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A six-component super-Ablowitz-Kaup-Newell-Segur (-AKNS) hierarchy is proposed by the zero curvature equation associated
with Lie superalgebras. Supertrace identity is used to furnish the super-Hamiltonian structures for the resulting nonlinear
superintegrable hierarchy. Furthermore, we derive the infinite conservation laws of the first two nonlinear super-AKNS equations
in the hierarchy by utilizing spectral parameter expansions. PACS: 02.30.1k; 02.30.Jr; 02.20.Sv.

1. Introduction

It is well known that many physically important integrable
partial differential equations belong to the Ablowitz-Kaup-
Newell-Segur (AKNS) hierarchy [1-3], such as the KdV
equation, the mKdV equation, the nonlinear Schrédinger
equation, the Sin-Gordon equation, and the mixed KdV-
mKdV equation. The AKNS hierarchy is based on the
Zakharov and Shabat [4] spectral problem
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It possesses Lax representation, Hamiltonian structures, and
infinitely many conserved quantities and can be solved by
the method of inverse scattering, Hirota method, Darboux
transform, and others.

The superintegrable systems had already aroused strong
interest in theoretical physics [5, 6], where the fermion fields
are added and equally treated with the boson fields. Many
classical integrable equations have been extended to the super
ones by adding fermion fields, such as the super-AKNS
[6-10], the super-KdV [5], the super-Dirac [9, 11, 12], and
the super-Kadomtsev Petviashvili (KP) [13-15]. The super-
AKNS hierarchy was first proposed in [6] based on the
superalgebra sl(2,R). Extension of this work to other and

higher dimensional superalgebras is given in [16]. The super-
AKNS matrix superspectral problem is
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where 3, o, and f are fermion fields. It reduces to the spectral
AKNS’s system as o« = 3 = 0.

In this paper, we consider a new 3x3 matrix superspectral
problem which generates a six-component super-AKNS hier-
archy. As we will show this spectral problem takes the spectral
AKNS’s system and super-AKNS’s system as special cases.

The paper is organized as follows. In Section 2, we will
construct a six-component super-AKNS hierarchy related
to the 3 x 3 matrix superspectral problem. In Section 3,
we present the super-Hamiltonian structures for the six-
component super-AKNS hierarchy with the help of the
supertrace identity. In Section 4, we consider some special
reductions of the superintegrable hierarchy. In Section 5,
we derive the infinite conservation laws for the associated
hierarchy. The last section contains concluding remarks.
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2. A Six-Component Super-AKNS Hierarchy

In this section, we will derive a new six-component super-
AKNS hierarchy associated with the 3 x 3 matrix spectral
problem. Let & be a commutative superalgebra over R and
@ a matrix loop superalgebra over & with the nondegenerate
Killing form. We take a matrix superspectral problem

¢
o =Up=UwN)p, ¢= <$z>

A q «
U= < r A ﬁ1>,
B, « O

where ¢, and ¢, denote the partial derivatives with respect to
xand t,u = (g7, 0,0, B, 5,)" € €° is a potential consist-
ing of commuting and anticommuting variables, g, 7, A, ¢,, ¢,
are the commuting variables, which can be indicated by the
degree p as p(q) = p(r) = p(A) = p(¢;) = p(¢,) = 0, and
&y, &, B, By ¢ are the anticommuting variables, which can
be indicated by the degree p as p(«;) = pla,) = p(B)) =
p(B,) = p(¢;) = 1. Here A is assumed to be a constant
spectral parameter (i.e., A, = 0).

Let us find the following temporal evolution equation
associated with (3):

(3)
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where A, B,C, and G are commuting fields and p, §, ¢, and 7
are anticommuting fields. From the stationary zero curvature
equation

Ve =[UV], )
it gives rise to
A, =2qC-2rB+aje — 17— a0 + Byp,
B, = 2AB—gA + oy T + a,p,
C, =2AC+rA+ e+ 3,0,
G, =oe+ BT+ a0 + SByp,
Y s 1 1
=-Ap+gqg _E‘XlA"' E“IG_ﬁlB’ (6)
1 1
O, =A0+rp-a,C+ zﬁlA + EﬂlG’

1 1
=-AT—-qe— E“ZA - zoch + B,B,

1
g =e—1rT+a,C+ EﬁZA - EﬁZG.
We put A, B,C, G, p,d, ¢, and 7 to be polynomial of A:

(e8] [ee]
A=YAA"  B=)YBA",

m=>0 m>0
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C= icmr’”, G= iGm)r'",
m=0 m=>0
p= OZO:pmA_m, €= ism/\_m,
m=0 m=>0
8= iamrm, T= irml_m,
m=0 m=>0

7)

and substituting (7) into (6) and equating the coefficients of
A, we obtain

Am,x = zqcm - Zer + o€, — ﬁle - “26141 + ﬁme’

Bm,x = _ZBm+1 - qu T T, + 0P

Cm,x = 2Cm+1 + rAm + ﬁlgm + /328m>

Gm,x = (Xlsm + ﬁle + “26m + ﬁanv

1 1
Py = ~Pme1 + 90 — “1A + 0‘1 = BB, (8)

1 1
(Sm,x = 6m+1 + Py — alcm + EﬁlAm + Eﬁle’

l 1
g Am - EaZGm + ﬁZBrrv

m,x = m+1

1

_ﬁZGm'

1
mx — Emi1 ~ Ty ‘xZCm + EﬂZAm - 2

Upon choosing the initial data

Ay = -2, By=Co=py=0;=¢=17=0,

)

G, = —g, = constant,

then the recursion relations in (8) uniquely define a series of
sets of differential polynomial functions in u with respect to
x. The first two sets are as follows:

B, =g, C =

1 1
P1 =‘E“1 (90-2), T = 50‘2 (90 +2),

1 1
o, = 5/31 (90 +2), & =_5/32 (90-2),

= L (7 + 90B1B2) »

1
) (‘Ix - 90“10‘2) > G, >

1
P =0t 590 (“1,x +qpy)s

(“2 x ‘1/52)

Ty = =0 x — 2
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1
0, =P+ Ego (ﬁl,x +70),
1
Ay =qr+af,-ap - Ego (2B, + ),
1
& = /32,x - Ego (ﬁZ,x - rcxz) >

1
G, =+ oyf — 590 (0B =y B) -
(10)

From the recursion relations in (8), we can obtain the
hereditary recursion operator L which satisfies that

T
(Cm+1’ Bm+1> &+ T > 5m+1’ Pm+1)
. (11)
= L(Cm’ Bm’ &> " Tm> (Srw pm) >

Ly; Ly; Lys
L=\ Ly Ly Ly ),
L3 Ls; L

—%a + raflq —r0

where

Ly =

>

_ 1 1 -
qo lq—E(xl Ea-qa r

Toly Tyt
L12:< Za % Za ﬁ1>,
—a_l(xl a_lﬁl
T
20 '8,
1 >

—871042 aflﬁz - 5“2

—0, = B,07'q B0 'r
Ly = 51 >

07+ B, (12)

- 1, .- _
. <—a—a g~ B ey 1 B ﬁ)

q+0,0 'y 0

L (/3261% 0 )
s 0 _“za_lﬁz ’
-0+ /316_1‘1 —ﬁla_lr
Ls = ocla_lq —o,07'r + B’

—,818_1041 0
Ls, = -1 >
0 0 B

-0 r+B,07' B,
Ly = .
2T\t 04978 - S B,

3
Taking
A . +G;
jTYj
" B; Pj
(n) n _ n—j
1 =(AV)+=Z(; . Aj+G; 5. | 7/
Jj= J 2 J
g G
(13)

here (1"V), denotes the polynomial part of A"V
The compatibility conditions (i.e., zero curvature equa-
tion)

U -V +[u,v?] =0 (14)
of the matrix superspectral problems
$.=Up, ¢ =V"¢, n=>0, (15)

determine a new six-component super-AKNS integrable
soliton hierarchy

g _23n+1
r 2Cn+1
* “Pr+1
u, = =K, (u) = , n=0

n ﬁl " 6n+1
%) Tl
ﬁg t, En+1

(16)

3. The Super-Hamiltonian Structures

In this section, we will establish the super-Hamiltonian
structure of the six-component super-AKNS hierarchy by
supertrace identity [9, 17]

LI P
auJStr(VaA>dx—/\ Svse(vES), )

where the constant y is determined by

Ad
=—-=— . 18
y > In [Str (VV)] (18)

Through direct calculations, we have

Str <Va—U> =-A, Str (Va—U> =C,
oA 0q
Str (Va—U> =B, Str (Va—U> = —¢,
or oa,
(19)
Str (Va—U> = -1, Str <Va—U) =94,
9B, oa,

ou
Str (V—) =p.
9B,
Substituting the above results into the supertrace identity (17)
yields that

)

., 0 T
O cAdx =272 N(C, B -6, -1,8, p)". 20
&J x it (CB-e-1.0,p) (20)



Comparing the coefficients of A% on both sides of (20)
gives rise to

m+1

6 m+1

EJ—Amﬂdx:(y—m—l) :i’”“ , m=>0.
8m+1

Pm+1
(1)

By employing the computing formula (18) on the constant v,
we obtain y = 0. Thus we have

Cm-*—l

m+1

8 | ~Emn | %mzj 2 A dx,

m > 0.
Su ~Tt1 m+1

(22)

It then follows that the superintegrable hierarchy (16) pos-
sesses the following super-Hamiltonian form:

LI (23)

uy, = K, () = J=,

where the super-Hamiltonian operator J is given by

0-2 0 00 0
20 0000
00 0 O0O0-1
J= 00 0010 (24)
00 0100
00 -100 0

We note that the recursion operator L is an integrodif-
ferential operator, but the generalized superintegrable system
(23) is pure differential equations according to [12].

4. Reductions

We now consider the possible reductions of our six-
component super-AKNS hierarchy.

Assuming «; = o, = f3; = 5, = 0, hierarchy (23) reduces
to the classical AKNS hierarchy [1]. Taking o, = -, 3, =
B> we can have the super-AKNS hierarchy [6, 9, 10].

When n = 1 in (23), we obtain the first-order nonlinear
superintegrable equations

s, = 4x — Go%*1%2>

1, =Tyt GoPiPos
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1 1
Xpp, = KX — zgoal,x - E%‘ng

1 1
Cop =0t Egoaz,x - EQOQﬁp

1 1
Bie, =Bixt Egolgl,x + Ego”“p

1 1
Baot, = Pox — Egoﬁz,x + Egoro‘r
(25)

Taking n = 2 in (23), we can obtain the second-order
nonlinear superintegrable equations

qi, = _%‘ch + qzr +(g0-1) (“1,x“2 - qoyf3,)
= (g0 + 1) (o000 + g 3,)

Ty, = %rxx - qrz +(go+1) (ﬁl,xﬁz +70,3)
+(g0 = 1) (rau o = BoxPBr)»

1 1
(Xl,tz = <§g0 - 1>0¢l,xx + E (gO - l)ﬁqu - qﬁl,x

1
+ 5 (1-go) gre, — o8,

1 1 (26)
%oty = <_Ego - 1) Koxx T 5 (9o + 1) Brgy + P«
1
+ 5 (1+gp) gra, — g, 35,
1 1
By, = zgo +1) Byt 5 (go+ 1) ayr, + Ty
1
== (1+g0)arBy + a1 B,
2
1 1
ﬁz,t2 =\ 1=290 ) Boxx + 5 (g0~ 1) arrc — 1oy
2 2
1
+ 5 (90 = 1) qr, + 2 B Ba-
In particular, letting g, = 1 in (26), we have
1 2
qtz = _qux + qr- 2‘OCZ,xocl - 2q(x2ﬁ1’
1 2
rtz = Erxx —qr + zﬁl,x:BZ + 2”"2/31)
1
*,, = _Eal,xx = 4P — P
; (27)
‘)62,2 = _EaZ,xx + qux + Qﬁz,x tqro, - 0‘10‘2/32a
3
ﬁl,z = Eﬁl,xx +oyry +roay = qrPy + oy BB

1
ﬁz,z = EﬁZ,xx — 1oy, + B B
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and taking g, = —1, (26) becomes
1 2
i, = _qux +q°r = 200 0, + 290 35,

1 2
rtz = zrxx —qr + 2ﬁ2,xﬁl - 2ro‘lﬁZ’

3
x,, = _E(xl,xx = Biqx — qP1x + 2qray — oy By,
(28)

1
%, = _E“z,xx + P — 15,

1
ﬁltz = Eﬁl,xx +rog, + o B

3
B, = Eﬁz,xx =10 — 10— qrB, + ay i By

t

If we choose &) = —a, = &, 8, = 8, = B, and g, = 0, (26) can
be reduced to the second-order super-AKNS equations [10]

1 2
U, =50 T4 T+ 2qaf - 2y,

1
F = 3w~ 01 = 2= 2.
(29)

1 1
o ==, —qP+ 2o - quli

1 1
ﬁtz = /jxx tro, + Erx“ - Eqr/}’

which is just the coupled nonlinear Schrédinger equations,
also called Manakov equations

2
Up = —Uxx + UV,
(30)
2
V= Yy — uv,

asa=B=0,q=u, r=vt,=T,and x = 2X.

5. Infinite Conservation Laws

In what follows, we will derive infinite conservation laws
of (25) and (26). From the spectral problem (3), we can
introduce the variables

_$

¢5
-2 N=13
1 (31)

M = >
ol

and then we obtain
M, =7 +2AM + B,N — gM* — &, MN,
N, =5, +a,M + AN — gMN. G2
Next, we expand M and N as series of the spectral parameter
A,
0 0
M=YMMA7,  N=YN)T, (33)
=1 =1

where M are even, p(Mj) =0, and N; are odd, p(Nj) =1.

By substituting (33) into (32) and comparing the coefhi-
cients of A, we raise the recursion formulas for M i and N i

1
M;,, = 5 (""Sn,o +M;, - BN;
j-1 j-1
+qY MM, + o, ) MiN,; |,
I=1 I=1
(34)
(i=22),
Nj = —Bab0 + N, —a,M;
j-1
+q) M;N;;, (j=22).
=1
‘We write below the first few terms of M i and N i
1
M, = _5") Ny =B
1 1
M, _er + 1B Ny=-P, + ET“2>
1 1 1
M; = _g”xx + Eﬁl,xﬁz BB+ Zmzﬁl (35)

1 1,
+ —roy 3, + —gr’,
2 182 8‘1

3 1 1
Ny =Pt Z“zrx + Emz,x —a,piBy+ Eqrﬁz-

On the other hand, it is easy to see that

a (pl,x

or ot ¢1

0 0 0 0 0 iy
2% -2 = — bt
ot x 0891 = 5.5 108 H ox g OO

which implies

%(—A+qM+(x1N)=%(%(A+G)+BM+PN>’

(37)
and then the form of the conservation law is
‘ut = 1/x’ (38)
with the assumption that 4 = -A +gM + ¢, N, v = (1/2)(A +
G) + BM + pN.
With regard to (25), we have
A=-2), B=g, G = -goh,
| (39)
pP= (1 - Eg0>“1'
Expanding ¢ and v as
A A -(1 1 )A A,
7 + ]Z{ﬂ] v + 2go + j;v]

(40)



then we have

1
ptj:qu+oc1Nj, vj:qu+<1—zgo>oc1Nj,

(41)
i=1,

with the coefficients Wi and 2 which are called conserved
densities and currents, respectively. Then the first two con-
served densities and currents of (25) read

1
W= _Eqr - fr
1 1
W = _qux +qPifr— o fox t+ 57“1“27
1 1
vy = _5‘1” - (1 - E%) a1 (42)
1 1
vy = _qux +aPifs - <1 - E%) 1o x

1 1
+ 2 (1 - Eg())r(xlocz.

So the first two conservation laws of (25) are revealed as

(—%qr— “1ﬁ2>t = [—%qr - (1 - %.%)“1/32]}6’

1 1
<_‘q7’x +qPifr— Py + E”“l%)t

4
(43)
1 1
= [_qux +qp B, - (1 - E,%) o1 fBox
1 1
+5 (1 — Eg()) roclocz]x.
For (26), one infers
2 1 1
A=20"+gqr+ofy —onf - 5!]0“1.82 - 590“2/31)
2 1 1
G =-goA" + oy + o5 - 590“1/52 + 5900‘2/31’
(44)

1 1 1
p= (l - Eg()))\al + <Ego - 1)“1,x + 590‘1/31>
1 1
B=Agq- 59x T 590%1%-

If we write g and » as

p=-A+ iyjfj,

Y= —(1 + lg0>/\2 + Zvjkfj,
I 2 =

(45)
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the first two are
_ ! r—oyfB
= 2‘1 1P2>
1 1
W = _qux +qP1B — Py + 5"“1“2)
1
V1 = _590 (.Bz,x‘xl +rogo, + o, + aB:,)
1 1
- qux +qpif, + Z‘Jxr +oy B

1
+ B0y + Er(xlocz,

1 1 1
v, = —590 <“1,xﬁz,x + 5‘1’“2/31 + EqmlﬂZ = qPBaxBs

— 200,35, + /32,xx“1> +ay By

1 1 1
+ quzﬂl - E”“l,x‘xz - E”“z,x‘xl -6 B,

3 1,, 1
+ ﬁZ,xx(xl + er(xlaZ + gq ro— gqrxx
1 1
+ Eqﬁl,xBZ - qﬁZ,xﬁl + gqxrx

1 3
- quﬁlﬁZ + qu"ﬁﬁz-
(46)

The recursion relations for y; and v; (j > 1) are as follows:

uj = qu+<xle,

1 1
Vi =qMj, + 5 (goxy 0, — qx)Mj + (1 - }%) Ny

1 1
- <0‘1,x - Ego“u - z%‘ﬂgz) N,
(47)

where M i and N ; can be recursively calculated from (34).

Then we display the first two conservation laws of (26) as

nul,t = Vl,x’ ”Z,t = v2,x’ (48)

where y;, 4y, v, and v, are defined in (46).

6. Concluding Remarks

In this paper, we proposed a six-component super-AKNS sys-
tem from a 3 x 3 matrix superspectral problem. We obtained
the super-Hamiltonian structure and different reductions for
the superintegrable equations. Infinitely many conservation
laws were also considered. The obtained results supple-
ment the existing theories on the superintegrable systems.
The bosonization approach for supersymmetric systems is
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a powerful tool to generate exact solutions. The superinte-
grable system (23) may admit bosonization. This and other
related issues may be considered in further publication.
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