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The existence results of uncountably many bounded positive solutions for a fourth order nonlinear neutral delay difference equation
are proved by means of the Krasnoselskii’s fixed point theorem and Schauder’s fixed point theorem. A few examples are included.

1. Introduction

In the past few decades, the researchers [1-31] and others
studied oscillation, asymptotic behavior, and solvability for a
lot of second and third order nonlinear difference equations,
some of which are as follows:

Aa,A(x, + px, ) +F(n+1,x,,,,)=0, nx1,
A (a,A (x, + bx,,_))
+ f(n, xn_dm,...,xn_dkn) =c,, N=ny,
Nx, + f(n,x,,%,,)=0, n>ny,
A (anA2 (x, + ann_r)) 1)
+f (n, xn,dm,...,xn,dkn) =g, Nn=ny,
A (@D (%, + VX)) + A7 f (12 g o0 %)
+Ag (n, Xy, >+ ’xn—dkn)
=h (n, Xpdy,» - "xn—dkn)’ n>ng.

By employing a few famous tools in nonlinear analysis
including the nonlinear alternative of Leray-Schauder type,
Banach’s fixed point theorem, Schauder’s fixed point theorem,

Krasnoselskii’s fixed point theorem, coincidence degree the-
ory and critical point theory, the authors [3, 4, 9, 13-16, 18, 25,
27,28] and others proved the existence of nonoscillatory solu-
tions, uncountably many bounded nonoscillatory solutions
and periodic solutions for the difference equations above,
where Lipschitz conditions were used in [14, 16]. Recently, the
authors [32] used the Krasnoselskii’s fixed point theorem to
obtain h-asymptotic stability results about the zero solution
for a very general first order nonlinear neutral differential
equation with functional delay.

However, to our knowledge, no one studied the following
fourth order nonlinear neutral delay difference equation:

A (a,A(x, +y,%, ) + A f (n, Xp > ’xbk,.)
+A%g (n, X sene xckn) + Ah (n, Xg, e ,xdkn) (2)
+p (n, xoln,...,xokn) =1, nz=2n)

where 7,k € N, ny € Ny, f,gh,p € CN, x RF,R),
{@,}nen, > and {y,},en, are real sequences with a, #0 for n €
N, and {by,, ¢, dp 04,0 n €N, 1 €{1,2,...,k}} ¢ Z with

Jim by = i = lim dy, = im0y, = +oo,
3)
le{l,2,...,k}.
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The purpose of this paper is to fill this gap in the literature
and to study solvability of (2). Under certain conditions, we
prove the existence of uncountably many bounded positive
solutions of (2) by means of the Krasnoselskii’s fixed point
theorem and Schauder’s fixed point theorem, respectively.
Nine examples are included.

This paper is organized as follows. In Section 2 we
present some notations, definitions, and lemmas. In Section 3
we establish nine sufficient conditions which guarantee the
existence of uncountably many bounded positive solutions
of (2) by using fixed point theorems and new techniques. In
Section 4 we give nine examples to illustrate the effectiveness
and applications of the results presented in Section 3.

2. Preliminaries

Throughout this paper, we assume that R = (—co, +00), Z,N
and N, stand for the sets of all integers, positive integers, and
nonnegative integers, respectively:
N, = {n:neNwith nznp}, nyeNg,
o = inf {b, djp G0y, 1 <1<k, neN, |,
(4)

B =min{n, - 7,a},

Zg={n:neZ with n> p};

A denotes the forward different operator defined by Ax, =
X, —x,and A'x, = A(A"'x,) fori € {2,3,4}. Let Ig* denote
the Banach space of all bounded sequences on Z with norm:
(o0
€lg

lxll = sup |x,|  for x = {x,}

nez
B
neZg

Q, (N, M)

:{x:{xn}nezﬁelzo: NanSM,nEZﬁ};

N M
Qyr (N, M) = {x = {xn}neZﬁ € IZO : Y_ SX, S,

N M
n>T; —<x,<—, /3Sn<T]»;
Yr Yr

o —N M
Q3T(N’M): {x:{xn}neZﬂElﬁ : y_S'an " >

n>T; ﬂangﬂ,ﬁs;KT}.
Yr Yr
(5)

Obviously, Q,(N,M), Q,p(N,M), and Qsp(N,M), are
closed bounded and convex subsets of I3 forany M > N > 0.
By a solution of (2), we mean a real sequence {xn}nezﬁ

with a positive integer T > n,, + 7+ || such that (2) is satisfied
foralln>T.
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Definition I (see [5]). A subset D oflzO is said to be uniformly

Cauchy (or equi-Cauchy) if for every ¢ > 0 there exists
a positive integer K > [ such that

|x,~ - xj' <e, (6)
whenever i, j > K forany x = {x,},cz, € 1.

Lemma 2 (see [5]). Each bounded and uniformly Cauchy
subset of lg" is relatively compact.

Lemma 3 (Krasnoselskii’s fixed point theorem). Let X be a
Banach space, let D be a bounded closed convex subset of X,
and let S, G be mappings from D into X such that Sx+Gy € D
for every pair x, y € D. If S is a contraction and G is completely
continuous, then the equation

Sx+Gx =x 7)

has a solution in D.

Lemma 4 (Schauder’s fixed point theorem). Let D be a
nonempty closed convex subset of a Banach space X, T : D —
D continuous, and f (D) relatively compact. Then f has at least
one fixed point in D.

Lemma 5. Let 7 € N, ny, € N, {
{¢,}uen.  be nonnegative sequences. If
no

an}neNno ) {b”}”ENno > and

Z Z chjasbt < +00, (8)
Jj=ng t=s

s=jt=

then

cia b, 9)

IA

| —
M8
i 18
gl
.
ﬁ
Q
=

where [(j—n,)/T] denotes the integer part of number (j—ny)/7.

Proof. Notice that

> 3

1 j=ny+it

(o)
ZCJSt

jt=s

FMg
ﬂMg

oo o0 o0 o0

Z Zanbt+ Z Zanb

Jj=hngt+T s=j t=s J=no+2T s=j t=s

. 3

Jj=ny+3t

cjab, + -

Mg
M8

S

[
1l

-
~
1l
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ny+27-100 00

=Y Yy [

Jj=hg+T s=j t=s

]g%h

ny+37-1 co oo .
J N
+ cjasb,
Jj=ng+2T s=j t=s T

ny+4r—1

oy zz[ ]cjasbﬁ
Jj=ho+3T s=j t=s
IPINE= L
Jj=ho+T s=j t=s
l Z Z jejasb,.
T]:n0+-r s=jt=s
(10)
That is, (9) holds. This completes the proof. O

3. Existence of Uncountably Many Bounded
Positive Solutions

Now we study the existence of uncountably many bounded
positive solutions for (2) by using the Krasnoselskii’s fixed
point theorem and Schauder’s fixed point theorem, respec-
tively.

Theorem 6. Assume that there exist constants n; € N, , M,
N, and c withM > N > 0 andc € [0,(M — N)/ZM) and
nonnegative sequences {Wn}neNnO, {Pn}neNno, {Qn}nENno, and

{Rn}nEN”0 satisfying

lyal <c. Vn=n, (1)
|f (moup,uy,..u )| < W, lg (muy, vy, su)| < P,
|h(nuy, 1y, u)| < Q, lp (muy,uy, ..o )| <R,
V(mup, . m) €N, X (N, M]",
(12)
[ee] o0 0
max{zm, Z ZL [(t-s+1)Q,+P],

t:no|at| s=rg t=s Iasl

(13)

o0

OZO: it s+l Rt+|rt|)}<+oo.

Jj=ny s=j t=s |J|

Then (2) possesses uncountably many bounded positive solu-
tions in Q; (N, M).

Proof. Set L € (N + cM, M(1 - ¢)). It follows from (13) that
there exists T' > n, + n; + 7 + | B| sufficiently large such that

Z +ZZ ! -s+1)Q, + P,]
tT| t| sTtsas|
+ iiit S+1(Rt+|"t|) ()
J=Ts=jt=s |J'

<min{M(1-c¢)-L,L-cM - N}.

Define two mappings U; and S;: Q, (N, M) — IEO by

n>T.

(Upx), = L Ve 25 (15)
(ULx) B<n<T,

%))

= < —g(tx e

oot —s+1

- Z ZZ 61] [p (t xolr xakr) rt] >
j=ns=jt=s
~(sLx)T’ /3 <n< T)
(16)

for each x = {xn}nezﬁ € Q,(N,M).
Now we prove that
Ux+Sy e Q (N,M), Vx,yeQ (N,M),
[Ux -Vl <cle—yl. vxye, ., @)
[Scx| < M, Vx,y e Q (N,M).

In view of (11), (12), and (14)-(16), we conclude that for any
X =A{xXpbuezp ¥ = Unbnez, € Q/(N, M), and n > T,

|(ULx)n + (SLJ’)n - L|

“Yn¥ n‘r+z f(tybu "’ybkt)

t=n %t

o0 0
+;;als [(t=s+Dh(t ya,5- 0 ya,)
-g (f, Yoo ,yckt)]
(e8]

izf—s+1
s=j

t=s

>

]n

’yokt) N rt]

X [p(t,yon,...



JULx - Upyl

[Sex

)

>

it

j=T s=j t=s

<cM+min{M (1 -c¢)—

nEﬁ

IN

neZg

= max

= sup
n>T

o

{

1

sup |(U;x)

n=T

clx =l

sup |(S.x),|

T>n>p

s

2

1
TLaP Py

t=n

s+1

i

t

nt=s""s

n

[
s=j

xh(t,xd”,...

—g(t,xclt,...

(o9

t=s

< L+
iﬁ( 2l

<-L+
2

DRWE

[ee)

Qo

t=

T

j=ns=

t

|at|

jt=s

M)
s=T

Zt—S‘f'l

t=

x[t-s+1)Q, + P]

(R, +|r.)

sup |(Upx), - (Upy),]

sup (|Yn| |xn—‘r - yn—‘rl)
n>T

f(t,xbn, e

+Zzal[(t_s+1)

_rt]

ZZ

Sﬂts

s+1

|J|

S

L,L-cM - N},

sup |(Upx), = (Uy),|»

T>nzf

-0,

sup |(SLx | sup| S1x), |}

’ xbkr )

’ xdkt)

%]

[p(tx0,0- s %)

-s+1)Q,

+P,]

(R, + |r,|)>

-s+1)Q, +P,]
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o0 00 0O

LYYy |5'“<R )

j=Ts=jt=s
1
< EL+min{M(1—c)—L,L—cM—N}

<M,
(18)

which yield that (17) hold.
In order to prove that S; is completely continuous
in Q;(N, M), we have to show that S; is continuous in
Q, (N, M) and S;(Q, (N, M)) is relatively compact. Suppose
that {x},,cy is an arbitrary sequence in Q;(N, M) and x €
Q, (N, M) with lim,,, _,  x™ = x, where x"" = {x:l"}nezﬁ for
eachm € Nand x = {xn}nezﬁ. With the help of (12), (13),
lim,, , .,x™ = x,and the continuity of f, g, h, and p, we know
that for given & > 0, there exist T}, T,, T5, and T, € N with
T,>T;>T, > T, > T satisfying
(el ee) 1
Z a * Z Z “|
S

tTl

-s+1)Q, +P]

max{ZZf]:'TlRt:TsjsTl}<%Tl;
i

max‘|§|i[(t_5+1)Qt+Pt] :TSngl}
t

max{'q (t, fot,...,th)

~q(t. %, 0 %, )| 1 € (.9, 1 p}

&
< b
18T\ T,T; (A+ B+ E)

Vm=T, T<t<T,,
(19)

where

t-s+1
B:max{ il :TSsSTl,sStSTZ},

a|
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t—s+1 . Cot-s+l " m
E = max T <j<T,j<s<T,s<t<Typ. +ZZZ 'p(t)xolt ..... x%)
|“f| j=T s=jt=s |“f|
(20)
~Pp (t’ xolr """ Okr)
By virtue of (16), (19), and (20), we get that T
= 2T |f(t Xy seees xZ,) —f(t Xpoee e xbkt)|
||SLxm - SLx" o
m m
= :;12;; |(SLx'”)n _ (SLx)n| + - ;ﬂ tl 'f (t, xbn ..... xbkt)
—flt,x, 5.0,
= max{ sup [(S.x™), - (S1x),|» f( Kby, xbkt)'
T>n>p T, T,
ZZ—[(t s+1).h txd ..... x;';t)
Supl(SLxm)n_(SLx)nl} ik
n=>T
o h (t, Xg e xdkt)|
_ - m
“ap|2 g () ()
+§§l[(t s+1)h(t X3 s x;':) —g(t Yoo xck,)']
s=nt=s %s ! S
h ..... ”
—g(t,let ..... .X'Z:[)] +s . %Jrlla' [(t $+1 | t xd xdkt)
By S (g ) =1 Rt x40, )|
e + | g (t xg't ..... xzzt)

[ee) [oe)
S DIkt x7 ..., m
+Zzal[(t_5+1)h(t’xdn ’’’’’ x4,) +s=;+1;|a (=54 (o, <)
S=nt=s""s
~h(t,x; ,...,
_g(t’xcn """ xfkt)] ( xdlt xdkt)'

miit‘Hl[ ( ) +|g(t,x£"lt ..... Z:t)
2L, [l -

! —p(tx, ...,
<Y ot ) = () Pt eeo,)
o 4l @ st m "
. " Z z z |a | ' ( 02" okt)
+y Y | [(t=s+ D) |n(t ... i) e S
s=T t=s |%s )| -p (l’, xo“ ..... Okt )'
_h (t, Xd” ..... dkt T, -
t—-s+1 m m
X e,
+ |g (t, xglt ..... Z:t) ! J;“s:%:H ; |aj| ' ( Koy, okt)
-9 (t’ xclf """ kat) ] —p (t’ xou """ xokt)




6
+§:ZZ'H'PG%t ----- o)
j=T\+1s=jt=s a]|
-p (t, Xoprenns x%)
T
< Al () (et
t=T
T, T,
+ZZ[B'h(t Xy seies xdk) h(t Xgseees
s=T t=s
+A |g (t, X0 Z:t) -g (t Xeoeeos
T2 T3
+ Z ZZE |p olt """ Okt) - P(t xolt """
j=T s=j t=s
W, 4 e
+2 +2 Z [(t-s+1)Q, + P]
t= T1+1| tl s=Tt= T2+1| |
o0 (o)
+2 Z Z [(t-s+1)Q, + P]
s=T,+1 t=s |as|
T, T
"'2222: OZO: t—s+1Rt
J=T s=j t=T,+1 |a]'
Lo @ g4
+2) Y ) R,
j=T s=T,+1 t=s |a]'
) i iozozt—s+lRt
jTy+1s=jt=s |“j|
eA(T, -T+1)
~ 18T,T,T; (A + B+E)

eB+A)(T,-T+1)(T,-T+1)
18T, T,T; (A+ B+ E)

eE(T,-T+1)(T,-T+1)(T;-T+1)

18T, T,T; (A+ B+ E)
2¢(T, -T+1)
18T,

+2su3—T+U(Q—T+1)
18T, T,

2¢(T, -T+1) ¢
—+ — <g
18T, 18

vm>T,,

which means that S; is continuous in Q, (N, M).

(21)
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Next we prove that S; (Q,(N, M)) is uniformly Cauchy.
It follows from (13) that for given ¢ > 0, there exists V' > T
satisfying

Z—t+ ZZ—[(t—s+1)Qt+Pt]
=V |at| $=V t=s |as|

(22)

SRt —s+1
+ZZ u (R +1r]) < i

j=V s=jt=s ' ]|

Using (16) and (22), we know that for any x = {x, }nGZﬁ
Q,(N,M)andm,n>V,

(o] o 1
= Za_f(t Xpyo oo xhct) - Za—f (t Xpyyov e xbkt)
t=m ™t t=n %
[celNeel 1
w2 Y[t 0h(bxg,x,)
s=m t=s %s
o)
_Zzl[(t—s+1)h(t Xg seees x4
s=nt=s5"s
o)
+ZZZ -s+ [ ( Xopoens okt) 7’:]
j=ns=jt=s
_Z ZZ -5+ [ ( Xoreeon xokt) Tt]
j=ms=jt=s
v W
< 2

+Zzla—15|[(t—s+l)Qt+Pt]

+°°°°°°t S+1(R+|rt|)
j=ns=jt=s | '
00 0 00,

£Y Y YT Rkl
j=ms=jt=s |aJ|

(23)
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(o) o0 00 .
<2 W, +22 ZL [(t=s+1)Q, +P] which means that
tVl tl =V t:s|as| 3 5
A (a,A (x, + Y,%,.)) + A f(n,xbln,...,xbkn)
O 00 00 —s+1 (24)
+ZZ ZZ (R, +]r]) +Azg(n,xc yeeer Xe )+Ah(n,xd ,...,xdk) (27)
j=V s=jt=s | ]' 1n kn 1n n
<& +p(mXy roenxy ) =10 Vn2T;

which yields that 8, (€, (N, M)) is uniformly Cauchy. It fol-  that is, x = {x,},,cz, is 2 bounded positive solution of (2) in
lows from Lemma 2 that S; (Q; (N, M)) is relatively compact. Q,(N, M).

Consequently Lemma 3 guarantees that there exists x = Finally we prove that (2) has uncountably many bounded

Knbnez, € Q(N, M) satisfying Uy x + Spx = x, which positive solutions in Q, (N, M). Let L,,L, € (¢cM+ N, M(1 -

together with (15) and (16) gives that c))and L, #L,.Foreach j € {1, 2}, we conclude similarly that
there exist a positive integer T; > n, + n; + 7 + || and two
X, = L—y,%,_, + Z f (t, Xy oo xbkt) mappings UL and SL satisfying (14)-(16), where L and T are
t=n‘t replaced by L and T}, respectively, and Up, + S, has a fixed
© o | pointz; = {z ]n}rLEZﬁ Wthh isabounded posmve solutlon (2)
+ Y= [t -s+Dh(txg,,...oxg,) in Ql(N M); that is,
5= t=s %s
(25) y
—g(txg X)) Zjn = Lj = VZjnr + tZ;tf(t’Zjbn’-wzjbkt)

o0 00 OO
t

_ 1 00 00
_ZZZ ;'+ [p<t xolt xokt)_rt]’ +Zzl [(t_5+1)h(t>zjd1,""’zjdkt)

j=ns=jt=s j

s=n t=g Y%s
T, 072, 0
which yields that o 0o oo
1 Y EE  p(tzizin) -1l
A(xn + Ynxnf‘r) + a_f (1’1, xbln""’xbkn) j=ns=jt=s aj o o
n
o Vn>T, je{l,2}.
=—Zl[(t—”+l)h(t>xd1,’--->xdk,) !
t=nn Equation (13) ensures that there exists some T; >
max{T,, T,} satisfying
) (t’xclt""’xckt)]
OZO:W iil [(t-s+1)Q, +P]
0 4 — + — [(t—s
3 Y [ (e m,) ) Glal " 5 &l o
S=N =g n (29)
LSS, el
j=Ts s=j t=s |a ' 4

A, (%, + VX)) + f (X 50
n T Ynrn-r ( n bk) Combining (11), (12), (28), and (29), we deduce that for any

&) n > T3,
= —z t-n+ l)h(t,xd“,...,xdkt)
t=n |Z1n - Zzn|
o0
+ tzg (t xCu ° kat) = Ll - L2 = Yufin-r T Yn2on—r
=n

0 o0 001
+ZZ(t—s+ 1) [p(t,xo“,...,xokt)—rt], +Za—f(t,z1bu,...,zlbkt)

S=N t=g t=n%t

<1
(26) - tzzna_tf (t’ ZZblt’ e ZZbkt)



+y Zai [(t s+ l)h(t,zld”’--wzldkt)

$=n t=s""s

-g (t, Zie,e e

> zlckt)]

Y L [ — s+ (62220,

s=n t=s%s

>

]Tl

00
s=j

-g (t,zzCu,...

oot S+1[ (t

t=s

Sh

ns=jt=s

2210,

Zyo,0 -

2 |L1 - L2| - |yn| |Zln—‘r - ZZn—r|

—z |f 21,

t=n

M8

“
Il

22

a;

’Zlbkt> — f (t’ZZb”"' .

> Z2th )]

' ’Zlokt) N rt]

> Zzokt) - rt]

Zal [(t -s+1) 'h (t, zld”,...,zldkt)

Nnt=s""s

~h (t’ sz”, e Zdet)'

+.g(t,zlcn,...

—9 (t’ chu

j=ns=jt=s

> |L,

- L,|

421

—p(t 230, ---

—-¢ ||z1 - Zz”

+ZZ

Snts

> Zlckt)

oz )]

00
Zt S+1| (t’Zlolt""

> Zl“kt)

> Zz"kt )|

-s+1)Q, +P]

t—s+1)Q, + P

> Z2by )|

(30)
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which implies that

b= Ll |

2(1+c¢) (D)

A

That is, z; #z,. Thus (2) has uncountably many bounded
positive solutions in O, (N, M). This completes the proof. [J

Theorem 7. Assume that there exist constants n, € N, , M,

N, and cwithM > N > 0andc € [0,(M - N)/M) and

nonnegative sequences {W,},eny > {Puen > 1Qulnen » and
no no no

{Rn}neNn0 satisfying (12), (13), and

0<y,<c, Vn=n. (32)

Then (2) possesses uncountably many bounded positive solu-
tions in Q; (N, M).

Proof. Let L € (N + cM, M). It follows from (13) that there
exists T > ny + n; + 7 + | B| sufficiently large such that

§%+§§ ! [(t-s+1)Q, + P]
DR DAL )
Jj=T s=j t=s | ]'

<min{M-L, L-cM — N}.

Let the mappings U; and S; : Q;(N,M) — lgo be defined
by (15) and (16), respectively. By means of (12), (15), (16), (32),
and (33), we infer that for any x = {xn}ngzﬁ, y = {yn}nelﬁ €
Q(N,M),andn>T,

(ULx)n + (SL)’)n
21
=Ly + Y —f (670,020,
t=n""t

Zl [(t—s+ 1)h(t,yd”,...,ydkt)

nt=s aS

M

+
S

(6 Ve Ye,)]

5SS ) -]

j=ns=jt=s
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<L+ ZerZZL [(t-s+1)Q, +P,]
t=T |af| s=T t=s las|

et —s+1

ZZ (R, +|r.)

ﬂ—flA
<L+min{M-L,L-cM - N}
<M,

(ULx)n+ (SL)’)n

(9]

=L- VYnXn-z + Zaif (t’yh“" e

t=n"t

’ybm)

+ ZZ— [(t—5+ 1)h(t > Vi,
"yckt)]

S5 (o

j=ns=jt=s j

"’ydkt)

-g (t’er"'

"y"kr) _rt]

00 00 00
t

22y el

j=Ts=jt=s

>L-cM-min{M -L,L -cM — N}

> N;
(34)

thatis, U;x + S,y € Q,(N, M) for any x, y € Q,(N, M). The
rest of the proof is similar to that of Theorem 6 and is omitted.
This completes the proof. O

Theorem 8. Assume that there exist constants n; € N, , M,
N, and c with M > N > 0O andc € [0,(M — N)/M) and
four nonnegative sequences {Wn}neNno, {Pn}ngNnO, {Qn}ngNnO,
and {Rn}neNno satisfying (12), (13), and

-<v,<0, Vaxn, (35)

Then (2) possesses uncountably many bounded positive solu-
tions in Q; (N, M).

Proof. Let L € (N, (1 — ¢)M). It follows from (13) that there
exists T > ny + n; + 7 + | B| sufficiently large such that

zﬁ+zz%wpﬁnQ+m

t=T |at| s=Tt=s

OOOOOO

P Yy

j=T s=jt=s 'a|

—s+1 (36)

Rt+ |rt|)

<min{(l-¢)M - L,L- N}.

Let the mappings Uy and S : Q,(N, M) — [’ be defined by
(15) and (16), respectively. Making use of (12), (15), (16), (35),

and (36), we derive that for any x = {X,},c7,» ¥ = {Vulnez, €
Q,(N,M)andn>T,
(ULx), + (S1y),
1
=L- YnXn—r + Z;f (t’yb“’ s ’ybk,)
t=n"t
+ZZal [(t—s+ l)h(t,ydn,...,ydkt)
§=n t=s5""s
) (t’yclr’ T ’yckt)]
ZZZ — [ (t’y"lt"”’yokt)_rt]

]=n S=] t=s

<L+cM+Z|W|
a,

18
|>—‘

N

[(t-s+1)Q, +P]

+
M8

“
Il

~

-
]

3

y

o0 00 00 _
fY Y Y R )
j=T s=j t=s 'a |

<L+cM+min{(1-¢c)M-L,L—- N}

<M,

(ULx)n + (SL)’)n

= L= ,X, , + Zalf (t Yoo > )
t=n""t
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e L[ —s+ DRty ya,)

§=n =5 Gs
2 yckt)]

ZZZ - [ (t’yolt""’yokt)_rt]

j=ns=jt=s

-g (t, Ve

2L-Y =YY —[(t-s+1)Q +P]
t=T |“t| s=T t=s |a5|

Rt + |rt|)

C e at-s+1
222
>L-min{(l-¢)M-L,L- N}

> N;
(37)

thatis, Upx + Spy € Q,(N, M) for any x, y € Q, (N, M). The
rest of the proof is similar to that of Theorem 6 and is omitted.
This completes the proof. O

Theorem 9. Assume that there exist constants n; € N, , M,
N,and c with M > N > Oandc > M/(M — N)and
nonnegative sequences {W, }n€Nn0’ {P, }ﬂGNn(,’ {Q, }neNno’ and

{Rn}neNn0 satisfying (13):

y.=2¢ Ynx=n, (38)
|f (mouy,uy,..ou )| < W, lg (nup, ..o )| < P,
|h(nuy,uy, .. )| < Q, lp (mouyuy, ..o )| <R,

M
V(nuy .. uy) €N, % [0,—] .
c
(39)

Then (2) possesses uncountably many bounded positive solu-

NS
tions in lﬁ .

Proof. Let L € (N + M/c, M). It follows from (13) that there
exists an integer T > ny + n; + 7 + | ] satisfying

S5

-s+1)Q, +P]
t=T s t:s|as|

S S oot s+1 (40)
+ZZ — (R +|rt|)
<min{M—L,L—N—M}.

c

Abstract and Applied Analysis

Define two mappings U; and S; : Q,(N, M) — lf;o by

1
(ULx)n = E (L - x”+r) , n>T, )
Urx)p B<n<T
{ Z f(t > Xy, "’xbk:)
’VVH'T t= H+T f
* Z Z—[(t—s+1)
s=nt+tt=s Bs
Xh(t’xd ""’xdkc)
RAGESE)
(SLx)n=< B © ©®©y o4
j;"r;j; i
X [P (t’xolt""’xokt)
_rt] >
n>T,
[ (S1%)r B<n<T,
(42)

for each x = {xn}%ZB € Qyp(N, M). By means of (13) and
(39)-(42), we get that for any x = {xn}nezﬁ, y = {yn}nEZﬁ €
Q,r(N,M),andn > T,

(Urx),, + (S1y),

(L Xpyr t Z f( yblt""

tn+‘rt

’ybkt)

Vn+‘r

+ Y Zal [(t=s+Dh(tya,. > ya,)
S=n+1 t=s 'S

Ya)]

—g(t,ycn,...

C vut-s+1

PR

j=n+t s=j t=s

[p< yolt""’yokt)

] )

j=T+1 s=j t=s j
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< <L+min{M—L,L—N—M}>
yf'H'T ¢
M
< >
VT’H’T
(ULx)n + (SL)’)n
(L Xpyr T Z f( yblt""’yl%)
Yn+‘r t=n+1 t
(] o0 1
+ Z Za—[t—s+1)h(t,ydn,...,ydkt)
S=n+T t=s S
_g(t’yclt""’yckt)]
(o] [celNve) _
8 85 )
Jj=n+T s=j t=s ]
- (ﬁ 5 W
YH+T Ynﬂ' t=T+T |at |
o0 o0 1
- Y Y= lt-s+1)Q +P]
s=T+1 t=s |a$|
-y zzt SR +|rt|>>
j=T+1 s=j t=s
! (L—M—min{M—L,L—N—M}>
VT’H’T ¢ ¢
N
> >
yn+‘r

(43)

which yield that U;x + Spy € Q,p(N,M) for any x,y €
Q, (N, M). By virtue of (38) and (41), we infer that

”ULX - ULJ’” = sup |(ULx)n - (UL)’)nl

neZﬁ

ma x{ sup |(Upx), - (Ury),|>

T>n>p

supl (U0, - W), 49

1
= Sup( | Xn+r yn+r|>
n>T |Vn+r|

1
el

IN

thatis, U; is a contraction in Q,(N, M) because ¢ > M /(M-
N) > 1.

In order to prove that S; is completely continuous in
Q,r(N,M), we have to show that S§; is continuous in
Q,r(N, M) and S; (Q,(N, M) is relatively compact. Suppose

1

that {x™},,cy is an arbitrary sequence in Q, (N, M) and x €
Q,r(N, M) with lim x™ = x, where x™ = {x:’"}nezﬂ for

m— o0
eachm € Nand x = {xn}nezﬁ. On account of (13), (39),
lim,, , X" = x, and the continuity of f, g,h, and p, we
obtain that for given € > 0, there exist T, T,, T;, and T, € N
with T, > T; > T, > T, > T satistying

(oe]
W
—L t-s+1)Q, +P]

o t-s+1
max Z—Rt:TSjST1+T, jS<s<T,+7
t=Ty+t 'aj|

&c

< ;
18T, T,

LS g T<j<T, +r}

{ OZO: L [((t-s+1)Q, +P]

t= T2+T as

>

T<s<T +Tp < ——
18T,

> xzt)

~4(t:%p,-- 0%, )| :q € {£.9.h p}}

ax{|q(t,le,...

< & , Ym=>T,, T<t<T;,
18T, T,T; (A+ B+ E)
(45)
where
1
A=max{—:T+T£5sT1+T},
a|
t— 1
B—max{ Isr :T+TSSST1+T,SStST2+T},
aS
t 1
E max{ il T+1<j<T +7,
o

jS5£T2+T,sStST3+T]>.

(46)
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It follows from (42)-(46) that b (t X )‘ >

01" "2 Okt

I, - 5,1 k
1 Ty +7-1 1
_:;lpi Spx™), = (8x),] g—( > —'f(t,x;” ..... X )= f(txy,. .o X, )|
l5 c T I tl 1t et i t
_ my = 1 m m
i {Ti‘iﬁﬁ (505", - (5129, o S L)
sup [(S.x™), - (SLx)n|} -f (t’ RS xbkt)|

T)+71-1Ty+1-1

1 o 1 + (t-s+1)|h(t,x],..., w
B ig? Yner (t—;-‘r;tf(t’xz’i """ x;’kn:) S;FT ; [ ) | ( xdu xdkt)
-h (t,xd ..... X4 )|
+ Z Z— [(t s+ l)h(t xd ..... x;':t) ! "
s=n+T t=s Bs +.g(t’le, """" X;:t)
RACEAEA] ()]
-3 Y b (o)) il &
Strs—jtes 4 piH o7 Okt ‘ + Z Z [(t s+1) |h t, xd ..... x;" )
a K s=T+1 t:T2+T| | "
1 (o1 ,
B Virr t:;wa_tf( 2 Xpyo oo xbkt) -h (t, Xdyo > xdkt)'
L., "
+ z Z_ [(t S+1)h(t xd ..... xdkt) * 'g( xclt Ck:)
S=n+Tt=s S _g (t’ xcn ..... kat) ]
) (t’ xclt """ th)]
- R Z Z| |[(t 5+1)'h txd ..... x;':d)
S T\ +T t=s
-3y
Jrm -h (t Xgpeees xdkt)|
X [p (t Xopseeos x%) rt] )‘ + |g (t X xZ:t)
1 ® -9 (t’ xclt """ xckt) ]
s E ( Z m 'f (t’ lelt """ xZZt) T +7-1 T2+r—1T3+1—1t et
=Tz 1% + Z Z Z |:—' |p (t, X'y x;’;)
_f (t’ xbu """ xbkt)' e = 4
® 9 q —p (t’ KXoy - e s Okt)
m m
+57;T;m [(t—s+ 1) |h (t,xd“ ..... xdkt) e Tyt o
_ DD D Wt | JCE Ry
—h (t, X4 5eees xdk,)' =T+t s=j t=Ty+1 |61j'
+ |g (t let ..... Z:t) _p (t xolt """ Okt)'
_g (t’ xClt """ th) ] + T1371 i it -st 1 'p (t, x;n """" x? )
© ® @y o4 j=T+t s=T,+7 t=s |aj' " .
Y Z’ 4 | | ' (XN o)
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P |j,“|< Tl

j=Ti+1s=j t=s

-p (t s %o 5 ..,xokt)' >

1 Ty +7-1
(3 Al

_f (t’xblt" ' "xbkt)'

Ty +71-1 Th+1-1

v ) [Blp(exd, e x)

s=T+t t=s

~h (t,xd“,. : "xdkt)|

+A'g tx ,...,x:t)

) (t’ xclt’ e xfkt)”
Ty+1-1 Ty+1-1 T3 +7-1

+ Z Z ZE'p(t,lelt,...,xzt)

j=T+t  s=j t=s

_p (t’ xolt"' "xokt)'

+2 Z Z L[(1.‘—s+1)Qt+P]

s=T+71 t= T2+T|a |

(o) [ee] 1

Z Z— (t-s+1)Q,+P]

Ti+1-1T)+1-1 o

2y ¥ z%&
J

j=T+1  s=j t=T3+1

T,+7-1

e Q - s+1
20 ) X7

j=T+t s=T)+1 t=s |]'

(69

EDIPR I )

j=T)+1 s=j t=s |a'

eA(T,-T)
18T, T,T; (A+ B+ E)

e(B+A)(T,-T)(T,-T)
18T, T,T; (A+ B+ E)

+ eE (Tl - T) (Tz - T) (T3 - T)
18T T, T;(A+ B+ E)

13
L2e(0-T) 26(T, - T) (T, - T)
18T, 18T, T,
2¢(T, =T
+M+i<s, vm>T,,
18T, 18
(47)

which means that S; is continuous in Q,;(N, M). It follows
from (13) that for given € > 0, there exists V > T satisfying

(o)
W,

t=;—r|at
o0 o0 1
Z Z— (t-s+1)Q,+P] (48)
s=Virt=s a

£ 3 IS Rl <

j=V+ts=jt=s | ]' 4

Next we prove that S; (Q,(N, M)) is uniformly Cauchy.
In view of (42) and (48), we infer that for any x = {xn}nezﬁ €

Q,r(N,M) andm,n >V,

|(SLx)m - (SLx)n|

1 (o)

= Z —f(t » X5 ..,xbkt)

Vm+‘r t=m+T1 at

Z f( Xy X, )

Yn+7t =n+T1 a;

1 o0 0
+

1
— [(t -5+ l)h(t,xd”,...,xdkt)
y}‘?ﬁ'f S=m+Tt=s aS

-9 (t xclt 2 xckt)]

Z Z [t—s+1 (t’xdlt)”"xdkt)

Yn+‘rs =Nn+Ti=s S

=9 (txg0 0%, )]

PIE S”[( e %o, ) =1

Yn+‘r] n+Ts=jt=s

S Ly Yy S”[ (%o % ) 1]

ymH'] m+ts=jl=s



14

g, §m
= c ( :;rr | i;r‘flat
+ i OOL (t—5+1)Qt+P]
S=mM+T t=s |a5|
(el 1
+ Y Y —lt-s+1)Q+P]
S=n+7 t=s |a5|
& t—-s+1
n Z ZZ (R, +r)
j=n+T s=j t=s ' J|
+ i iit AL Rt+|rt|)>
j=m+T s=j t=s ' ]|
2 © W
< z < :; T
4y ZL [(t-s+1Q+E]
Sl
IIPIETE +|n|)>
j=VHT s=j t=s | ]’
<e
(49)
Note that (40) and (42) yield that
ISz
= sup |(SLx)n|
neZﬁ
:max<| sup |(Sx), | SuPI(SLx)n|}
T>n>p n=T
BNENE S
n>T | Ve \ t=ntr Pt ! )
3D ) (RIS IR

S=n+Tt=s s

%]

-g (t,xch,...

5 55 o))

j=n+Ts=jt=s

Abstract and Applied Analysis

IN
(S

-s+1)Q, +P]

s=T+1t= s

+§§§““‘mww>

j=T+t s=j t=s |aj|

1 M
< —min{M—L, L-N- —}
c c
M
< Wxs {*abnez, € Qor (N, M),

(50)

which gives that S; (Q,(N, M)) is bounded. Thus Lemma 3
means that there exists x = {xn}nezﬂ € Oy (N, M) such that
U;x +S;x = x, which is a bounded positive solution of (2) in
Qur(N, M) C I

Let L,,L, € (N + M/c,M)and L, +L,. Forany j €
{1,2}, we deduce similarly that there exist a positive integer
T; = ny + ny + 7+ |Bl, a closed bounded and convex
subset Qsz(N’M) of lZ°, and two mappings U, and S,
satisfying (40)-(42), where L and T are replaced by L jand
T}, respectively, and ULj + SLj possesses a fixed point z; =
{Zjn}nezﬁ € Qyp, (N, M), which is a bounded positive solution
of (2); that is,

Zjn

YH+T

+§

S=n+T1

~ Zjnir t Z f(t > Z by ."Zjbkt)

Pl
D=5+ Dh(bz 0.2,

a
> Zj%)]

5 S5 gz )l )

j=n+ts=jt=s

Mg

-
Il

-9 (t’zjcu""

Vn > T]-, jef{l,2}.
(51)

Observe that (13) implies that there exists T; € N with T, >
max{T}, T,} satisfying

v W

t=T3+‘r|at|
o0 [ee] 1
Z Z— [(t-s+1)Q, +P] (52)
s=Ty+7 t=s a




Abstract and Applied Analysis

which together with (51) yields that for each n > T}

Zintr ~ Ron+r

Zin " Zm t
Y+

1 < 1
L, -L,+ Z a—f(t,zlb“,...,zlbkt)

yn+‘r t=n+1 "t

- Z f(t Zop,, >+ ..,Zzbkt)

tn+‘rt

P>

S=n+Tt=s s

[(t -s+ 1)h(t, zld“,...,zldkt)

’ Zlck,)]

=5+ DR (20,0002,

’chkt)]
X Q™.

- 22 _;H [P (t:210,5---

Jj=n+tTs=jt=s j

-g (t, Ziys -

-g (t, Zye,e e

i zlokt) - rt]

o0 00 OO

3 35 (oo )]

j=n+ts=jt=s

=

o 1
Yot (|L |_ Z ;|f(t’zlbu""’zlbkt)

t=n+1 "t

—f (t, ZZb”’ e

> ZZbkt )|

_ Z zal [(t—s+ 1)|h(t,21d1,’---’zldkt)

s=n+Tt=s S

—h (t, ZZdlt) ..

+ |g (t, ZICU,...,Zl%)

: ’Z2dkr)'

-9 (t’ chlt’ T chkt)”

0 00 00
- Z Zzt S+1| (t’Zlﬂlt""’Zh’kt)

Jj=n+t s=j t=s

—p (t’zzolt""’zzokt)|)
e R
Y

-2 Z Z|715| [(t-s+1)Q, +P]

25§85

j=Ts+1 s=j t=s 'a|

15
1 |L1_L2|)
> L, -L,|-= —2
YW(' 1~ Ll 2
)
2Ypir
(53)

which implies that

Zintr ~ Rontr S0
b

Zin — 2oy T+ Vn > Ts; (54)

Yu+r

that is, z; #z,. Consequently, (2) has uncountably many
bounded positive solutions in lg". This completes the

proof. O

Theorem 10. Assume that there exist constants n; € N, , M,
N, ¢, andd withd > ¢ > 1 and M(1 — 1/c) > N(1 - l/d)
and nonnegative sequences {W,},cn > APlnen > 1Qutnen >

o o o

and {Rn}neNn0 satisfying (13):

c<y,<d, Vnxn, (55)

|f (mouy, vy, u )| < W, lg (nuy,uy,. .., u)| < P,

|h(muy,uy, )| < Qe lp (nuy, vy, )| <R,
V(nuy,thy, ) €N, X [Ic\lr M]

(56)

Then (2) possesses uncountably many bounded positive solu-
tions in I’

Proof. Let L € (N + M/c, M + N/d). It follows from (13) that
there exists an integer T > n, + n; + 7 + | B3| satisfying

+§:§§t_s'+l (R, +]r.) (57)

Let the mappings U; and S} : Q,p(N, M) — ZEO be defined
by (41) and (42), respectively. Using (13) and (41), (42) and
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(57), we obtain that for any x = {xn}nEZﬁ’ y = {)’n}nezﬁ €
Q,r(N,M)andn >T,
(ULx), + (SLy),
(L Xpir T Z f( yblt""’ybkr)
Yn+1 t=n+t 9

+ Z Zl [(t—$+ l)h(t’yduv-")’dkt)

S=N+T t=s a
> yckr )]

oo 00 0 1
8 S o))

1 [e)
= Y+ ( Yn+r :;

[ee]

Z z ~s+1)Q, +P]

(R + |rt|)>

N

—g(t,yclt,...

[ee) [eelNve)
t—

IPW)

j=T+t s=j t=s

! (L—E+min{M+H—L, L—N—MD
Vsr d d c
M
S >
Ynie
(ULx), + (Sy),
(st B 2 onoon)
Yn+r e

1 [(t—s+ l)h(t,yd”,...,ydkt)

Vo)
S0t <,y%,---,yokr>—n])

j=n+ts=jt=s

—g(t,yclt,...

j=T+1 s=j t=s j

Abstract and Applied Analysis

> ! (L—M—min{M+N—L L—N—M}>
y}’H’T ¢ d ¢
N
2 >
’VVH'T
(58)

which imply that U;x + S;y € Q,p(N, M) for any x,y €
Q,r(N,M). The rest of the proof is similar to that of
Theorem 9 and is omitted. This completes the proof. O

Theorem 11. Assume that there exist constants n; € N, , M,
N,and c with M > N > Oandc > M/(M — N)and
nonnegative sequences {Wn}neN”U, {Pn}neNno, {Qn}neNno, and

{Rn}neNno satisfying (13), (39), and

Y, < —¢, Vn=n. (59)
Then (2) possesses uncountably many bounded positive solu-
tions in Iy’.

Proof. LetL € (N, M(1-1/c)). It follows from (13) that there
exists an integer T > n, + n; + 7 + | 3] satisfying

Z|at| ZZ

t=T sTts

+ iiit_s'-l—l (R + |r]) (60)

-s+1)Q, +P]

Define two mappings U and S : Q37(N, M) — [ by (42)
and

(-L-x,,,), n=T,
(ULX)n = {%ﬁ‘r " ) (61)
(Ux) s B<n<T,

for each x = {xn}nezﬁ € Qur(N, M). It follows from (42)

and (59)-(61) that for any x = {xn}nEZﬂ’ y = {J’n}nezﬂ €
Qup(N,M),andn > T,
(ULx)n + (SLy)n
1 v L
_ <_L_xw )~ f (6T m,)
Yn+r t=n+1t 7t
" Z Z_ [(t—s+ l)h(t Y- V)
S=n+1t=s as
=0 (6500 025,)]
(ool ee] OO 1
;2; -s+ [ (7)/0“""))/0’“)

] )
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R

1 <
<
yrﬁ-‘r YTH-T t=T+1

17

Then (2) possesses uncountably many bounded positive solu-
tions in I’.

Proof. Let L € (N(1 + 1/d), M(1 — 1/c)). It follows from (13)

OZO: 020:—1 [(F-s+1)Q, +P]
|a]
s=Tt7 t=s

—f; - m+m0

=T+t t=s

< ! <—L—M—min{L—N,M—M—L}>
YH+T C C

-M
< >

yﬂ‘f‘T

(ULx)n + (SL)’)n

= 1 ( ot Z f(’yblt"“’ybkr)

tn+-rt

+ Z Zal [(t—s+ l)h(t,yd”,--»)’dkr)
—g(t)}’c”’--"yckt)]

= 1
- ZZ; —7 [p(t yolt "’y"kt)
j=nt+Ts=jt=s
—n])

1 <> W,
> <—L—xn+r+ Z —*
t=T+

T
)

8

< 1

+ ) Za— (t-s+1)Q +P]

s=T+1 t=s

Py Yt +|rt|)>

]: +T 5:] t=s

> <—L+min{L—N,M—M—L}>
’y}‘H-T c
-N

2 >
y}‘H’T

(62)

which yield that U;x + S;y € Qup(N, M). The rest of the
proof is similar to that of Theorem 9 and hence is omitted.
This completes the proof. O

Theorem 12. Assume that there exist constants n; € N, , M,
N, c,andd withM > N > 0and M(1 - 1/c) > N(1 + l/d)
d > ¢ > 1, and nonnegative sequences {W,},en > {Polnen. >

by o

{Qn}neNno, and {Rn}neNnO satisfying (13), (56), and

-d<y,<-c, VYnxn,. (63)

that there exists an integer T' > #, + n; + 7 + | | satisfying

3 W

t=T |at|

+Zz|a—ls|[(t—s+l)Qt+Pt]

+§§§tm”mﬁh0

j=T s=j t=s
N M
<min~{L———N,M———L}.
d c

Let the mappings U; and S} : Q3p(N, M) — IEO be defined
by (42) and (61), respectively. By means of (42), (56), (61), and
(64), we deduce that for any x = {xn}nez,3> y = {)’n}nezﬁ €
Qup(N,M),andn > T,

(Urx), + (Sy),
= ! < —L-x,,.
Yu+r

+ Z f( b2 Vi)

t=n+t 9

+ Z Z—[(t—s+1)h(t > Vi, ..,ydkt)

S=n+Tt=s s

(6 Ve Ye,)]

S0 <,you,-.-,y%>—n1)

j=n+ts=jt=s

35 )

< ! <—L—M—min{L—ﬁ—N,M—M—L}>
Vare c d c
-M
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Yo+t d C
-N

2 >
Y+

(65)

which mean that Uy x + Sy € Qzp(N, M). The rest of the
proof is similar to that of Theorem 9 and hence is omitted.
This completes the proof. O

Theorem 13. Assume that there exist constants n; € N, , M,
and N with M > N > 0 and nonnegative sequences {W,},en, >

{Pubnen,,» {Qubnen, > and {Ry}en,  satisfying (12), (13), and

Y.=1, Vn>n,. (66)

Then (2) possesses uncountably many bounded positive solu-
tions in Q; (N, M)

Proof. Let L € (N, M). Equation (13) ensures that there exists
T > ny + n, + 7 + | f| sufficiently large such that

(o) [c e i) 1
—L —t-s+1 P
2Tal* 2 2qag (€ -s QxR
+§§§:t 5+1(R Inl) (67)
Jj=T s=j t=s |]'

<min{M - L, L- N}.
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Define a mapping S, : Q;(N, M) — [ by

00 n+2it-1

13 S L(n

i=1 t=n+(2i-1)t t
0o n+2it-1 0

Y Y Y E[-s+)
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(SLx)n oo n+2it-1 o0

_Z Z Zit s+1

i=1 j=n+(2i-1)T s=j t=s
[p(t’xolr""’xokt)

_rt] >
n>T,
B<n<T,
(68)

for each x = {xn}nelﬁ € O (N, M). In view of (12), (67), and
(68), we deduce that for every x = {xn}nez‘2 € Q;(N,M) and
n>T,

I(SLx)n - L

L (SLx)T’
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SOy (b
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o0 00 o0 _
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S

<min{M - L,L - N},
(69)
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which means that S; (Q,(N, M)) € Q;(N, M) and ||S;x|| <
M for all x € Q,(N, M). It follows from (13) that for each
e > 0, there exists V' > T satisfying (22). Using (22) and
(68), we obtain that for any x = {xn}nezﬁ € OQ;(N,M) and
m,n>YV,

|(82%),,, = (S.x),
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(70)

which yields that S; (Q; (N, M)) is uniformly Cauchy.

Now we prove that S; is continuous in (N, M). Sup-
pose that {x}, .y is an arbitrary sequence in Q;(N, M)
and x € Q;(N,M) with lim,,_, x™ = x, where x™ =
{x;"}nezﬁ for each m € N and x = {xn}nezﬁ. Using (12),

(13), lim,,, |, . ,x™ = x, and the continuity of f, g,h, and p,
we conclude that for given € > 0, there exist T}, T, T5, and
T, e Nwith T, > T; > T, > T} > T satisfying (19) and (20).

It follows from (19), (20), and (68) that
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1 m m
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(71)

which implies that S; is continuous in Q,(N,M). Thus
Lemma 4 means that S; possesses a fixed point x = {xn}nezﬁ €

Q, (N, M); that is,

oo n+2it—-1

Xp = L+ Z Z lf (t’ xblt """ xbkt)

i=1t=n+(Q2i—-1)t "t
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which means that Proof. Let L € (N, M). It follows from (76) that there exists
T > ny +n, + 7 + | B| sufficiently large such that
(oo} o0
W,
A(a,A(x, +x,_.)) + Af (n, E .,xbkn) ;t=;ﬁ|at|
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(77)
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<min{M -L,L- N}.
Vnz2T+1, Define a mapping S : Q;(N, M) — I’ by
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o0 o0
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1
i=1s=ntit t=s %
[(t—5+l)h(t,xdlt,...,xdkt) (78)
= 3 —g(tx RERRFE 2%
which yields that x = {xn}nezﬁ € Q,(N,M) is bounded

v v o vnet-s+l
positive solution of (2). The rest of the proof is similar to that _Z Z Z
of Theorem 6 and is omitted. This completes the proof. [ i=lj=mtiT s=j1=s
X [p (t)xolt)”',xokt) - rt] ,

n>T,

Theorem 14. Assume that there exist constants n; € N, ,
M, and N with M > N > 0 and nonnegative sequences (L) Bsn<T,

{Wﬂ}ﬂeNno’ {Pﬂ}nENno’ {Qﬂ}nENno’ and {R"}"ENno satisfying (12) forall x = {xn}nezl3 € O,(N, M). By virtue of (12), (77), and

and (78), we know that for every x = {xn}nezﬁ € O;(N,M) and
n>T,
|(SLx)n - L|

y,=-1, Vn>mn; (75)
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Then (2) possesses uncountably many bounded positive solution n Z Z i [(t-s+1)Q, +P,]

in QI(N, M) i=1 s=n+it t=$ |a5|
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(79)

which means that §;(Q;(N,M)) € Q;(N, M) and ||S;x|| <
M for each x € Q,(N, M).

Next we prove that S; (Q; (N, M)) is uniformly Cauchy. It
follows from (76) that for any given € > 0 there exists T* > T
with
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which yields that §; (Q; (N, M)) is uniformly Cauchy.

Now we prove that S; is continuous in Q, (N, M). Sup-
pose that {x™},, .y is an arbitrary sequence in Q; (N, M) and
x € Q;(N, M) with lim,, , ,x™ = x, where x"" = {x;”}nezt3
foreachm € Nand x = {xn}nez,}- By (12), (76), lim,,, _, ., X" =
x, and the continuity of f, g, h, and p, we get that for given
e > 0, there exist T}, T,,T5, Ty, and T5 € N with Ty > T, >
Ty > T, > T; > T satisfying

Sy
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which yields that S; is continuous in Q,(N, M). It follows
from Lemmas 2 and 4 that S} has a fixed point x = {xn}nezﬁ €

Q,(N, M); that is,
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-9 (t’ xclt’ o ’kar)]
DIDIDN ey
i=1j=n+it s=j t=s j
X [p(t,xon,...,xakt) - rt] ,
Vn>T+1,
(o] o0 1
=L Z Z a_f(t’xbn""’xbkt)
i=1 t=n+(i-1) 't
[ee] o0 (o) 1
L X 2o
i=1 s=n+(i—-1)r t=s S
X [(t -s+ l)h(t,xdu,...,xdkt)
-9 (t’ xclt""’xckt)]
. i": i": ii":t -s+1
i=1j=n+(i-1)1 s=j t=s
X [p(t,xo“,...,xokt) - rt] ,
Vn>T+rT,
(85)
which imply that
A('xl’l xn—‘r)
= ‘ainf('“bl SN,
—Z— [(t—n+ 1)h(t X4, ,...,xdkr)
t=n Vl (86)
-9 (t’ xClt’ Tt ’xfkt)]
oo 0
+ZZt5+WP@%w~%J—d,
S=N t=s
Vn>T+r1,
which yields that
A (a,A(x, —x, )+ A f (n, Xp 5eees th)

+ Azg (n, X oo x%) + Ah (n, Xg oeee ,xdkn) (87)

+p(n,x0m,...,x0kn) =t, Yn>T+1

that is, x = {xn}nezﬁ € Q,(N,M) is a bounded positive
solution of (2). The rest of the proof is similar to that of
Theorem 6 and is omitted. This is completes proof. O
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4. Applications

Now we display nine examples as applications of the results
presented in Section 3.

Example 1. Consider the fourth order nonlinear neutral delay
difference equation:

3 5 (-1)"n?
A ((1’1 +2n)A(xn+ mxn_.r))

3 17 5
+ A (nxnz_n +Vnx,,_, — Vn-— 3)

A2 (—1)"9@%{3 +5n° + 1
Vn? =17 (xb_, +3n% +2)

A < 12+/n - x3,_cos” (n°x3,_,) >
+

2+n° |x2n_1|

(88)

n-1_ 11 9
(-1)"""nsin (nxn3_3n)

+
V2 +2n+5 (1 + xi§_3n) +n®
A +2n-1
n+1)2 V32 +7
Vn>7.

It follows from Theorem 6 that (88) possesses uncountably
many bounded positive solutions in Q, (N, M).

Example 2. Consider the fourth order nonlinear neutral
delay difference equation:

8 (0 (s e )
AP < xflts + 2 )
x84+ (n+3)*
L < (=112 )
Xy + 10+ [c0s (3,17

fo sin\/n+x2_, - nt (89)

+A
7 6 4 3
n’ + x5 costy[|x3_ | +n
8 6
X5n-o"

n° + |nxs,_osin’ (n? + 1)]

cos (n3 -2n+ 3)

n*+V3n-1

Vn>1.

It follows from Theorem 7 that (89) possesses uncountably
many bounded positive solutions in Q, (N, M).

Abstract and Applied Analysis

Example 3. Consider the fourth order nonlinear neutral
delay difference equation:

A3<(n7—n3+2)
2 42
A <xn B 4n°cos (3n + Z)an>>

5n% + 2n

+A° (\/n - 9x23_5x5 )

n+11

. A2 ( Vn+3x3, - V2n+5x7 )

5 2 2
W+ 3nx, X,

(90)

4
T A (xn—7 T X I’l)
|(n +x,.5) (n+ xn4_1)3' +1

2.3 5
nx, sx, ,+Inn

n+xt , +(n+ xnz_3)6

(_1)n+1 (4715 _ 3)
W +4n +5

Vn>9.

Theorem 8 implies that (90) possesses uncountably many
bounded positive solutions in Q, (N, M).

Example 4. Consider the fourth order nonlinear neutral
delay difference equation:

A? <n3A (xn +/In (31 - 134n)xn_r)>

A3 2n+x;,_,cos/n
+
(n+xy,5) (n+1)°+72

7 wind (14243
nxnssm (Yl Xn5>

+A? <
(\/n +2+ 3)

+A ( Xos— (-1)"'n ) D
n2 +1+ (xn+6 + \/ﬁ)lo

2. 27
n+ X518

nB+x3, |C053 (”xgn—m)l

n —n'l -2
n'> + 36

Vn > 15.

Theorem 9 yields that (91) has uncountably many bounded
positive solutions in [’
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Example 5. Consider the fourth order nonlinear neutral

delay difference equation:

3 n 2 1\"
A ((—1) nln"nA <xn+ <1 + ;) xn_T>>

A3 ( \/ﬁxi_4 - xfz—4 +1 )

n° +1In(1+x% )

+ A2 < X, g ~ X, g ﬁ)
b+ (xhg — ”)4
. A( x, ¢~ (-1)"n )
n® +1n’ (n+ x5 ()
cos (n —1In (1 + xfl_7))

n° + cos® (nx?_,) + 1

B n”—n+(-1)"
P +3n+1

Vn > 10.
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Example 7. Consider the fourth order nonlinear neutral delay
difference equation:

A (—nSA (xn - (3 - singn) xn_r))

A7 ( 7’ In (n + xi_m) - xf;—3o >

25 8
ne + X,-30

A2 n3xzz_1 - nxflz_l - cos (ns)
ns! + (nx32 - 1)2
n -1
(94)
(92) +A( nsxf,_z—n+3 )
n'é + (n® - le—z)z

8 5.2 3
no+3TX, X,

+
58 4 22 _ < (153
n°8 + n?2 — sin (n°x>_,

. n25 + (_l)nnll -1

, Vn>1.
! +33n+5

Theorem 12 guarantees that (94) possesses uncountably many
bounded positive solutions in l;o.

Theorem 10 guarantees that (92) possesses uncountably many

bounded positive solutions in l;o.

Example 8. Consider the fourth order nonlinear neutral
delay difference equation:

Example 6. Consider the fourth order nonlinear neutral

delay difference equation:

3( n*+2n

3
mA (Xn - (1’[ - 16) xn—‘r))

+A? (\/n2 — 2ncos’ (”xi—s))

2
+ A2 <xz22n+3ln (n-13) )

R P |

4 . 2
nx,_,q Sin (xm19 + n)
+A

9 6
nw+2n+x, 4

2. 16 4
n“sin (n + xn_13)

(n+ xﬁ—n)s
1™ (n’ +11)

= - -, Yn>18.
(n+2)Y(n+5)

Theorem 11 ensures that (93) possesses uncountably many

bounded positive solutions in lZ°.

3 -1 3
A (D" m+2)°A (x, + %))
4. 5 2
N X2 o X
+A3<3 229’1437 >
n +|xnz_9—nxn_4
4 2 3
n o+ X, _ X5
+A2 - n—-1""n"-3
n® +In (n2+x23_3)

. (98 9
N A( sin (n xnfsznfé) 2) (95)

19

(93) n° + (n+2x% x10

2 6 14
In (n + xn2717xn_6)

n'® + (2x,2_17 + xn,G)2

(=1)"m D2 687 (3n5 + 1)

nw+n+3

Vn > 8.

It follows from Theorem 13 that (95) possesses uncountably
many bounded positive solutions in Q(N, M).
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Example 9. Consider the fourth order nonlinear neutral
delay difference equation:

A’ (n”A (x, - xn,r))
+A° (\/ﬁxgn_sxgn_l —sin® (arctan (n2 + 1)))

3 4 5
n o+ X, X,

2 2_
+A 2
(n+x5_)" +|x,_, — nx?
n-7 n-7 -2
3 4( 2, 2
X,_joln (n + xn3_3)
+ A

9 (96)
(n + xﬁfloxf,3_3) (n+2)"

2\ .2 9
N (3 —-n )x3n—2 —hX,

n + |x3n—2xn—9|

- (-n" (n2 - 1) cos’ (n— /n)

n'® + 1518 + 1

>

Vn=>11.

Theorem 14 means that (96) possesses uncountably many
bounded positive solutions in Q(N, M).
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