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The class A-KKM(X,Y, Z) and generalized KKM mapping are introduced, and some generalized KKM theorems are proved.
As applications, Ky Fan’s matching theorem and Fan-Browder fixed-point theorem are extended, and some existence theorems of
solutions for the generalized vector equilibrium problems are established under noncompact setting, which improve and generalize

some known results.

1. Introduction and Preliminaries

In 1929, Knaster, Kurnatoaski, and Mazurkiewicz proved the
well-known KKM theorem on n-simplex. In 1961, Fan [1]
generalized the KKM theorem from Euclid space to infinite
dimensional topological vector spaces by introducing KKM
mapping. In 1989, Park [2] introduced s-KKM mapping
which is a generalized form of the KKM mapping and
obtained some new KKM theorems. In 1991, Chang and
Zhang [3] improved fundamentally Ky Fan’s KKM mapping
that makes KKM theory have great development. Since then,
many results related to KKM principle were obtained and
applied universally in the fields of nonlinear analysis (see [4-
17]).

Let X and Z be topological spaces, let (X) and 2% denote
the nonempty finite subset of X and the set of the nonempty
subsets of X, respectively, let A ¢ B ¢ X, intzA denote
the interior of A in B, and let clzA be the closure of A in
B (when B = X,intzA = intA, and clzA = clA). Ais
said to be compactly closed (resp., compactly open) in X if,
for every nonempty compact subset K of X, A N K is closed
(resp., open) in K. The compact closure of A and the compact
interior of A (see [10]) are defined, respectively, by

ccl A
= ﬂ {Bc X:AcBand B is compactly closed in X},

cint A

= U {Bc X:Bc A and B is compactly open in X}.
@

It is easy to see that cc(X \ A) = X \ cintA, intA ¢
cintA ¢ A, A € cclA ¢ clA. For every nonempty subset
K of X, the subset ccl A N K is closed in K and cint A N K
is open in K. The multivalued mapping F : X — 2% is
said to be transfer compactly open valued (resp., transfer
compactly closed valued) on X, if, for every x € X and for
each nonempty compact subset K of Z,z € F(x) N K (resp.,
z ¢ F(x) n K) implies that there exists x € X such that
z € intg(T(x) N K) (resp., z ¢ clg(T'(x) N K)) (see [10]).
The mappings F© : X — 2%and F' : Z — 2% are
defined as F(x) = Z\ F(x) = {z € Z : z ¢ F(x)} and
Flz)={x e X:z € F(x)}, respectively.

Recently, many scholars (see [18-21]) not only studied
further the KKM theorem involving KK M mapping, but also
established some new KKM theorem, fixed-point theorems,
and coincidence theorems and utilized them to research the
existence of solution to generalized vector equilibria, which
makes the KKM theory more perfect and rich.

In this paper, we first introduce the new generalized class
KKM(X,Y, Z) consisting of all multifunctions T : Y — 27
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that have the generalized KKM property and prove some
KKM theorems for 2-KKM mapping. Applying these KKM
theorems, the Ky Fan matching theorems and the Fan-
Browder fixed-point theorems are generalized. Finally, we
establish some new existence theorems of solutions for
generalized vector equilibrium problems under noncompact
setting. These theorems improve and generalize many known
results in the literature.

Definition 1. Let X be a nonempty set, Y a nonempty convex
subset of a linear space, and Z a topological space, and let
S:X - 2, T:Y - 2%, and F : X — 27 be three
multivalued mappings. F is said to be a 2A-KKM mapping
with respect to T if, for any {x,,...,x,} € (X), there exists

yi € S(x;) (i = 0,1,...,n), such that, for any {y; ,...,y;} €
{¥9>---> ¥u}, one has
k
T(co{yio,...,yik})CUF(xi]). (2)
j=0

The multivalued mapping T : Y — 27 is said to have the
A-KKM property, if, for any 2-KKM mapping F with respect
to T, the family {F(x) : x € X} has the finite intersection
property. Let the set {T' : T has the A-KKM property} be
denoted by A-KKM(X,Y, Z).

Remark 2. A-KKM mapping with respect to T is strictly
weaker than the generalized S-KKM mapping with respect to
T in [5]. It is easy to see that Definition 1is not the degenerate
form of Definition 1 in [11] and Definition 3 in [6] and not a
special case of Definition 1 in [6] and Definition 2 in [7].

Example3. Let X =Y =Z =R, T,S,F: R — 2R be three
mappings defined as follows:

T (x) = [x,+00), F(x) =[x-1,400),

(3)

S(x)=[x-2,x+2].

Then F is A-KKM mapping with respect to T'. In fact,
for any {xy,...,x,} € (R), take y; = x; € S(x;). For any
i+ > ¥} € {yo>--+> yub it is easy to know that

)= o).
Therefore, by the definition of T' and F, we have
T(co{yirerrryy ) = [min {yperery, }00)
= [minfrhoroo).
UF( ) [min {x;,....%, } — 1, +00).
It follows that
T (co {ypnr ) ]Q)F(xij)=gF(x,]) ©

Abstract and Applied Analysis

However, for {x,...,x,} € (R), S({x,,...
2,x; + 2], T(co(S(xg, . ..»x,)) = [min{x; —

’xn}) = U?:O[xi -

2}, +00). Hence

T (co (S ({xq - -

6) € JF (). @)

Hence, F is not a generalized S-KKM mapping with respect
toT.

Lemma 4 (see [12]). Let X and Z be topological spaces and
F: X — 2% aset-valued mapping with F(X) = Z. Then the
following conditions are equivalent:

(i) F is transfer compactly open valued,

(ii) for each compact subset K of Z and for each z € K,
there exists x € X such that z € cintF(x) (K and

Uyex(F(x) N K) = U, cx(cint F(x) N K).

Lemma 5 (see [13]). Let X and Z be topological spaces and
F: X — 2% aset-valued mapping with X + F~'(z) for each
z € Z. Then the following conditions are equivalent:

(i) F is transfer compactly closed valued,
(ii) the mapping F© : X — 2Y defined by F(x) = Y\ F(x)
for each x € X is transfer compactly open valued,
(iii) for each compact subset K of Z, |J,cx(F(x) N K) =
U, ex(cint F*(x) N K),
(iv) for each compact subset K of Z, [\ ex(F(x) N K) =
Nyex(ccl F(x) N K).

Lemma 6. Let T ¢ A-KKM(X,Y,Z), and let X, be a
nonempty subset of X and Y, a nonempty convex subset of
Y, S; =Slx ; then Tly € A-KKM(X,,Y3, 2).

Proof. Suppose that F; : X, — 2% isa ,-KKM mapping

with respect to T'y,. Then, for each {x,,...,x,} € (X;),

there exists y; € S, (x) (i = 0,1,...,n), such that, for any

iy} € {yo,...,yn} we have Ty, (co{y;,.... ¥, }) €

UI;=0 F, (xij). We define a set-valued mapping F : X — 2% by

- {Fl (x), ifxeXy; ®)
z, if x € X\ X,.

Obviously, F is also a A-KKM mapping with respect to T.
Since T € A-KKM(X,Y, Z), the family {F(x) : x € X} has
the finite intersection property which implies that the family
{F,(x) : x € X,} has the finite intersection property. O

2. General KKM Theorems

Theorem 7. Let X be a topological space, Y a convex space,
and Z a Hausdor(f space. Suppose that : X — 2¥, T:Y —
2%, and F : X — 2% are three multifunctions satisfying the
following:

(1) T € A-KKM(X,Y, Z) such that T (co S(X)) is compact
inZ,
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(2) F is transfer compactly closed values,
(3) Fis a A-KKM mapping with respect to T.

Then T(co S(X)) N (N,ex F(x)) #0.
Proof. Define F* : X — 2% by
F*(x) =T (coS(X))[ |ecl F(x) VxeX. (9

By (3), for any {x,, ..., x,} € (X), there exists y; € S(x;) (i =
0,1,...,n), such that, for any {y;,....».} < {yo---> b

we have T'(cof Vigr+++> y,-k}) C UI;:O cclF (x,-/_). It follows from

T(co{y,-ﬂ, . ,yik}) C T(co S(X)) that we have
k
T(co {y,-o,...,y,-k}) C U(T(coS(X)) ﬂcch(x,-/_))
i=0
] (10)
k k
=| JF" (x; 1F* (x; ).
Ur (s < ear (s

This shows that F* is a 2-KKM mapping with respect to
T, and so {F*(x) : x € X} has finite intersection property.
Since F(x) is transfer compactly closed by (1) and so ccl F(x)
is compactly closed and T'(co S(X)) is compact in Z by (1),
consequently F*(x) is closed in compact subset T(co S(X))
of Hausdorff space Z. Therefore,

T(coSX)) N ([ e F(x): x € X}) =

[VF" (x) #0

xeX
(11)

By Lemma5, we have that T(coS(x) N ((x F(x) =
T(co S(x) N (N,ex ccl F(x)) # 0 holds. O

Remark 8. Theorem 7 improves Theorem 4.3 of Chang et al.
[5] in the following two aspects: (1) the generalized S-KMM
mapping is generalized to A-KKM mapping with respect to
T'; (2) the compactly closed values property is replaced by the
transfer compactly closed values property.

Theorem 9. Let X be a topological space, Y a topological vector
space, and Z a Hausdorff space. Suppose that S : X — 2, T':
Y — 2%, and F : X — 2% are three multivalued mappings
satisfying the following:

() T € A-KKM(X,Y, Z),

(2) F is transfer compactly closed values,

(3) Fis a A-KKM mapping with respect to T,

(4) for each compact subset M, of X, T(S(M,)) is compact
in Z, and for each convex subset M, of X, S(M,) is
convex,

(5) there exists a nonempty compact subset K of Z such
that, for each N € (X), there exists compact convex

subset LX of X including N such that T(S(LY,) N
(ﬂxeL;;V cch(x) C K. Then (\,ex F(x) #0.

Proof. Suppose that the conclusion is not true; then
NeexF(x) = 0. Define G : X — 2% by G(x) = Z \ F(x)
for each x € X; then G(x) is nonempty for all x € X.
From (2) and Lemmab5, it follows that G is transfer
compactly open mapping on X. Since K is compact
in Z, by Lemma 4, we have K = U,.xcintG(x) N K.
Hence there exists N = {xy,x,...,x,} such that
K ¢ Ul,cintG(x;) N K = UL, cintG(x;). By (5), there
exists compact convex subset LY, of X including N such that

T(S(L% ))ﬂ( ﬂ cch(x))K (12)

X
x€Ly

and T(S(L N\K ¢ UxeLx cint G(x). Since {x, x;, ..., x,} C
L)If], we have K ¢ |J,cintG(x;) ¢ UxeL;g] cint G(x), so
T(S(LY)) ¢ UXGLX cint G(x). Therefore,

T (S(LY))n < ﬂ cch(x))

X
x€Ly;

T(S{IZX))n <ﬂ ccl(Z\G(x))> (13)

X
x€Lly;

T(S(LY))n <ﬂ (Z\cintG(x))>=

X
xeLy

Since S(L?,) isa convex subset of Y, by Lemma 6, Tlgx) € A-
KKM(L%, ,S(L ), Z). Define set-valued mapping F*, G*
LY — 2T6ED) by F*(x) = F(x) n T(S(LX)) and G* (x) =
T(S(L )\ F*(x) for each x ¢ L . Then we have G*(x) =
T(S(LA)) \ (F(x) N T(S(LY))) = T(S(L)fv)) N (Z\ F(x))
T(S(L%)) N G(x), and

T(SLX) = | (cintGmnT (LX) = JG" @

xeLX xELX

(14)

By Lemma 4, we have that G* is transfer compactly open
valued on LY. Hence it follows from Lemma5 that F* is

transfer compactly closed valued on LY.

We claim that F* is a | 1x,-KKM mapping with respect
to Tgx). Since F is a A-KKM mapping with respect to T,
for any {xo,...,x } e (L ) € (X), there exists y; € S(x;) =
S(x;) N S(L ) = Sle (x;) (i €1{0,1,...,n}) such that, for any
{y,o,...,ylk} C {yo,...,yn} e (Y),

k
T(co{yio,...,yik}) CUF(xi]_). (15)
j=0
Since S(L)li,) is convex in Y and Vi, € S(L}If]) for each j =

0,1,...,k, we have
’)Gk})
k (16)

Tlsx) (co {yio,...
..,y,-k}) C LJ)F (xij).
i=

= T(co {J’i0>



Hence T|px (coly;p-- 5 m b
UIJLOF * (x,-]_ ). Therefore, F

C U So(Flx;) N T(S(LX)) =

F* is a 2A|px- KKM mapping with
respect to TIS(Lx) By Theorem 7, we have T(S(L ) N
(Myer el F) = TELH) 1 (e F) = TEL) 0
(ﬂxe% F*(x))#0, which is a contrad1ct1on Therefore,
Naex F(x)#0. O

Remark 10. Theorem 9 generalizes Theorem 3.3 of Lin and
Wan [14] in the following two aspects: (1) from transfer closed
values to transfer compactly closed values; (2) from general-
ized KKM mapping to 2-KKM mapping with respect to T

Theorem 11. Let X, Y be two convex spaces and Z a Hausdor(f
space. Suppose that S: X — 2¥, T:Y — 2%, andF: X —
2% are three multivalued mappings and T € A-KKM(X, Y, Z)
satisfying the following:
(1) S(C) is a compact convex subset of Y if C is a compact
convex subset of X,
(2) for any compact subset Q of Y, T(Q) is compact in Z,
(3) F is a A-KKM mapping with respect to T such that F
is transfer compactly closed,

(4) there exist a nonempty compact convex subset L of X
and a compact subset K of Z such that

ﬂ cclF(x) € K. 17)

x€L

Then T(co S(X)) N (N{F(x) : x € X}) #0.

Proof. Assume that T(coS(x)) N ({F(x) : x € X}) = 0;
then we have Z = T(coS(X)) U (U{F‘(x) : x € X}), and

K c T(co S(X))C U (U{F(x) N K : x € X}). It follows from
Lemma 5 that

UIFx)nK:xeX}=
Since F* is transfer compactly open (by condition (3)), K ¢
T(coS(X)) U (Ufcint F(x) N K : x € X}) = (T(co S(X)) N
K) U (Ufcint F°(x) N K : x € X}), where cint F*(x) N K is

open in K for each x € X and (T'(co S(X)) N K) is open in
K. Therefore, there exists a finite subset {x,, . . ., x,,} of X such
that

Ufcint F* (x) N K : x € X}. (18)

c (T (coS(X))C n K) U (CJ cint F* (x;) N K)
i=0
c T(coS(X)) U (LHJ cint F (xi)> .

i=0

(19)

By (4), we have
K°c | |cintF (x). (20)
x€L

Let M = co(L U {xy,...,
subset of X such that

x,}); then M is a compact convex

Z=T(c0S(x) U ( |J cint F* (x)>; (21)

xeM
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that is,
T(coS(x))m(ﬂ cch(x)> = 0. (%)
xeM

Define F* : M — 2% by

F* (x) =T (S(M)) nccl F (x). (22)

Since F is a A-KKM mapping with respect to T, for any
{xg, %1, ..., x,} € M, there exists y; € S(x;) such that, for any

Wig Yipp - Vb € oo Yiseos Yubs T(COyis yis sy} <
UI;:OF (x;)- 1t follows that

) < TEEDINUF ()

(S(M))ﬂUcch( i) (23)

T(co{yio,yil,...

which shows that F* is a 2-KKM mapping with respect to
T for the triple (M,Y, Z). Since T € A-KKM(X,Y,Z), it
follows easily that T € A-KKM(M,Y, Z). Moreover, since
S(M) is compact convex, we have coS(M) ¢< S(M), and
T(coS(M)) < T(S(M)). Conditions (1) and (2) imply that
T(S(M)) is compact in Z. Then the compactness of T(S(M))
implies that T(S(M)) is compact in Z. Applying Theorem 7 to
S, T, and F*, we obtain that

T(coSD) N ([ {F" (x) : x € M}) #0,
T (coS(X)) N ([ el F (x) : x € M}) #0,

(24)

which contradicts (). This completes the proof. O

Remark 12. Theorem 11 improves Theorem 5.1 of Chang et al.
[5] in the following two aspects: (1) the generalized S-KMM
mapping is generalized to 2-KKM mapping with respect to
T’ (2) the compactly closed values property is replaced by the
transfer compactly closed values property.

3. Matching Theorems and
Fixed-Point Theorems

In order to apply the above theorem to show the fixed-point
theorems, we first establish the following generalization of the
Ky Fan’s matching theorem.

Theorem 13. Let X be a nonempty set, Y a convex space, and
Z a Hausdorff space. Suppose that S : X — 2V, T:Y — 2%,

and F : X — 2% are three multivalued mappings satisfying
the following:

(1) T € A-KKM(X, Y, Z) such that T (co S(X)) is compact
inZ,
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(2) F is transfer compactly open in Z,
(3) T(co S(X)) € F(X).

Then there exists {xg, X, ..., X,} € (X) such that

T(coS(X))N (ﬂF (xi)> #0. (25)
i=0

Proof. Assume that, for any {xyx;,...,x,} €

(X), T(coS(X)) N (N, F(x;)) = 0. Then T(coS(X)) <

UL, F(x;) for any {xy,x,,...,x,} € (X). Noting that F is

transfer compactly closed, we have that the conditions of

Theorem 7 are satisfied for the mappings S, T, and F*. Thus

T(coSCO)N([{HF (x):x € X}) #0,  (26)

which implies that T'(co S(X)) ¢ F(X); this contradicts with
(3). So there exists a nonempty finite subset M < (X) such
that T'(co S(X)) N {F(x) : x € M} #0. O

Remark 14. Theorem 13 implies that Theorem 7 holds and if
not then T(co S(X)) € U, xF(x) = G(X), where G : X —
2% is defined by G(x) = F°(x). Theorem 13 shows that there
exists M € X such that

T(coSMN)N([{G(x): x € M}) #0,  (27)

which implies that T'(co S(M) ¢ F(M), contradicting the fact
that F is a 2A-KKM mapping with respect to T'.

Theorem 15. Let X be a nonempty subset of a compact convex

space Y and Z a Hausdor(f space. Suppose that A : X — 2%
satisfies the following:

(1) A is transfer compactly open in Z,
(2) AX) = Z.

Then for any f € €(Y, Z) there exist a finite subset {x, . ..
of X and an x € co{x,...,x,} such that f(x) € N Ax;.

L X}

Proof. LetS : X — 2Ybe defined by S(x) = {x} for x € X.
Then f € A-KKM(X,Y, Z). Since f(co(S(X)) € f(Y) and
f(Y) is compact, f(co(S(X)) is compact in Z. Furthermore,
by (2) we have that

fleo(S(X)) < f(Y) < A(X). (28)

So all of the conditions of Theorem 13 are satisfied for the
mappings S, f, and A. Thus, there exists a finite subset
{xg,...,x,} of X such that

f(co{xg,....x,}) N <ﬁA (xl-)> #0. (29)
i=1 E]

Remark 16. If A(x) is compactly open in Z foreach x € X, X
is a subset of a convex subset Y of a topological vector space E,
and f is the inclusion mapping of X into Y, then Theorem 15
reduces to Lemma 1 by Fan in [15].

In the sequel, we give the famous Fan-Browder type fixed-
point theorem. We first give the following conclusion.

Theorem 17. Suppose that X, Y are two convex spaces and Z

is a Hausdorff space. Assume that S : X — 2, G:Z — 27,
and T € A-KKM(X,Y, Z) are three functions satisfying the
following:

(1) S(C) is a compact convex subset of Y if C is a compact
convex subset of X,

(2) T(Q) is compact in Z if Q is compact in Y,

(3) forany z € T(S(X)), G(z) is a nonempty convex subset
of Y,

(4) there exists a transfer compactly open values mapping
H:X — 2% suchthat anyx € X, H(x) G H(S(x)),
and U, xH(x) = Z,

(5) there exist a nonempty compact convex subset L of X
and a compact subset K of Z such that

M =[)H(x) c K. (30)

x€L

Then there exists a finite subset {x, xy,...,x,} of X; for any
y; € S(x;) (i = 0,1,...,n) there exist {y; ,yil,...,yl-k} C

{y0>y1’-~'7yn}’ z € T(Co{yin,yil;--->y,'k}3 such that, fO?’
any j = 0,1,...,k, there exists yi'j € S(xij) such that
coly,, yis- ¥} € G(2).

Proof. Define F: X — 2 by F(x) = H(x) for x € X. Then
F(x) is transfer compactly closed in Z.
(i) Suppose that M = 0. In this case, it is easy to know that

T(co(S(X))) N (N{F(x) : x € X}) = 0. Then it follows from
Theorem 11 that F is not a 2A-KKM mapping with respect to
T that is, there exists a finite subset {x,, x;, ..., x,,} of X; for
any y; = S(x;) (i =0,1,...,n), there exists {y; , y; ...,y } €
{¥o y1>--+> yutsuchthatT(cofy; , y; >, ¥, }) € UI;:O F(xij).
Choose z € T(co{yio,yil, .. .,y,-k}) such that z ¢ UIJ;O F(xij).
Then € H(xij) C G_(S(x,-/_)), and S(x,»j) (1 G(z) #0 for any
j =0,1,...,k Thus for any j = 0,1,...,k, there is yl.'j €
S(xij) such that yi'j € G(z). Since G(z) is convex, we see that
co{y{o,y;l,...,y{k} c G(z).

(ii) Suppose that M #@. Checking the proof of
case (i), it suffices to show that F is not a A-KKM
mapping. On the contrary, assume that, for any
{xp»x1...,x,} € (X), there exists y; € S(x;) such
that, for any {y,,5;,....¥,} < {yo,¥1>---» ¥,}, we have
T(co({yip» Yi»-- %3 }) € UjoF(x;). Then F is a A-KKM
mapping with respect to T, and so by Theorem 11, we have

T(co (S N ([ J{F () : x € X}) #0. (31)

In particular, (), x H"(x) # 0; that is,
JH @) #2 (32)
xeX

which contradicts the assumption that | J,.x H(x) = Z. This
completes the proof. O



Remark 18. Theorem 17 improves Corollary 5.2 of Chang et
al. [5] in the following three aspects: (1) from generalized
S-KMM mapping to ”-KKM mapping with respect to
T; (2) from compactly closed values to transfer compactly
closed values; (3) from the single-valued mapping s to the
multivalued mapping S.

For Theorem 17, if S : X — 2¥ reduces to a single-value
mapping s : X — Y, we have the following conclusion.

Theorem 19. Suppose that X, Y are two convex spaces and Z
is a Hausdorff space. Assume thats : X — Y,G: Z — 2%,
and T € A-KKM(X,Y, Z) are three mappings satisfying the
following conditions:

(1) s(C) is a compact convex subset of Y if C is a compact
convex subset of X,

(2) T(Q) is compact in Z if Q is compact in Y,

(3) for any z € T(s(X)), G(z) is a nonempty convex subset
of Y,

(4) there exists a transfer compactly open values mapping
H: X — 2% such that anyx € X, H(x) G H(s(x)),
and U, xH(x) = Z,

(5) there exist a nonempty compact convex subset L of X
and a compact subset K of Z such that

M =(H*(x) c K. (33)

x€L

Then there exists a finite subset {xy,x,,...,x,} of X, y; =
s(x;) (i = 0,1,...,n), such that, for any {y; ,y; ..., y;} €
{¥0» V1> -+ > V), there exists z € T(co{s(xio), s(x,-l), .. ,s(xik)})
such that co{s(x; ), s(x; ),...,s(x; )} € G(2).

Proof. The proof is similar to Theorem 17. O

Corollary 20. Suppose that X is a compact convex space.
Assume thats : X — X,G : X — 25, and T € ©-
KKM(X, X, X) are three functions satisfying the following:

(1) s(C) is a compact convex subset of X if C is a compact
convex subset of X,

(2) T(Q) is compact in X if Q is compact in X,

(3) forany z € T(s(X)), G(z) is a nonempty convex subset
of X,

(4) there exists a transfer compactly open values mapping

H: X — 2% such that anyx € X, H(x) G '(s(x)),
and U, .xH(x) = Z.

Then there exists a finite subset xg,x,...,x, of X, y; =
s(x;) (i = 0,1,...,n), such that, for any {y;,y;,..., ¥} C
(o> Y1+ > yub there exists z € T(co{s(x; ), s(x; ), ..., s(x; )})
such that co{s(x; ), s(x; ),...,s(x; }) € G(2).

Corollary 21. Let X be a compact convex space. Suppose that
G: X — 2% satisfies the following:
(1) forany y € X, G(y) is a nonempty convex subset of X,
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(2) G is transfer open in X.

Then there is an x € X such that x € G(x).

Proof. Letsand T be the identity mapping id y; it follows from
Corollary 20 that there exist a finite subset {x, x;,...,x,} of
X and z € co{xy, xy,...,x,} such that co{xy, x;,...,x,} C
G(z). Furthermore, z € G(z). This completes the proof.  [J

Remark 22. If X is a nonempty compact convex subset of a
topological vector space and for any x € X, G (x) is open
in X, the above corollary is just the Fan-Browder type fixed-
point theorem 1 in [16].

4. Generalized Vector Equilibrium Problems

In this section, we will introduce some definitions and
conclusions and show the existence of solutions to the
generalized vector equilibrium problems.

Definition 23. Let Y, Z be two topological spaces and X
nonempty sets. Let H : Zx X — 2", C: 7z — 2",Q:
Z — 2" be multivalued mapping. A generalized vector
equilibrium problem (X,Y,Z;H,C) is to find Z € Z such
that H(z,x) N C(z) #0,for all x € X. A generalized vector
equilibrium problem (X,Y, Z;Q, H,C) is to find Z € Z such
that, for each y € Y, there exists w € Q(z) satistying
y(z,w, y) NC(z) #0.

Lemma 24. Let Y be a topological vector space and X,Z
nonempty sets. Let S : X — 2 T:Y 524 H: ZxX —
2Y,C:7Z - 2Y,G:ZxY - 25, D:Z — 2% Suppose
that the following conditions are satisfied:

(1) foreach y € Y, there exists z € T(y) such that G(z, y)N
D(z) =0,

(2) for each x € X,y € Y, there exists z € T(y) such
that H(z, x) N C(z) = 0 implies that G(z, y) N D(z) # 0
whenever y € S(x) and z € T(y),

3)foreachy € Y,R(y) = {y € Y :
D(z) +0,Yz € T(y)} is convex.

Then F : X — 2%defined by F(x) = {z € Z : H(z,x) N
C(z) #0} is a A-KKM mapping with respect to T

G(z,y) n

Proof. If the conclusion does not hold, then there exists
{x0>x15.. > %, Vy; € S(x;), El{yio,...,yik} such that

k
T (<o {yy-o i }) £ UF (). (34)
=0

Therefore, there exist y € co{y;,...,y,} and z € T(y) such
that, foreach j =0,...,k, 2 ¢ F} (xl-j). By the definition of F,,

we have
H(%x )nC@ =0, Vj=0,. .k (35)

By condition (2), forall z € T(y,-j) and j =0,...,k, we have

G (z, y,»j) ND(z) +0. (36)
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Thus i, € R(y),andy € cofy,,...,y;} € R(y). Therefore,
G(z,y) N D(z) #0, Vz € T(y); this contradicts with (1). The
proof is completed. 0

Lemma 25. Let Y be a topological vector space and X,Z
nonempty sets. Let S : X — 2V, T:Y -2, H: ZxX —
2,C:Z - 2",G:ZxY — 25X, D:Z — 2% Suppose
that the following conditions are satisfied:

(1) foreach y € Y and z € T(y), G(z, y) N D(z) 0,

(2) foreach x € X, y €Y, there exists z € T(y) such that
H(z, x) N C(z) = 0 implies that G(z,y) N D(z) = @ for
all y € S(x) and some z € T(y),

(3) foreachy € Y, R(y) = {y € Y : 3z € T(y) such that
G(z, y) N D(z) = 0} is convex.

Then F : X — 27 defined by F(x) = {z € Z : F(z,x) N
C(z) #0} is a A-KKM mapping with respect to T.

Proof. There exists {x, X, ..
i} such that

X5 Yy o€ S(x;), El{yio,...,

k
T (o {y- i d) £ UF (). G7)

j=0

of{y;>---> ¥t and z € T(y) such

Therefore, there exist y € ¢
,k,z ¢ F, (xij). By the Definition of F,

that, foreach j = 0,...
we have

H(Zx )nC@ =0, VYj=0,..,k (38)

By the condition (2), there exists z € Z such that, for each
j=0,...,k, wehave that z ¢ T(yij) and

G(zy,)nD(2) =0. (39)

Thus Vi, € R(y),and y € cofy;,...,y;,} € R(y). Therefore,
G(z,¥) N D(z) = @ for some z € T(y); this contradicts with
(i). The proof is completed. O

Remark 26. To avoid the structure of the space, Lemmas 24
and 25 generalize Lemmas 2.4 and 2.5 of X. P. Ding and T. M.
Ding [13] from the following two aspects: (1) from generalized
KKM mapping with respect to T to A-KKM mapping with
respect to T; (2) condition (2) in our results is obviously
weaker than that in [13].

Definition 27 (see [13]). LetY and Z be topology spaces and X
nonempty set. Let H: Zx X — 2" andC: Z — 2¥ be set-
valued mappings. H(z, x) is said to be a C-transfer compactly
continuous mapping of the generalized vector equilibrium
problem (X, Y, Z; H, C) in first argument if, for any compact
subset K of Z and any z € K, there exists x € X such that
H(z,x) N C(z) = 0; then there is a point x' € X such that
z €cint{x € Z : H(z,x') n C(z) = 6}.

Proposition 28 (see [13]). Let Y and Z be topological spaces
and X nonempty set. Let H : Z x X — 2Y and C :

Z — 2Y be set-valued mappings. H(z,x) is said to be a
C-transfer compactly continuous mapping of the generalized
vector equilibrium problem (X,Y, Z; H, C) in first argument if
and only if the mapping F : X — 27 defined by F(x) = {z €
Z : H(z,x) N C(2)} #0 is a transfer compactly closed-valued
mapping.

Proposition 29 (see [13]). Let X, Y, and Z be topological
spaces. Let H: Zx X — 2¥ and C : Z — 2" be set-valued
mappings such that

(i) C has closed (resp., open) graph;

(ii) for each x € X, H(-, x) is upper semicontinuous on
each compact subset of Z.

Then the mapping F : x — 2% defined by F(x) = {z € Z :
H(z, x) N C(z) # 0} has compactly closed values.

Theorem 30. Let X be a topological space, Y a topological
vector space, and Z a Hausdorffspace; let S : X — 2¥, T € -
KKM(X,Y,Z), H: ZxX — 2Y,C:Z - 2¥, G: ZxYy —
2%, D : Z — 2% be multivalued mappings. Suppose that the
following conditions are satisfied:

(1) H(z,x) is a C-transfer compactly continuous map-
ping of the generalized vector equilibrium problem
(X, Y) Z; H) C))

(2) foreach y € Y, there exists z € T(y) such that G(z, y)N
D(z) =0,

(3) for each x,y, there exists z € T(y) such that H(z, x) N
C(z) = 0 which implies that G(z,y) N D(z)#0
whenever y € S(x) and z € T(y),

(4) foreachy € Y, theset R(y) = {y € Y : G(z,y) n
D(z) #+0,Yz € T(y)} is a convex subset of Y,

(5) for each compact subset M, of X, T(S(M,)) is compact
in Z, and for each convex subset M, of X, S(M,) is
convex,

(6) setting F : X — 2% by F(x) = {z € X : H(z,x) N
C(z) # 0}, there exists a nonempty compact subset K of
Z such that, for each N € (X), there exists compact
convex subset L)Ii, of X including N such that T(S(L’If,)ﬂ
(Myerx, ccl Fy(x)) < K.

Then there exists z € Z such that H(Z, x) N C(Z) + 0; that is,
Z is a solution to the generalized vector equilibrium problem
(X,Y,Z;H,C).

Proof. By condition (1), F is transfer compactly closed-valued
mapping from Proposition 28. By conditions (2)-(4) and
Lemma 24, we know that F is a 2A-KKM mapping with
respect to T'. Conditions (5) and (6) imply that conditions (4)
and (5) of Theorem 9 hold. From Theorem 9, it follows that
NeexF(x)#0and H(Z,x) NC(Z) #0 for all x € X. O

Theorem 31. Let X be a topological space, Y a topological
vector space, and Z a Hausdorff space, and let S : X —
2, T € WKKM(X,Y,Z), H : ZxX — 2',C: Z —



2V, G: ZxY — 2%, D:Z — 2% be multivalued mappings.
Suppose that the following conditions are satisfied:

(1) H(z,x) is a C-transfer compactly continuous map-
ping of the generalized vector equilibrium problem
(X,Y,Z;H,0),

(2) foreach y € Y and z € T(y), G(z, y) N D(z) #0,

(3) for each x,y, there exists z € T(y) such that H(z, x) N
C(z) = 0 implies that G(z,y) N D(z) = 0 forall y €
S(x) and some z € T(y),

(4) foreachy € Y, R(y) = {y € Y : 3z € T(y) such that
G(z, y) N D(2)} = 0 is convex,

(5) for each compact subset M, of X, T'(S(M,)) is compact
in Z, and for each convex subset M, of X, S(M,) is
convex,

(6) setting F : X — 2% by Fi(x) = {z € X : H(z,x) N
C(z) # 0}, there exists a nonempty compact subset K of
Z such that, for each N € (X), there exists compact
convex subsetL)If] of X including N such that T(S(L)If,)ﬂ
(MNyepx, ccl F(x)) € K.

Then there exists X € X such that H(Z, x) N C(Z) # 0; that is,
Z is a solution to the generalized vector equilibrium problem
(X,Y,Z;H,C).

Proof. By condition (1), F is transfer compactly closed-
valued mapping from Proposition 29. By conditions (2)-(4)
and Lemma 25, we have that F is a generalized 2A-KKM
mapping with respect to T'. Conditions (5) and (6) imply that
conditions (4) and (5) of Theorem 9 hold. From Theorem 9,
it follows that N, xF(x)#0 and H(Z,x) ¢ C(2) for all x €
X. O

Theorem 32. Let X be a topological space, Y a topological
vector space, and Z a Hausdorff space, and let S : X —
2, T € WKKM(X,Y,Z), H: ZxX — 2',C: Z —
2", G:ZxY — 2%, D:Z — 2% be multivalued mappings.
Suppose that the following conditions are satisfied:

(1) C has closed graph,

(2) for each x € X, H(-,x) is upper semicontinuous
on each compact subset of Z with nonempty compact
values on Z,

(3) foreach y € Y, there exists z € T(y) such that G(z, y)N
D(z) =0,

(4) for each x,y, there exists z € T(y) such that H(z, x) N
C(z) = 0 implies that G(z, y) N D(z) #+ 0 whenever y €
S(x) and z € T(y),

(5) foreachy € Y, R(y) = {y € Y : 3z € T(y) such that
G(z, y) N D(z) = 0} is convex,

(6) for each compact subset M, of X, T(S(M,)) is compact
in Z, and for each convex subset M, of X, S(M,) is
convex,

(7) setting F : X — 2% by F(x) = {z ¢ X : H(z,x) N
C(z) # 0}, there exists a nonempty compact subset K of
Z such that, for each N € (X), there exists compact
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convex subset L}If] of X including N such that T(S(L)If])ﬂ
(ﬂxeL;I(V ccl F(x)) c K.

Then there exists X € X such that H(zZ, x) N C(Z) # 0; that is,
Z is a solution to the generalized vector equilibrium problem
(X,Y,Z;H,C).

Proof. By condition (1) and Proposition 29, F has compactly
closed values and so it is a transfer compactly closed-valued
mapping. Hence the conclusion of Theorem 32 holds from
Theorem 30. O

Theorem 33. Let X be a topological space, Y a topological
vector space, and Z a Hausdorff space, and let S : X —
2, T € WKKM(X,Y,Z2), H: ZxX — 2',C: Z —
2", G:ZxY — 2%, D:Z — 2% be multivalued mappings.
Suppose that the following conditions are satisfied:

(1) C has closed graph,

(2) for each x e X, H(.,x) is upper semicontinuous
on each compact subset of Z with nonempty compact
values on Z,

(3) foreach y €Y, there exists z € T(y) such that G(z, y)n
D(z) #0,

(4) for each x,, there exists z € T(y) such that H(z, x) N
C(z) = 0 implies that G(z,y) N D(z) = 0@ forall y €
S(x) and some z € T(y),

(5) foreachy € Y, R(y) = {y € Y : 3z € T(y) such that
G(z, y) N D(2)} = 0 is convex,

(6) for each compact subset M, of X, T(S(M,)) is compact
in Z, and for each convex subset M, of X, S(M,) is
convex,

(7) setting F : X — 2% by F(x) = {z € X : H(z,x) N
C(z) # 0}, there exists a nonempty compact subset K of
Z such that, for each N € (X), there exists compact
convex subset L, of X including N such that T(S(LY,)N
(ﬂxéL;I(V ccl F(x)) c K.

Then there exists X € X such that H(z, x) N C(Z) # 0.

Proof. By condition (1) and Proposition 29, F has compactly
closed values and so it is a transfer compactly closed-valued
mapping. Hence the conclusion of Theorem 33 holds from
Theorem 31. O

The following result is a simplicity version of Theorem 1
in [17].

Lemma 34. Let X, Y, W, and Z be topological spaces. Let y :
ZXxWxY — 2%andQ:Z — 2" be set-valued mappings.

(1) If, for each fixed y € Y, (z,w) — w(z,w,y) and Q
are both lower semicontinuous, then the mapping H :
Zx X — 2Y defined by H(z, x) = Uweaw ¥(zw, y)
satisfies that, for each x € X, z — H(z, x) is lower
semicontinuous on Z.
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(2) If, foreach fixed y € Y, (z,w) — y(z,w, y)andQare
both upper semicontinuous with compact values, then,
foreach x € X, z — H(z, x) is upper semicontinuous
on Z with nonempty compact values.

Theorem 35. Let X be a topological space, Y a topological
vector space, and Z a Hausdorff space, and let S : X —
2, T e A-KKM(X,Y,2),C:Z — 2, D:Z — 2% ¢:
ZxWxX — 2Y,1//:Z><W><Y — 2X,Q:Z — 2" be
multivalued mappings. Suppose that the following conditions
are satisfied:

(1) C has closed graph,

(2) foreach y € Y, (z,w) — w(z,w,y) and Q are both
upper semicontinuous compact values on Z,

(3) for each y € Y, there exists z € T(y) such that
(UweQ(z) (/)(Z, w, )’)) n D(Z) +0,

(4) for each x, y, there exists z € T(y) such that
(Upeaw (7w, »)) N C(z) = 0 implies that
Uweaw ¥(zw, ¥)) N D(z) = 0 whenever y € S(x)
andz € T(y),

(5) foreach’y € Y, R(y) = {y € Y : Uyeqp $(zw,y) N
D(z) +0,Vz € T(y)} is convex,

(6) for each compact subset M, of X, T(S(M,)) is compact
in Z, and for each convex subset M, of X, S(M,) is
convex,

(7) setting F X - 2% by Fx) = {z ¢ X
Uweaw) ¥ (2w, y)NC(z) # 0}, there exists a nonempty
compact subset K of Z such that, for each N € (X),
there exists compact convex subset LY, of X including

N such that T(S(LY,) N (ﬂxeL;;V ccl F(x)) c K.

Then there exists z € Z such that, for each y € Y, there
exists w € Q(z) satisfying w(z,w, y) N C(z) #0; that is, Z
is a solution to the generalized vector equilibrium problem

(X)KZ;Q)H’C)'

Proof. Define set-valued mappings H : Z x X — 2, G :
ZxY — 2XbyH(z,x) = Uweow ¥(zw, y) and G(z, y) =
Uweqr) #(z,w, »)) for each (z,x) € Zx X and (z, y) € ZxY,
respectively. By Lemma 34 and Theorem 32, the rest is similar
to the proof of Theorem 4.7 in [13]. O

Remark 36. For the above results, Theorems 30 and 31
generalize Propositions 4.3 and 4.4 of Lin and Wan in [14] in
the following two aspects: (1) from transfer closed values to
transfer compactly closed values; (2) from generalized KKM
mapping to 2A-KKM mapping with respect to T'. To avoid the
structure of the space, condition (3) in our results is more
general than that in Theorems 4.1, 4.2, 4.3, 4.5, and 4.7 of [13].
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