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We study the regularity criterion for the 3D nematic liquid crystal flows in the framework of anisotropic Lebesgue space. More
precisely, we proved some sufficient conditions in terms of velocity or the fractional derivative of velocity in one direction.

1. Introduction

This paper is devoted to the regularity criterion for the three-
dimensional nematic liquid crystal flows:

u +w-VYu+Vp—vAu=-AV.-(Vd o Vd),

X € R3, t>0,

. 1)
di+w-V)d=y(Ad- f(d)), x€R,t>0,
V-u=0, x€eR, t>0,

with initial data
(u> d) |t:0 = (u(), d()) , X € RS, (2)

where u(x,t) is the velocity field, d(x,t) represents the
macroscopic average of the nematic liquid crystal orientation
field, and p(x, t) is the scalar pressure. The symbol Vd © Vd
denotes a matrix whose (i, j)th entry is given by 0,d - 9;d for
1 <i,j < 3;here f(d) = (1/€*)(|d|*~1)d. Since the sizes of the
viscosity constants ¥, A, y, € do not play important roles in our
proof, for simplicity, we assume all these positive constants to
be one.

The hydrodynamic theory of liquid crystals was estab-
lished by Ericksen and Leslie [1-4]; the model (1) is a
simplified system of Ericksen-Leslie model which was first
introduced by Lin in [5], and one of the most significant

works is given by Lin and Liu [6]; more precisely, they
established global existence for weak solutions and classical
solutions. Recently, Liu et al. in [7] established the regularity
criterion for (1) as follows:

T
Bu(T)ﬂadT<oo, withz+i£1,(x>3.
o 17 L B

R

3)

One may refer to some interesting and important regularity
criteria of nematic liquid crystal flows studied by many
authors (see, e.g., [8-13] and the references therein). When d
is constant, the system (1) becomes the well-known Navier-
Stokes equations. The regularity of solutions to the 3D NS
equations has been widely investigated during the past fifty
years; see, for example, [14-22] and so on. The aim of this
paper is to establish a new regularity criterion by providing
sufficient condition in terms of velocity or the fractional deri-
vative of velocity in one direction in the framework of aniso-
tropic Lebesgue space.

Throughout the paper, the norm of the Lebesgue spaces
LP(R%) is denoted by |-l and denoted the directional
derivatives of a function ¢ by ;¢ = (9¢/dx;) (i = 1,2,3),

the symbol ff(x)dx = ng fX)dx, A; = \/_\az‘2>A = V-4,
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el , = (ol [P dx) P dx; d)', and (G, j, k)
belongs to the permutation group S = span{l, 2, 3}. Denote

1 2
E = 5 2) 23_ - 1 bl
. {(ycx)e( 0] Y+0¢< }

1_
<1, M<l}.
o—2

(4)

3—-ar

E, = {(x € (2,00],

Theorem 1. Let (u,d,) € HY(R®) x HX(R®) with the initial
data divu, = 0, and let the pair (u,b) be the weak solution to
the liquid crystal flows (1)-(2) on [0, T') for some 0 < T < oo. If
u satisfies

2 21
ﬁad‘l'<00, with —+ —+ - <1
L%, ﬁ

« y (5

(y») € Ey,

T
[ Iwcon
0

then (u, d) can be extended beyond T.

Theorem 2. Let (u,d,) € HY(R®) x HX(R?) with the initial
data divu, = 0, and let the pair (u, b) be the weak solution to
the liquid crystal flows (1)-(2) on [0, T') for some 0 < T < co. If
u satisfies

dT<oo, with
1 . 1
1+—, a€(2,0)), lfr€<—,1],
fo o

< jJor
ifr = s
o

(6)

+

Q|w

I

1+r, «a€kE,,

then (u, d) can be extended beyond T.

Corollary 3. Under the assumption of Theorem 2, if we fix
r = 1, then the sufficient condition is that

2 3 1
with — + — <1+ —,
B«

T
j [0 (@)[[E.dr < o,
0

Q

7)

« € (2,00).

Remark 4. Comparing with the corresponding results in
[7], it is obvious that the conclusion of Corollary 3 is an
improvement version of Theorem 1.1 in [7] in some sense.

2. The Proof of Theorems 1 and 2

In this section, we will prove Theorems 1 and 2. For con-
venience, we first recall the following three-dimensional
Sobolev and Ladyzhenskaya inequalities in the whole space
(see, e.g., [23-25]).
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Lemma5. Let2 < q<6,2< p<oo,and2 <r,s < oo.
There hold that

(6-q)/ (q-2)/ )/ )/
lolls < Clelis ™ ol aglix ™" oselis ™",

( 2)/2
llel.: | | < clellagl e
k
(1/r)=(2/s) / 1/s /
Iolisis o = ClA"" o0l o0 et

(8)

Proof of Theorem 1. Suppose that [0, T™) is the maximal inter-
val of the existence of the local smooth solution. If T* > T,
then there is nothing to prove; on the other side, for T* < T,
our strategy is to show that

limsup (V1 (, Ol + 184 . 0I:) <€ (9)

T

under the assumption (5). As a result, the interval [0,T*)
cannot be a maximal interval of existence, which leads to a
contradiction.

We multiply (1), by u and integrate over R* and, similarly,
multiply (1), by ~Ad + f(d) and integrate over R’ and then by
adding two results above and using the fact that V-(VdoVd) =
V(IVd|*/2) + AdVd, we obtain

%%JQ P 1val + 5 (14 - 1)) dx

4 I (1Vul + |Ad - £ (@) dx = 0.

Here we used the facts that dive = 0 and (u - Vu,u) =
(u,Vp) = (u-vd, f(d)) = (1, V(|d|*/2)) = 0;here (-, -) denotes
the usual inner product of L*(R?), which implies

leell oo, 2y + Nl 20, meny < C. 1)

(10)

Besides, we multiply (1), by |d|*d and integrate over R’
and get

éjt j ulCdx + I (511 1VdP* + |d)*) dx = I 1|0 dx,
(12)
which implies
Il (s )l om0y < Clldo|l s < Clldo - (13)
Multiplying the first equation of (1) by —Au and inte-

grating over R’. Similarly, by taking A on both sides of the
second equation of (1), by multiplying the resulting equation
by Ad, by integrating over R’, and then by adding two results
above and taking the divergence-free condition div u = 0 into
account, we obtain

1d

2dt
=J'(u‘V)u-Audx

— (IVul?: + 1AdI2: ) + lAully: + VA7

(14)
3
-2y I Vu,d.VdAd dx - I Af (d) Ad dx

i=1

=1, +1,+1.
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In the following, we establish the bounds of I, -1, for the
first term I;; thanks to Lemma 5 and using Young’s inequality,
we have

I < J |u| |Vu| |Au| dx

1 Aul 2

2¢x/(o( 2)

< el |,

1-(1/y)-(2/e)
< Cliuis |, 1922 el

(15)
x oy Vulll/“Ha e A B T

1-(1 2 (1/y)+2/a)+1
< Clelzy o W92y w7

20y/(ay—2y-«)

2
—||Au||Lz + il IVl

For the second term I, similar to estimate of I;, we have

3
L=-2) J Vu,0,VdAd dx

i=1

3
=23 | (40,20,d0d dx + u29,d0,Ad) dx

tryTrg
i,j=1
< cj jul [V?d] [VAd] dx a16)
1-(1 2
< Cllliy ], nadiy e

x [y Adn““ua ad[ 1 [0, ad ] VAl

2ay/(ay-2y-a)

—||VAd||Lz + Ol |1 ladz.

For the term I, using Holder’s inequality, Young’s inequality,
and (13), one has

- [ ar@addx = [ v(1ard)- vadds + jady;

-3 j \dPVd - VAd dx + [AdI
< ClldlI3s IVl s IVAdll 2 + 1A

1
< andu; + CllAd]3..
17)

Substituting the above estimates (15)-(17) into (14), we obtain

d
7 (IVull: + 18dI: ) + 1Aul: + VA

(18)
IVully: + ClAdIz..

20/ (ay—-2y-a)
<C (1 + ||||u||Ly )

Integrating (18) from 0 to ¢, using Hélder’s inequality and
Young’s inequality, one has

1Vul + 1A + J (1Aull. + VA ) dr

<c[

x (IVull}, + nAduiz) dr + |V |12 + | Ady | 7.

Zocy/(ow 2y- rx)) (19)

Finally, applying Gronwall’s inequality and using condi-
tion (5), then (u, d) can be extended beyond T'. This completes
the proof of Theorem 1. O

Proof of Theorem 2. Whenr € [0, 1/«), combining Theorem 1
and using the following imbedding theorem, one can get the
conclusion that

([ (20)
When r € (1/a, 1), our strategy is to show that
‘ 2 3 1
j IWu@fdr <o, 2+ <1+ ae@o0)
0 B« a
(21)

is a sufficient condition. We can verify that integral term
I u(o)|l L ||26/ ©-2) 47 satisfies the conditions of Theorem 1

with § € (2, oo) Applying Lemma 5, Hélder’s inequality, and
the interpolation theorem, one can conclude that, for § €
[a(2r + 1)/ra, a],

([ e (A e e
i

2] 1-60
<Cllulz|,,

o -0
<ty | Il

(22)

20 (p 2)0/2p
< Clull 2 Jo;ul

o G T

< ClulY P 1vul e | A7) 1.0

L* >

where 1/6 = (0/p) + (1 — 0)/a) with 0 = 2(rac — 1)/ (2(rax —
1) + «) and we have used the fact that 6 > ((2r + 1)a — 2)/ar
implies p > 2. Using Hélder’s inequality, one has

j [T

460/ p(6-2) 280(p-2)/p(6-2)
[u 1200702 20020



2(1—9)8/(6—2)dT

x | A u|

486/ p(5-2)
LeL?

L pea-ase-m ,
x O”Ai’"“vx dr)

280(p-2)/p(3-2)

< Cllu
Jul e

[Vul

(23)

where 7 = p(§ - 2)/(p(8 —2) — 86(p — 2)).
According to the fact that 1/§ = (0/p) + ((1 — 0)/«) and
0=2(ra —1)/2(ra — 1) + ), we have

2(1-6)6
5-2
_ 2p8 (1-6) _ 26(1-6)
p(®-2)-80(p-2) 6-2-060(1-(2/p))
~ 28 (1-6)
8 -2-00+28(1/8)-28((1-6)/a) @4
~ 25(1-0) _ 2(1-96)
C8-00-(20(1-0)/a) 1-0-2(1-6)/«)
20 (1 -0) 20

T a-ab-2(1-6) Ta-2

This together with Theorem1 gives the desired result of
Theorem 2. O
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