be a Hilbert space admitting the repro-
ducing kernel K(p,q) on a set E and let H be a Hilbert space.
Let L : Hy — H be a bounded linear operator on Hy into H.
For r > 0, we introduce the inner product in Hy and we call it
Hy as

(134)

<f1>f2>HK7 = r<f1’f2>HK +(Lfi, Lfy) -
Then,

1

(i) Hk_ is a Hilbert space with the reproducing kernel
K., (p,q) on E and satisfying the equation

K(.q)=(T+L 1)K, (~q) (135)

where L* is the adjoint operator of L : Hy — H.
(ii) For any r > 0 and for any h in H, the infinitum

inf {r] /], + LS - A}

feH, (136)

is attained by a unique function f, in Hy and this
extremal function is given by

fin () = (W LK, (- p)) - (137)

We can now state the main result of this paragraph.

Theorem 40. Lets > 3/4 when p > 0and s > (a+ 1)/2 when
p=0.

(i) For any g € Li(RJr) and for any r > 0, the best
approximate function f:g in the sense

. 2 t 2
TR T
(138)
_ x |2 t 2
=7frg i (m) T Hg =T afrg 2(R,)
exists uniquely and f, o is represented by
fry(y) = jR g0 Q, (x,y)dy (x), (139)
where
e, B g, @)
,y) = a P A@E)dE. (140)
Q(x3)=], - e Gl

(i) Let f € Z°,(R,). Then, If we take g = T, f, we have

fly— f asr— 0", uniformiy. (141)

(iii) Let 8 > 0 and let g and gs satisfy l|g — gsll ;2 g ) < 0.
Y +
Then

| 1)
< —.
TR T Ay

(142)

fr,g - fr,ga
Proof. (i) By Proposition 38 and Theorem 39(ii), the infini-

tum given by (138) is attained by a unique function f; o and
the extremal function f,’, is represented by

f:g (y) = <g’ yi} (‘%;,r (" y))>L2y(R+)’ y > 0’ (143)

where # ;’r is the kernel given by Proposition 38. Hence, by
(128), we obtain the expression (140) of Q,(x, ).
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(ii) From Proposition 35, the function g belongs to
LZY(R +)- According to Lemma 21 and relations (9) and (10), it
can be observed, using Cauchy-Schwartz inequality, that for
all y > 0 the function

§— 7(f)© e, © (144)

belongs to L', (R, ), which implies, from inversion formula for
the transform Z, that

F0)=[ 7 (D®e,®a®E
Therefore, by (132), it follows that
. +(1+8)° 7 () © 9, ©
(fra=1)0) = JR+ r(1+82)% + e 2E ) A©d
(146)

Hence, by dominated convergence theorem we deduce the
result.
(iii) It is clear, from (140), that

(B2, 2
e 26§ +p )(Px (&)
(1+82)% 4 e 2E+)

Q(xy)=F ( - )(y), (147)

then, using Parseval formula for the Fourier transform &, it
follows, by (139), that

. 7 (9) (©) 9, 6)
frg () = J& T D) 1 e nEee) AE)dE  (148)
and so
: e 7 (9) @)
I ®= e e
Hence,
—2t(E+p”) _
T (flg=1lg) ©) = ‘ 7 (9-9)© (150)

r(1+82)% 4 2@

Using the inequality (x + y)* > 4xy, we obtain

2s N « 2 1
(14 8) 17 (frg = £g) ®f < 117 (9= 95) O

(151)

Thus, and from Proposition 4(ii), we obtain

* * 2 1 2
fr,g - fr,ga' 75 (R,) = E”j (g - g&)"LzA(RJ
(152)
- +lo- gl
4197 Golly(r)
which gives the desired result. O
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