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Let f(x) be a smooth strictly convex solution of det(d* f /0x;0x;) = exp {(1/2) Y., x;(0f /0x;) — f} defined on a domain Q ¢ R";
then the graph My of Vf is a space-like self-shrinker of mean curvature flow in Pseudo-Euclidean space R>* with the indefinite
metric ) dx;dy;. In this paper, we prove a Bernstein theorem for complete self-shrinkers. As a corollary, we obtain if the Lagrangian
graph My, is complete in R and passes through the origin then it is flat.

1. Introduction

Let M be an n-dimensional submanifold immersed into
the Euclidean space R™"™. Mean curvature flow is a one-
parameter family X, = X(.t) of immersions X, : M —
R"™™ with corresponding images M, = X,(M) such that

d
aX(x,t):H(x,t), x € M, 0
X (x,0) = X (x)

is satisfied, where H(x,t) is the mean curvature vector of
M, at X(x,t) in R™™. Self-similar solutions to the mean
curvature flow play an important role in understanding the
behavior of the flow and the types of singularities. They satisfy
a system of quasilinear elliptic PDE of the second order as
follows:

1

=X 2)

2
where (-+-)* stands for the orthogonal projection into the
normal bundle NM.

Self-shrinkers in the ambient Euclidean space have been
studied by many authors; for example, see [1-6] and so forth.
For recent progress and related results, see the introduction
in [7]. When the ambient space is a pseudo-Euclidean space,
there are many classification works about self-shrinkers; for

example, see [8-13] and so forth. But very little is known
when self-shrinkers are complete not compact with respect
to induced metric from pseudo-Euclidean space. In this
paper, we will characterize self-shrinkers for Lagrangian
mean curvature flow in the pseudo-Euclidean space from this
aspect.

Let (xy,...,%,5 ¥1>--.>¥,) be null coordinates in 2n-
dimensional pseudo-Euclidean space R2". Then, the indef-
inite metric (cf. [14]) is defined by ds* = Y1 dxdy;.
Suppose f(x) is a smooth strictly convex function defined
on domain Q0 ¢ R". The graph My, of Vf can be written as
(x15...>%,50f/0xy,...,0f/0x,). Then, the induced Rieman-
nian metric on My is given by

n aZf
G =
;axiaxj

In particular, if function f satisfies

o f B v Of
det(@xiaxj) = exp <|5le6—)€1 - } , (4)

i=1

dx;dx;. (3)

then the graph My, of Vf is a space-like self-shrinking

solution for mean curvature flow in Rfl”.
Huang and Wang [12] and Chau et al. [8] have used
different methods to investigate the entire solutions to the
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above equation and showed that an entire smooth strictly
convex solution to (4) in R” is the quadratic polynomial
under the decay condition on Hessian of f. Later Ding and
Xin in [10] improve the previous ones in [8, 12] by removing
the additional assumption and prove the following.

Theorem 1. Any space-like entire graphic self-shrinking solu-
tion to Lagrangian mean curvature flow in R with the
indefinite metric Y ; dx;dy; is flat.

These rigidity results assume that the self-shrinker graphs
are entire. Namely, they are Euclidean complete. Here, we will
characterize the rigidity of self-shrinker graphs from another
completeness and pose the following problem.

If a graphic self-shrinker is complete with respect to
induced metric from ambient space R, then is it flat?

In this paper, we will use affine technique (see [15-18]) to
prove the following Bernstein theorem. As a corollary, it gives
a partial affirmative answer to the above problem.

Theorem 2. Let f(x) be a C™ strictly convex function defined
on a convex domain Q € R" satisfying the PDE (4). If there
is a positive constant o depending only on n such that the
hypersurface M = {(x, f(x))} in R™" is complete with respect
to the metric

o f
_exp{ D Xime }Z axiaxjdx,»dxj, ()

then f is the quadratic polynomial.

Remark 3. If f(x)is a strictly convex solution to (4), then the
graph {(x, Vf/2na)} is a minimal manifold in Rﬁ" endowed
with the conformal metric ds® = exp{-ax - y}dx - dy.

As a direct application of Theorem 2, we have the follow-
ing.

Corollary 4. Let f be a strictly convex C*™-function defined
on a convex domain Q ¢ R™. If the graph My, = {(x, Vf (x))}

inR2" is a complete space-like self-shrinker for mean curvature
flow and the sum }, x;(0f /0x;) has a lower bound, then My,
is flat.

When the shrinker passes through the origin especially,
we have the following corollary.

Corollary 5. If the graph Mgy = {(x, Vf(x))} in Rfl” is a
complete space-like self-shrinker for mean curvature flow and
passes through the origin, then Myy is flat.

2. Preliminaries

Let f(x,,...,x,) beastrictly convex C*°-function defined on

a domain Q) ¢ R". Consider the graph hypersurface
M ={(x, f (X)) | xpp1 = f (X155 %), (%155 %,) € Q(})
6
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For M, we choose the canonical relative normalization Y =
(0,0,...,1). Then, in terms of the language of the relative
affine differential geometry, the Calabi metric

G= Zf,-jdx,-dxj (7)

is the relative metric with respect to the normalization Y. For
the position vector y = (x;,...,x,, f(x;,...,x,)), we have

k
Yii = ZAijyk+ﬁjK (8)
where 7 denotes the covariant derivative with respect to the
Calabi metric G. We recall some fundamental formulas for

the graph M; for details, see [19]. The Levi-Civita connection
with respect to the metric G has the Christoffel symbols

1
= 3 2 ©

The Fubini-Pick tensor A ;. satisfies

1
e (10)

Consequently, for the relative Pick invariant, we have

—; il pjm ckn
/= dn(n-1) 2L i Fomn (11)

The Gauss integrability conditions and the Codazzi equations
read

h
Rijy = Z Vi (AjkmAhil - AikmAhjl) , (12)
Ajjkr = Ajji k- (13)

From (12), we get the Ricci tensor

h lj
Ry = Z ™f (AimlAhjk - AimkAhlj) . (14)
Introduce the Legendre transformation of f
of
==, i=12,...,n,
3 o,
(15)

u(&,....&,) = ixi% - f(x).

Define the functions

82f —1/(n+2) azu 1/(n+2)
o)) ()]

O = Zfij(lnp)i(lnp)j - "Vpill ’

(16)

here and later the norm || - || is defined with respect to the
Calabi metric. From the PDE (4), we obtain

1
2(n+2)

Olnp
ox

(f-u), = {fi —xfua. 7)

Y n+2)

i
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That is,
xi=y f5(fi—2(m+2)(Inp),). (18)
Using (17) and (18), we can get
Put7:=(1/2)Y f"f(p,./p) f;- From (19), we have
Ap = -gw +1p. (20)
By (17), we get
4+ 270 = |Vul® + |[VF - 2(f +u), @D
and then
IV(f + )| = 4(n +2)°® + 4 (f +u). (22)
Using (17) yields
A(f +u)=2n+(n+2)>0. (23)

Define a conformal Riemannian metric G := expl{a(f +u)}G,
where « is a constant.

Conformal Ricci Curvature. Denote by R the Ricci curvature

with respect to the metric G; then

n-2)a

~ (n- 2) o?
R;jj = R;; - T(f + “),ij

——(fru)(f+u);

n-2)a*

B=D 45 (14w )

(24)

—%(ocA(f+u)+

«»

where 7 again denotes the covariant derivation with respect
to the Calabi metric.

Using the above formulas, we can get the following crucial
estimates.

Proposition 6. Let f(x,,...,x,) be a C™ strictly convex
function satisfying PDE (4). Then, the following estimate holds:

2
A®2A1(V®,Vlnp)+i(v(eru))Vq»_AzIIVCDII
+A;0° + O,
(25)
where
_ _6i-n+16 __ 3 +3m
-1 Gn+ 4y 2T 8(-1)(Bn+4)
26)

64n° — 72n* — 46n - 72
5nin—1)(3Bn+4)

Ay =

Because its calculation is standard as in [16], we will give
its proof in the appendix.

For affine hyperspheres, Calabi in [20] calculated the
Laplacian of the Pick invariant J. Later, for a general convex
function, Li and Xu proved the following lemma in [17].

Lemma 7. The Laplacian of the relative Pick invariant |
satisfies

n+2 i rim ckn
A] = n(n Zflf] fk Al]k(lnp)lmn
, (n+2)" (27)
2 2 I+ 2
+n(n—1)”VA" +2] 1 o7,

(2

where 7 denotes the covariant derivative with respect to the
Calabi metric.

Using Lemma 7, we get the following corollary. For the
proof, see the appendix.

Corollary 8. Let f(x,,...,x,) be a C* strictly convex func-
tion satisfying PDE (4); then

AJ = J* =20(n +2)°®% + = (V] V(f+u))
(28)
+]=\nmn-1)|V(f+u)| 732,
3. Proof of Theorem 2
It is our aim to prove @ = 0; thus, from definition of p,
det (fl]) = const. (29)

everywhere on M. As in [8], by Euler homogeneous theorem,
we get Theorem 2.

Denote by s(p,, p) the geodesic distance function from
Po € M with respect to the metric G. For any positive number
a, let B,(py, G) := {p € M | s(py, p) < a}. Denote

o = max {(a2 - 52)2 exp {—a (f +u)} Q)} ,

B,(p0.G)

@ = max {(@ - ) exp -a(f +) 1]

(30)

Lemma 9. Let f be a strictly convex C®-function satisfying
the PDE (4). Then, there exist positive constants « and C,
depending only on n, such that

dSC(a2+a3). (31)

Proof. Step 1. We will prove that there exists a constant C
depending only on 7 such that

dSC(%1/2a+a2+a3). (32)
To this end, consider the function

F:=(a’- 32)2 exp{-a(f +u)}® (33)



defined on B,(p,, G), where « is a positive constant to be
determined later. Obviously, F attains its supremum at some
interior point p*. We may assume that s*isa C*-function in a
neighborhood of p*. Choose an orthonormal frame field on
M around p* with respect to the Calabi metric G. Then, at

P

4ss;
—a(fru), - =5 =0, (34)
2 2
%_ Z(g)zl) e (f +u) - 12a exlzn{(ng;u)}
(a* - s?) (35)
4sA
_as ;SO

«»

where 7 denotes the covariant derivative with respect to the
Calabi metric G as before, and we used the fact ||VS||é =
exp{a(f + u)}. Inserting Proposition 6 into (35), we get

2
@;
(4 2) ( ) + A0+ (f “ig
+A18’%+1_ a(2n+(n+2)0) (36)
~ 124° exp {a(f +u)} _ 4sAs
(02—52)2 at—s2 =

Combining (34) with (36) and using the Schwarz inequality,
we have

1 D;
i2Uriig
po2dewlals v

1
_SaZ[(f+u)l & (@ )

Z (D Pl A3 Az (Dz
4 1A o
@) (. 2 e epla(f +u)
02 2|« Z[(f+u)z] + 16#
(37)
Choose o small enough such that
A2
2(1+A2+—1)oc<L a(n+2)* < =3,
A, 16 4 (38)
100na < 1.
Then, by substituting the three estimates above, we get
A 2
So+ ioc(f+u)2.—exp{oc(f+u)}C—az
2 16 ! (a? - 5?)
(39)
4sAs
Taoe =
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here and later C denotes positive constant depending only on
n.

Denote a* = s(p,, p*). If a* = 0, from (39), it is easy to
complete the proof of the lemma. In the following, we assume
thata® > 0. Now, we calculate the term 4sAs/(a” — s%). Firstly,
we will give a lower bound of the Ricci curvature Ric(M, G).
Assume that

e {exp {~a(f +u)} @} = exp {~a (f +u)} @ (p),

—a(f+u)}T(a)-
(40)

max_{exp {-a(f + W} ]} = exp|
B+ (po,G)

For any p € B,.(py, G), by a coordinate transformation,

1ij(p) = 8;; and R;;(p) = 0 hold for i # j. Then, at p,
(n+2)2
P2 (me11+(n+2)2fmlza In ) 16 @,
2
“Df 1),

(n-2) 1

=L 2 - (2_Efiik(f+u)k)

s(n—Z)(x+M||V(f+u)|| +CJ.

(41)

Then, using the Schwarz inequality and (22)-(24), we know
that at the point p

Ric (M, G)
> —exp {~a(f +u)}

x{CO+CJ+a[3(n-2)a(f+u)+2(n-1)]}G.

(42)
If3(n - 2)a(f +u) +2(n—1) < 0, then

—a(f+u)la3(n-2)a(f+u)+2(n-1)]>0.
(43)

—exp

Otherwise,

exp{-a(f+u)la3(n-2)a(f+u)+2(n-1)] <C.

(44)

Then, the Ricci curvature Ric(M, G) on B, (po> G) isbounded
from below by

Ric (M, G)

> — J q)+ G.
: C<exp{ G D" apla(rrw) @ I)G

(45)
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By the Laplacian comparison theorem, we get

sAs

- S

2

A -2 S(f+u)i$’,-
- exp fa(f +u)) 25, - BETT T

Lo plalf ) ()

x (Jexp {-a(f +u)} @ (p)
#exp{-a(f +w} @) +1)s
@ e fa(f +u)

(@@=

(46)

+f‘—6(f+u)§+C

where A denotes the Laplacian with respect to the metric G.
Substituting (46) into (39) yields

—a(f+u)l®

[0 —
Sac<\/e><p{oc(f+u)} (?)

+\/—exp {a (f n u)} (q) + 1> (a2 - 52),

Ca?

exp {

, @)

Note that
o2 [(a=5) expl-a(f +u)} @] (p)
> (= 5") (p") exp {-a(f + )} (B) @ ()
Bz [(*-5) expl-a(f+u)}7] (@
> (=) (p) exp e (f +w)} (@) ] @)

Multiplying by (@® - 9 p"), at both sides of (47), yields

(48)

o <Ca(d"?+B")+C(a"+a). (49)
Using the Schwarz inequality, we complete Step 1.

Step 2. We will prove that there is a constant C depending only
on n such that

%SC(d+a2+a4). (50)
Consider

H=(a"- 52)2 exp{-a(f+u)}J (51)

defined on B,(p,, G), where « is the constant in (38).
Obviously, H attains its supremum at some interior point g*.
Choose an orthonormal frame field on M around g* with
respect to the Calabi metric G. Then, at ",

]’i 4ss;
7_“(f+u)’i_—a2—sz =0, (52)
N LU (e 2ol 4 )
T U (@ - s2)’
(53)
4sAs

>

where 7 denotes the covariant derivative with respect to the
Calabi metric G as before. Inserting Corollary 8 into (53), we
get

2
J-200+ 2 4 1 Z Z(f+ —Z(,]z’i)
—a(2n+ (n+ 2)2q>) — V=D |V(f+uw)| " (54)
12a’exp{a(f+u)}  4sAs
_ - <0.
(a? - 52)2 a? - s?

Applying the Schwarz inequality, we have

RIS (TR cewlalf +u)}

(a2 - s2)*
Z(],2) § 0622[(f+”),i]2 32a” exp {a (f +u)}
J (@ - 52’

V(=1 [V (f +u)] ]

Z+4n(n—1)((”+2)2®+(f+u))'

>

~

(55)

Inserting these estimates into (54) yields

3 o°
Z}—20(n+2)87—cc1>+ .

—6Z(f+u),2,-

45As

) (56)
e fa(f +w)
(@<
here and later C denotes different positive constants depend-
ing only on n.
We discuss two subcases.

-C(f+u)- <0,

Case 1. If
J * O] *
(q°) < @), 67
exp {or (f +u)} exp {o (f +u)}
then % < /. In this case, Step 2 is complete.
Case 2. Now, assume that
J .
( @) 8

expla(frw) 177 expla (f+u)}



Then, 1 > (®/])(g"). Thus,

_] CO + 162[(f+”),i]2—c%(j)+u)}
(59)
C(f+u)- 4S_A; <0.

The rest of the estimate is almost the same as in Step 1. The
only difference is to deal with the term ( f+u). If (f+u)(q") <
0, then —C(f + u)(g*) > 0. We can drop this term.
Otherwise, exp{—a(f + u)}(f + u) has a uniform upper
bound.
Using the same method as in Step 1, we can estimate the
term 4sAs/(a® — s%) and finally get

%SC(d+a2+a4). (60)

Then, combining the conclusion of Step 1, we get
d<C(a+a’). (61)
This completes the proof of Lemma 9. O

Proof of Theorem 2. For any point g € M, choose sufficient
large constant R, such that g € By (py, G). Then, for all a >
Ry, g € B,(p,). Using Lemma 9, we know

C(n) (a2 + a3)

exp {-a(f +u)} @ (q) < 5 (62)
(@-5)
Now, leta — +00, and we have
0<exp{-a(f+u)}d(q)<o. (63)
Consequently,
2
det ( aiaj; j ) (q) = const. (64)
This completes the proof of Theorem 2. O
4. Appendix

Proof of Proposition 6. Let p € M, and we choose a local
orthonormal frame field of the metric G around p. Then,

3 (py)’ pipsi, 2(py)
- pzj)’ ®;=2) ;)21 2 <,03])’
2 oo (65)
A(D_zz(P ) zzpjpjn_sz%

+(n+6) O - 270,

where we used (20). In the case O(p) = 0, it is easy to get, at
p’

2

AD > 272
p
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Now, we assume that ®(p) # 0. Choose a local orthonormal
frame field of the metric G around p such that p,(p) =
IVoll(p) > 0, p;(p) = 0, for all i > 1. Then,

(P,ij)2 N ZZ P,iP,jii
p? 2

AD=2(1-8+8)) ,

(67)

2
- 8—(’)’1)3’)’11 +(n+6)D° - 210,

where 1 > § > 0isaconstant to be determined later. Applying
(20), we obtain

2 2 2
) 2 (P»ij) S 2n (p11) 4Zi>1 (P1:)
2 = > T 2
P n-1 p P
2n (P,1)2P,11 n’ 2 (68)

n-1 p? 2(n-1)

4 P 2 2 2n
+

- - T° - OT.
n-1p n-1 n-1
An application of the Ricci identity shows that
2 4
%Zp,jp,jii ~ o (P,1)3P,11 N n(P,14)
P P P
(69)
+2R, (Pl) + 2—(p‘r)1
p?
Substituting (68) and (69) into (67), we obtain
(Pij)2 2n(1-90)
AD228) -2 +<—2n—8+ —)
p n—1
2 2
y (P,1)3P,11 +2R11(P,12)
P P
20 4
+ St (1-9) +2(n+3) (P,1)
2(n-1) pt
(70)
+2_( )1 4n — 212;18 +(1-0)
2 2
« 2n (p11) +4Zi>1 (P1:)
n-1 p2 p2
4 Pn 2
- —_ T
n-1p n-1
Note that
2 4
(Pn) Z (@, ) Zz>1 (Pl;) (P,l) At (p1)
P’ P’ p’ p*
(71)
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Then, (70) and (71) together give us

(PU)

L n1-9% (@)
Z(n— ) @

2 2
) (P,lf))3p,11 +2R,, (P,l)

p?

A<D>2<SZ

-2(n+4)

4

2(n+3)] (P,14)
p

+ 1_8<2T2—4QT>—
n-1 p

+<6n(1—8)
n—-1

2_ —
N [(n 4n)(1 8) N
2(n-1)

n-2-2
n n(Sq)T
n—1

P,
+ 2p—;(pr)’1.
(72)

Using the Schwarz inequality gives

) (73)
7
Using

2
(P1) Pui B lq) Pi
SR =0

P P

and choosing § = 7/(3n + 4), we get

g M- Z(@) (2=
“2mn-1 o 1

+ @ (74)

—(n+4)>

(py)’

xy cD + 2R, A -

. (n2+8n)(1—8)_2 ®2+8(1 6)12
2(n-1) 7(n-1)

(75)

_4n—2—2n6

P
— d>r+2?(pr)’l.

In the following, we will calculate the terms Ry, ((p; )2/ pz)
and (p,/ pz)(pr),l. Note that (17) is invariant under an affine
transformation of coordinates that preserved the origin.
So, we can choose the coordinates x;, x,,...,x, such that
fij(p) = &;; and 0p/0x; = |igradpl(p) > 0, (dp/0x;)(p) = 0,
for alli > 1. From (19), we easily obtain

PiP,j _A

Ajjifrp
Pij = Pij t AijiP1 = ijiP1 T ]+ 5 (76)

Thus, we get

2 2
_ 2p1p,i B P,i(P,l) - A (P,l) 42 plkakﬂ
ill P2 (1’1 + z)p

(77)

3 2
_ )13 + szAkll (p,lz) . (78)
TP P nt2 p

By the same method, as deriving (69), we have
2 2
Z (Amll 2 e Z (Am) - —Am ZAiil
1 2
+ e I(ZAiil) .

Note that ) A;;; = ((n+2)/2)(p,/p). Therefore, by (14), (77),
(78), and (79), we obtain

(79)

2 2 3
(P,l) _ 2 (P,l) (P,l)
2R117 = ZZ(Akjl) pz _(n+2)A111T

n Y(©;-2(py fil/(n+2)p))’

2(n-1) )
(n+2)(n+1)

T om-D 2(n-1) Z
n+1fk kll( ) +(n+2) e

2(n—-1)
(80)

On the other hand, we have

P 1
2?(/37)’1 =207+ -~

P,
» Al,-kfkf,»g‘ +O. (81

Then, inserting (80) and (81) into (75), we get

2n—n62(®,) _ (n+2)(n-15)+6nd
2(n—-1) 0] 2(n—-1)
. 2(n+2)* - (n* +8n)d
X T (74810
Tp 2(n—-1)
8(1-9) 2_2n(1—8)q) N 1
7(n—1)T n-1 ’ n+2
1
XZAlikfkfi% ﬂ+1(lj)12) SeAkn
B 2n 2P, fiha N 2n
n-1)(n+2) o (n-1)(n+2)*
X Z (kaki1)2-
(82)
Using (77), we have
1
n+22A1ikfkf,-%—:_l(p2) S
, (83)
zlfiq),i_ 2 (p1)

2 n-1 P2 fk k11*



One observes that the Schwarz inequality gives

2n YO frAri
n-1)(n+2) Vo)

In Z ((D,i)z 8n

b +
8(n—-1) ®  9m-1)(n+2)>
x Z(kaki1)2>
2 (84)
n-1 (P) JeArn
3 9(n +2)° o+ 10n
10n(n-1) 9(n-1)(n+2)>*

X Z (fehin)’s

2 2 x2
2ndt < 7 + "D,

Note that by (17) we have
1 ii n+2 ii 1
A_Lf](bjfi = —f7@;(Inp), + :lq)jxj
(85)
n+2 ij 0D ou
=——fIo (1 = .
2 f ( ) " f Bx ax

Then, inserting these estimates into (82) yields Proposition 6.
O

Proof of Corollary 8. Now, we will calculate the term (In p) .
In particular, if f satisfies PDE (4), choose the coordinate

(x1, %5, ..., x,) such that f;;(p) = ;;; then we have

1
(In p),ijk T 12 (Aijk + Aijk,pf,p) —(In P),zAijk,l
(86)

2
+ Ay Ay (3(ln P),p - mf,p> .
Using (17), we have

2
n+2

1
3(lnp))p— fp :—m(f+u)’p+(lnp))p. (87)

By the Young inequality and the Schwarz inequality, we have

n+2
n(n——l) Z AijkAileklh(ln p))h

1
= 5]2 160" (n - 1 (n+2)'0,

ZAl]kAljlk.fl

n(n— 1)

1 1 2
=S Y ufr= 7LV (f +u)) + (V. Vnp),
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n+2

r— Y AA(lnp),

n+2

Z],i(lnp),i
1 2 (n+2)
<o () e

1 2 1, m+2)?* ,
< —0 A + -]+ ——07,
n(n—l)Z( i) 7 16

(88)

1
n(n-1) Y AA A (f +u),
<Anm-1)|V(f+u)| 732,

Thus, by inserting (88) into Lemma 7, we obtain Corollary 8.
O
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