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A viral infection model with saturated incidence rate and viral infection with delay is derived and analyzed; the incidence rate
is assumed to be a specific nonlinear form fBxv/(1 + av). The existence and uniqueness of equilibrium are proved. The basic
reproductive number R, is given. The model is divided into two cases: with or without delay. In each case, by constructing Lyapunov

functionals, necessary and sufficient conditions are given to ensure the global stability of the models.

1. Introduction

In recent years, study of infectious disease model has been
a hot issue; the main cause of infectious disease is the virus
invasion. As we know, viral cytopathicity within target cells
is very common. A number of mathematical models have
been used to study virus dynamics. In 1996, Nowak et al. [1]
designed a simple but natural mathematical model based on
ordinary differential equation. The model is as follows:

dx(t) B B

3 - A—dx(t) - Px(t)v(t),

dy(t) -

e Bx @) v(t)—ay(t), €]
dv(t) B

3 Y ) —yv(t),

where x(t) denotes the number of uninfected cells, y(¢) the
numbers of infected cells, and v(t) the numbers of free viral
particles at time t, respectively. In model (1), uninfected target
cells are assumed to be produced at a constant rate A and died
at rate dx. Infection of target cells by in-host free viruses is
assumed to occur at a bilinear rate Sxv; infected cells are lost
at a rate ay. Free viruses are produced by infected cells at a
rate xy, in which « is the average number of viral particles

produced over the lifetime of a single infected cell. Free
viral particles die at a rate yv. For model (1), Korobeinikov
[2] established the condition of global stability in 2004.
Some other viral dynamical models were proposed by later
researchers; see for example [3-8].

In [7], Wodarz and Levy pointed out that the term ay(t)
in model (1) should consist of two parts: one is the natural
death of infected cells, the other is viral cytopathicity. In 2012,
Li et al. [4] assumed that infected cells burst and then release
viral particles (i.e., viral cytopathicity occurs) after uninfected
cells were infected by a constant period of time 7; that is,
the time period of viral cytopathicity within target cells is
7. They incorporated the delay of viral cytopathicity within
target cells and built a new model:

dx(t) _

o = A-dx (- px(O)v (),
d)c/iit) = Bx () v(t) - fe Tx(t—T)v(t-1) —dy(t), (2)
d;it) _ Kﬁe—drx t-1)v(t—-1)—yv(t).

By constructing Lyapunov functionals, necessary and suffi-
cient conditions were obtained ensuring the global stability
of the model.
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In models (1) and (2), the researcher studied the viral
dynamics with bilinear incidence rate Bxv. As we know, as the
viral particles diffuse in the body, the person often takes some
actions when v gets large. In order to describe the inhibitory
effect from the uninfected cells when the number of viral
cytopathicity is large enough, following the idea of [9], we
propose an incidence rate Sxv/(1 + av), where v measures
the infection force of the viral, and « reflects the level of
inhibitory action.

Similar to the discussions in [4], we assume that the
viral cytopathicity has time delay. When the delay of viral
cytopathicity within target cells is 7 and the natural death rate
of per target cell is d, the number of infected cells at time
t (t > 7) can be represented by

ﬁx(@)v(@) —d(t-)
y(H) = L . 1+ocv(9) 46,

—d(t-0)

fort > 1, (3)

where e is the probability that target cells survive from
time @ to time t, and (Bx(8)v(9)/(1 + av(0)))e 4" is the
number of target cells being infected at time 6 and still
surviving at time £.

Differentiating y(t) of (3), we get

dy(t) Bx (0)v(0) o~ d-6)
i dJ @ ¢ OF

Px (@) v(t)
1+av(t)

_aBrE-DvE-1)

l+av(t—1)

_ Px@)v(t)
T l+av(t)

(4)

x(t-1)v(t—-1)
l+av(t—-1)

_ Be—d‘r

where ﬁe_df(x(t —1)(t-1)/(1+av(t—1))) is the transfer rate
of the infected cells being used to produce free viruses at time
t; the recruitment rate of free virus at time t is Kﬁe_df(x(t -
T)V(t—7)/(1+av(t —1))), in which « is the average number of
viral particles produced by an infected target cell when viral
cytopathicity occurs, which implies that the recruitment of
virus at time ¢ depends on the number of target cells that were
newly infected at time t — 7 and still alive at time ¢. Therefore
following the model (2), we obtain a basic viral dynamical
model of delay differential equations:

—dy(t),

dx (t) Px () v (1)
Sdr = A-dx(t) - 1+ocv(t)’
dy(®) _ Px@®v(®) , axt-1v(t-1)
dt  1+av(d) pe 1+av(t—1) dy 1), ©)
dv(t) e x(t-1T)v({t-1)
e l+av(t-1) R

Since the variable y does not appear in the first and
the third equations of (5), we only focus on the following
equations:

dx dx (1) /336 ) v(t)

Cdt = A-dx () - L+av(t)’ ©)
dv(t) xpe g x(t-T)v({t-1) )

dt 1+av(t—1) yris

which has the same dynamics with system (5).
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Letb = ke ¥, by (6), we have

dx () _ Bx(t)v(®)

o A0

dv(t) t-1)v(t-1) @
Vv X -T)V - T

dt =ﬁ l+av(t—1) -y,

where all the parameters are assumed to be positive.

The rest of this paper is organized as follows. In the
next section we will derive the infection-free equilibrium
and the infection equilibrium. In Section 3, we carry out a
qualitative analysis of the model, and stability conditions for
the infection-free equilibrium and the infection equilibrium
are derived, respectively. A brief conclusion will be given in
Section 4.

2. Positive Solutions and Equilibria

Due to the biological meaning of the components (x(t), v(t)),
we consider system (7) with the following initial conditions:

dx(t) _[J’x(t)v(t)

dt =A-dx(t) 1+av(t)’

dv(t) x(t-n)v(t-1)

dt = o l+av(t—T1) v, 8)
x(0)=¢,0)=0, ¢, (0)>0, 0¢€l-1,0],
v(0)=¢,(0) =0, p,(0) >0, 6¢€[-7,0].

Equation (8) is a system of retarded differential equations in
C = C([-7,0],R?). C is a Banach space of continuous map-
pings from [-7, 0] into R? with norm || Y = sup_, g W ()]
for ¢ € C. We denote

={(¢1, ) €C1 ¢, (0) >0,9,(0) >0,
9,(6) 2 0,0, (6) 2 0,60 € [-7,0]}.

)

As usual, for any continuous function x € C([-7,+00), R)
and any given t > 0, x, is defined as x, € C([-1,0]R), x,(0) =
x(t +0), for any 0 € [-7,0].

Theorem 1. All the solutions (x(t), v(t))" of (8) under the
initial conditions are positive on [0, 00).

Proof. Assume that there is a t; (¢, > 0) such that x(¢,) = 0;

then by x(0) > 0 and the continuity of x, there is t* = inf{t >

0,x(t) = 0} > 0 such that x(t) > 0 fort € [0,t"). Then we

have x'(t*) < 0. However, x'(t*) = 1 > 0 by the first equation

of (8); this is a contradiction. Therefore x(¢t) > 0 for all t > 0.
From the second equation of (8)

x({t-1t)v(t—1)
l+av(t—1)

dv(t)
dr B

—yv(t). (10)
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Multiplying e” in both sides of the above equation and
integrating it from 0 to ¢, we have

r ?"dv(e)+J ey (0) df
0

B 6, X(O—1)v(0-1)
- [ e
: O-1)vO-1) v
. B OgpX WDV T
eyv(t)—v(o)_Joey pb l+av(@-1) @0,
) x@-1)vO-1)
v(t)—[V(O)"'Je pb 1+av(0-1) d@]e
Letn=0-1
) YD) () (’l) —yt
v(t)—[v(0)+L pb 1+<xv(11)d’1]e - W

Since x(t) > 0, v(t) > 0, and v(0) > 0 for -t < t < 0, then
v(t) >0for0<t<T.
Further, when 7 < t < 27, we have

0
= e gy, X (1) v (1)
v(t)—<lv(0)+j_re ﬁb1+ocv(11)d
(13)
tor
y(n+1) ( ) (’7) —yt
+J0 po 1+0W(’1)dr]}e”.
By the fact that x(#7) > 0 and v() > 0 for -7 < 5 < 0, then
0
y(n+1) X (’1) v (’7)
L gy dn 20 (14)

Also x() > 0 and v(1) > 0 for 0 < 5 < 7; then

x () v(n)

Trav(n) dn > 0. (15)

t—T (747)
el B ————=
J, o

Consequently, v(t) > 0 for 7 < t < 27, which implies that
v(t) > 0 holds true for 0 < t < 27.

We assume that for a positive integer k, v(t) > 0 for 0 <
t < kt. When kt < t < (k + 1)7, we have

EDT ) 2% (1) v (1)
_ (o)
v(t)—{v(0)+JT R /3b1+ow(11)d
(16)
T e o X (1) v (1) } -
+J(k—1) "B 1+0¢V(Tl)d11 e

Then similar discussions show that v(t) > 0 for kt < t <
(k + 1)t. Hence, v(t) > 0 for all t > 0. O

Theorem 2. All the solutions (x(t), v(t))T of (8) under the
initial conditions are ultimately bounded.

Proof. For any solution (x(t), v())T of (8), define a function
f(t) = bx(t — ) + v(t). Then the derivative of f(t) is

af(t) dx(t-1) dv(t)
dt =b | dr

x(t-1)v(t—-1)
l+av(t—-1)

_ 17)
=0 yv(t)

=bA-bdx(t—1)- b
x(t-1)Vv
l+av(t—1)
=bA-bdx(t-1)—yv(t)

<bA-pf (1),

+ b

where p = min{d, y}.
Integrating both sides of inequality above from 0 to t, we
have

G % + (f (0) - %) e, (18)

It means that bx,(—7) + v,(0) < bA/p for any t > 0 as long as
be,(=1) + 9,(0) < bA/p. Also,

t— 00

limsupf (t) < % (19)

From the first equation of (8), we have

dx (t)
<A-dx(t). 20
T (1) (20)
Similar discussion shows that
x(t) < % + <x(0) - g) e (21)
Then x,(0) < A/d for any t > 0 as long as ¢,(0) < A/d.
Moreover,

lim sup x (¢) <
t— 00

(22)

Q>

Thus, the region
A b
Q= {(‘Ppﬁoz) €C’ :9(0)< = b(Pl (-1)+ ¢, (0) < ?]’
(23)

is an invariant set and an attractor of system (8) with initial
condition (¢;, ¢,) € C*. O

In what follows, we study the existence of equilibria.
We consider algebraic equations

Aedx- Py
1+av (24)
pb aid —ypv=0.

1+av



It is easy to see that system (24) always has an infection-
free equilibrium E, (1/d, 0). To find the other equilibrium, we
assume v # 0. By the second equation of (24), we have

Then
Lo YA +av) (26)

Bb
We put x into the first equation of (24); then

B dy (1+av) B By +av)v _
/jb ﬁb(l +(XV) ’ (27)
BbA —dy = (dya + By) v.

Thus the positive root E, exists if and only if SbA —dy > 0.
For system (8), define the basic reproduction number [10] as
follows

A

_ B

Ry= (28)

It is easy to see that

(i) If Ry < 1, then system (8) has a unique equilibrium
E,(A/d,0), which corresponds to the case that viruses
die out, and it is called infection-free equilibrium.

(ii) If R, > 1, then system (8) has two equilibria, one is the
infection-free equilibrium E, (A/d, 0) and the other is
a positive equilibrium E, ((y + abA)/b(de + 8), d(R, —
D)/(dax + B)).

3. Stability of the Equilibrium

In this section, we consider the stability of the equilibrium.
There are two cases, 7 = 0 and 7 > 0.

3.1. Local Stability of Equilibria. First we consider the case of
7 = 0. In this case system (8) is reduced to a system of ordi-
nary differential equations. In order to examine local stability
of an equilibrium, we should compute the eigenvalues of the
linearized operator for system (8) at the equilibrium.

By a direct computation, the Jacobian matrix is as follows:

e Bv B Bx
1v+ av (1;:041/)2 (29)
ljb1+ow’ ﬁb(1+ocv)2_y

Consider infection-free equilibrium E, (A/d,0). The char-
acteristic equation is obtained by the standard method as
follows.

It is obvious that y; = —d < 0,and y, = PbA/d -y =
P(R, — 1) are the characteristic roots of the characteristic
equation. Therefore, we have the following theorem.
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Theorem 3. (i) If R, < 1, then infection-free equilibrium
E, (A/d,0) is locally asymptotically stable.

(ii) If Ry > 1, then infection-free equilibrium E, (A/d,0) is
unstable.

(iii) If Ry = 1, then infection-free equilibrium E, (A/d, 0) is
degenerated.

Now, local stability of the infection equilibrium E,((y +
abl)/b(da+f3), d(Ry—1)/(da+f3)) is considered. As we know,
infection equilibrium E, ((y+abA)/b(da+f5), d(Ry—1)/(da+
B)) exists if and only if Ry > 1.

Theorem 4. If R, > 1, then the infection equilibrium E, is
locally asymptotically stable.

Proof. Set f(x,v) = Pxv/(1 + av). Then system (8) at the
equilibrium E, (x*,v") has Jacobian matrix

of / « « of , « «
—d-—=(x"v"), —-=(x"v")
A= afax afav . (30)
ba(x*,v*), ba(x*,v*)—y

A direct computation shows that the characteristic equation
is

h)=o+ [dvy+ 2 () b (o)
(1)
+dy - bd% (x*,v") + y% (x",v") =0.
By Hurwitz criterion, all of the eigenvalues of characteristic
equation have negative real parts if and only if
d+y+ %(x*,v*) - % (x*,v") >0,
(32)

dy—bda(x v )+y$(x V) > 0.
Indeed,
af * *\ % * *
d+y+a(x ") bav (x*,v")
_d+y)Q +av')’ + Bv (1 +av*) - bPx*
- (1 + av*)?
(o?d + oy +ap)v*? + (2ad + 2ya+ B) v —bpx" +d +y
1+ av*)?
(vczd+o¢2y+oc/3)v*2+(20cd+yoc+/3)v*+d

= 3 >0,
1+ av*)

0 % 0 P
dy—bda—{(x v )+y£(x )
dy(1 +av*)? = bdPx* + ypv* + ypav*’
1+ av*)?
(oczdy + ocyﬁ) vy (day +yB) v*

= 3 > 0.
1+ av*)

(33)

This implies that all the eigenvalues of characteristic equation
have negative real parts. Then the infection equilibrium E,
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is locally asymptotically stable. This completes the proof of
theorem. O

Now we consider the case T > 0. By linearizing system
(8) at the infection-free equilibrium E, (1/d, 0), we obtain the
characteristic equation as follows:

—ur oy A
(‘u+d)<y+y—e”ﬁbg>:0. (34)

It is easy to see that y; = —d < 0; hence we only need to
discuss the roots of the following equation:

hpt)= ,u+y—e_”7[5’b3 = 0. (35)
Theorem 5. When T > 0, then
(i) If Ry < 1, then the infection-free equilibrium

E, (A/d,0) is locally asymptotically stable.

(i) If Ry, > 1, then the infection-free equilibrium
E, (A/d,0) is unstable.
(iii) If Ry, = 1, then the infection-free equilibrium

E, (A/d,0) is degenerated.

Proof. (i) By implicit function theorem for complex variables,
we know that the roots of (35) are continuous on the
parameter 7.

If R, < 1, then 0 is not a root of (35) for all T > 0. Note
that all complex roots of (35) must come in conjugate pairs
and the root of (35) is negative for 7 = 0. Thus, all roots of
(35) have negative real parts for small 7; thatis, 0 < 7 = L.
Suppose that there exists a positive number 7 = 7, such that
(35) has a pair of purely imaginary roots A = +wi; here w is a
positive number. We have

wi+y- ef“’”“ﬁbg = 0. (36)

Then

ﬁbg COS WTy =Y,
(37)

ﬁb% sinwty, = —w.

Summing up the square of both equations in (37) we obtain

wz _ ﬁzbZA_Z 5 _ ﬁZbZAZ _ y2d2 _ R(2)d2y2 _ y2d2
d2 Y d2 dZ (38)
= y2 (R(Z) - 1).

When R, < 1, then w® < 0. It is a contradiction with w* >
0 which leads to the nonexistence of 7,. This contradiction
proves the result.
(ii) When ¢ = 0, and R, > 1, then
A
h(0,7) = y—ﬁba =y(1-R,) <0,

(39)

#leréoh (@, 7) = +00.

Therefore equation must have a positive real root for all 7 > 0.

(iii) If Ry = 1, it is easy to know that ¢ = 0 is a root of (35)
for all T > 0, which leads to conclusion. (iii) This completes
the proof of theorem. O

Now we consider the local stability of the infection
equilibrium E, ((y+abA)/b(da+ ), d(Ry—1)/(da+3)). As we
know, the infection equilibrium E, ((y+abA) /b(da+f3), d(R,—
1)/(de + PB)) exists if and only if R, > 1. By computation, the
associated transcendental characteristic equation of (8) at E,
becomes

;,t2+Ay+B—(C;4+D)e_’”=O, (40)

where

A—d+y+—f(x V'),

B= <d+ g—f (x*,v*)>y,

X
—_ af * * _ af * *
C—ba(x,v ), D—dbav(x,v).
(41)

Theorem 6. When t > 0, if R, > 1, then the infection
equilibrium E, is locally asymptotically stable.

Proof. By implicit function theorem for complex variables,
we know that the root of (40) is continuous on the parameter
7. If R, > 1, then all roots of (40) have negative real parts
as 7 = 0 and (40) has no zero root for all T > 0. Thus, all
roots of (40) have negative real parts for very small ; that is,
0 < 7 < 1. Assume that there exists a positive 7, such that
(40) has a pair of purely imaginary roots wi, w > 0. Then
w > 0 must satisfy

~w” + Awi + B — (Cwi + D) (cos wt, — isinwry) = 0. (42)

Separating the real and imaginary parts, we have

. 2
Cwsinwty, + Dcoswt, = B - ",

(43)
Dsinwty — Cw cos wty = —Aw
which implies that
w'+(A*-2B-C*)w’ + B> - D’ =0. (44)

Direct computation shows that

< a—f (x*,v ))]2— [db% x*,v"‘)]2

o[y
i

x"v) +yd - dbgl(x V)]

X [Vg_{c (x"v") +yd +db% (x*,v*)] >0



b 20
A*-2B-C*=d*+y" + <£ (x*,v*)> + 2d% (x*,v")

2 af * * .
b (5(x v )>
= <d+ % (x*,v*)>
2 af * ok 2 2
-b (5()6 v )> +y
= ((d2 + yz) (1+av) + B2(v)’ (1 +av’)
+2dpv* (1 +av”) b (x")°)
x((1 +ocv*)4)_1
(45)
Let
H(x",v") = (d2 + yz) (1+av*) + B2(v)’(1 + av*)’

+2dBv*(1+av')’ =B (x*)
(46)

Note that 1 + av* = (8b/y)x",

H(x",v")

=(d2+y2)ﬁ

w\4 21/* 2/32172 x*Z
VAR
2 L - ()

=(x ) [ (bzdz( *)2 +y (v* )2 + 2ydbv*x*)

Vo2 o,
+ ——(x")" -b"B

60 | B s e+ EZ (507 )|

= (x") [/3): (bdx™ +yv*)’ + BB (ocz(v*)2 + 20cv*)]

> 0.
(47)

By Hurwitz criterion, (44) has no positive roots, which
implies the nonexistence of 7,. Thus all roots of (40) have
negative real parts for 7 > 0. O

3.2. Global Stability of Equilibria. In the section, we study the
global stability of equilibria; we first consider the infection-
free equilibrium E;.

Theorem 7. When t = 0,
(i) If Ry < 1, then infection-free equilibrium E,(A/d, 0) is
globally asymptotically stable.
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(ii) If Ry, > 1, then infection equilibrium E,(x*,v") is
globally asymptotically stable.

Proof. (i) Define a Lyapunov function as what follows

V(x,V)=x—3lnx+£+3ln%—g,
dv(x,v)
=X_Md<)»—dx— Bxv )+l</3bxv —YV>
X 1+av b\1l+av
(dx-A)?*  Pxv ( dx—)t) y
_ 1- Y
dx +1+(xv dx bV
a0 (B,
- dx d(l+av) b
(dx —A)° LY By av?
= S (Ry - 1
dx ( Jv- dl+av

(48)

It means that dV (x, v)/dt| g, is negative semidefinite as R, <
1. Moreover, the last equality of the above equation shows
that the largest invariant set of system (8) on the region
{(x, )T € Ri : dV/dt = 0} is the singleton {E,}. Therefore,
the infection-free equilibrium E, is global asymptotically
stability.

(ii) We rewrite the system (8)

dx (1) ﬁx () v(t)
i =A-dx(t) - Tt ar () =Q(x,v),
dv(t) ) v(t) )
v x(t)v
dt =/3b1+(w(t)—yv(t):P(x,v).
Choose a Dulac function
D (x,v) = - (50)
We have
0 (DP) a(DQ)__E_ 1+ow_
5 + Fa 3 By 1<0. (51)

Thus system (49) does not have nontrivial periodic orbits in
Q. The conclusion follows. O

Theorem 8. When v > 0, if R, < 1, then infection-free
equilibrium E,(A/d, 0) is globally asymptotically stable.
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Proof. Define a functional g : C* — R as follows:

1 177
9(p19,) = 5[‘/’1 (0)—2]
(52)

A R AGIAC)
+E [(Pz (0)+pb LT 1 +ag, (0) 9|

Foranyt > 0, x,, v, € C, then

2
g(xvvt) = g[x(t)— g]

A ' x(0)v(0)
+2[v(t)+l3bL —de],

— 1+av(0)
dg (x,v,) A dx(t) Adv(t)
dt _b<x(t)_2> dt ' d dr

+,3_b)t [x(t)v(t) - x(t—‘r)v(t—‘r)]

d [Tvav®) 1rav(t-1)
=b[x(t>—§”)u-dx(t)_%]
= ‘bd:x(t)‘g]z—ﬁb% [x(t)—g]

S (Eerrd [x(t)—%]z

Av (1) BbA
T4 (d(l T av (D) _V)

{an B0 ) A

L+ av ()
S

ofor o
# DL (R, 1) - 2O

< w(m%) [x(t)—%]z
+@(RO—1).

(53)

7
Then,
dg(pv2)|  _ B, (0) Ak
dt ®) __b<d+1+oc(p2(0))[¢l(o)_g]
Ag, (0)y 1y 99, (0) Ry
T (R~ 1) 1+ agp, (0)
(54)

When R, < 1, we have dg(x,, v,)/dt < 0. It is easy to know,
when R, < 1 the largest invariant set of system (8) on the
region {(¢,,9,) € C" : dg(g,,9,)/dt = 0} is the singleton
{E,}. By Lassalle invariant principle for autonomous retarded
differential equations [11], infection-free equilibrium E; is
globally asymptotically stable. This completes the proof. [J

Theorem 9. When t > 0, if R, > 1, then the infection
equilibrium E,(x*,v") is globally asymptotically stable.

Proof. LetV(t) = v(t+7) and X(t) = x(¢); system (8) becomes

dx (t) BX )V (t-1)

praiak o O l+aV(t-1)°
dav (t) X®V(t-1) =
-7
dt :ﬁbl+06V(t—T)_ V.

Denote u(x) = x/(1 + ax). Evaluating both sides of (55)

at E,, we obtain
A=dx" + px"u(v’), p' = Bbx"u(v’).  (56)

Define a Lyapunov functional L : C* — R as follows:

1 v*
L S = — L ) — L S
(P1>92) Bu () (e 9,) + Bbx*u (v") 2 (91, 92)
+ Ly (91, 92)
(57)
where
(0) (0)
Ly (p9,) = 901? -1-In (Pl_*>
(0) (0)
Ly (¢, 9,) = %v_*_l_ln%v_*’ (58)

0 0 0
Ly (g, 9,) = Jﬁr ((sz—i) -1-In ¢2V—E)>d9.

Thus, L(¢;, ¢,) > 0 with equality if and only if ¢,(0)/x* =
@, (0)/v* =1.
Foranyt > 0, X,,V, € C, then

X (t) X (t)
Li(XpVi)=—= -1-In—,

*

R BN R

Ly(X,V,) = JO <w “1-In @)de.

=T



We calculate derivatives of L,(X,,V,), L,(X,,V,), and

L;(X,,V,) with respect to the system (55):

dL, (X,,V,)
dt

( —%)(/\ dX - BXu (V (t - 7))

( >(dx +Bxu(v’) - dX - BXu(V (t - 1)))

(X -x*) +ﬁu(v*)<1—x—*><1—Xu(:/(t_T))>

= Xx* X x*u(v*)
Xx*
. X ulVEt-1) XulV(E-1)
+ﬂu(v)<1—y+ u (v*) B x*u (v*) )’
dL, (X,,V,)
dt

_i(
-

)(Bqu V(-1 V)

<|<

v x*u (v¥) y

X u(v*) v

:i< g)(ﬁb ()Xu(:’(t—r))_yvz*

)

dL; (X, V)
dt

0
ZJ i(V(t+6) _1_an(t+9))d6
o dt p* p*

Vo

*

Vi) V- V-1

* * *
v

v v

—1In

v

We obtain

dL(X,,V,)

dt
. d (X—x*)2+1_x_*
- Pu(v*) Xx* X

(60)

uV-1) Xu(V(t-1) _i{u(V(t—T))

u(v*) x*u (v*) V x*

 XuVEm) VoV Vo VD

v v

x*  u*) p* p*

u(v*)
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+1nV(t*_T)
v

d_(X-x')  x* u(V-1)
- Pu(vt) Xx* X u(v*)
_i{u(V(t—T))

V x*  u*)
_an*_V(t*—T)_'_an(t*—T)‘

v y v

(61)

By adding and subtracting the quantity In((X/x")(m(V (t —
7))/u(v"))), we have

dL (X, V)
dt

d (X-x") x"

- _ﬁu v*) Xx* " X

uVit-1)) v XulV({E-1)

u(v*) Vx*  u)
_V(t—T) +an(t—T) +ln<£iu(V(t—T))>
p* p* x*V  uv*)

() ()

(Reuwen
x*V  u*)

()

u(V(t-1)) _V(t—T)

u(v*) p*

Vt-1) (u(V(t—T)))
In —1n .

* u (V*)
(62)
Then,
dL (¢1,¢,) ___d (91 (0) _x*)z

dt Pu(v*) @, (0)x*

()

¢ (0) x*

_<<P1(0) v ou(e, (-1)
9 (0) u(vr)

_In ( ¢ (0) v u (‘Pz (—T)) ))
x* @, (0) u()
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+ u (g, (-1)) P (-7)

u (v*) p*
P B (ML)
p* u(v*)

(63)

It is easy to know that u(gp,(-7))/u(v*) - ¢@,(-1)/v" +
In(g,(-7)/v") = In(u(p,(-1))/u(v")) < 0, and u(p,(-1))/
u(v") = @, (=1)/v* +1In(g,(-7)/v") — In(u(e,(-7)) /u(v*)) = 0
ifand only if @,(-7)/v* = 1. It follows that dL(¢,, ¢,)/dt < 0,
and dL(¢;,¢,)/dt = 0 if and only if ¢, (0)/x" = ¢,(0)/v" =
¢,(=7)/v" = 1. By classical stability theory for functional
differential equations, E, is globally asymptotically stable.
This completes the proof. O

4. Conclusion

The viral infection model addressed in this paper has satu-
rated incidence rate and viral infection with delay. The basic
reproductive number R, is given. When R, < 1, for the model
with or without delay time, the infection-free equilibrium is
globally asymptotically stable, which implies that the viral
infection goes extinct eventually; when R, > 1, the infection
equilibrium is globally asymptotically stable, which implies
that the viral infection persists in the body of the host.
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