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We study oscillatory behavior of solutions to a class of second-order nonlinear neutral differential equations under the assumptions
that allow applications to differential equations with delayed and advanced arguments. New theorems do not need several restrictive
assumptions required in related results reported in the literature. Several examples are provided to show that the results obtained
are sharp even for second-order ordinary differential equations and improve related contributions to the subject.

1. Introduction

This paper is concerned with the oscillation of a class of
second-order nonlinear neutral functional differential equa-
tions

(rO (= +pOx®))) + ftx(g®)) =0, M

where t > t; > 0. The increasing interest in problems of
the existence of oscillatory solutions to second-order neutral
differential equations is motivated by their applications in the
engineering and natural sciences. We refer the reader to [1-
21] and the references cited therein.

We assume that the following hypotheses are satisfied:

(h,) y is a quotient of odd natural numbers, the functions
1, p € C([ty, 00), R), and r(t) > 0;

(h,) the functions #, g € C([t,, 00), R) and
Jim 77 () = lim g (¢) = 003 )
(h;) the function f(t,u) € C([ty, 00) x R, R) satisfies
uf (t,u) >0 3)

for all u#0 and there exists a positive continuous
function g(t) defined on [¢,, c0) such that

|f (tw] = q ) lul”. (4)

By a solution of (1), we mean a function x defined
on [T,,00) for some T, > t, such that x + p - x o g
andr((x+ p-xo n)’)y are continuously differentiable and x
satisfies (1) for all + > T,. In what follows, we assume that
solutions of (1) exist and can be continued indefinitely to the
right. Recall that a nontrivial solution x of (1) is said to be
oscillatory if it is not of the same sign eventually; otherwise,
itis called nonoscillatory. Equation (1) is termed oscillatory if
all its nontrivial solutions are oscillatory.

Recently, Baculikova and Dzurina [6] studied oscillation
of a second-order neutral functional differential equation

(rOEO+pOxH®)) +a®x(g®)=0 6

assuming that the following conditions hold:

(Hy) r, p,q € C([ty,00),R), (t) > 0,0 < p(t) < p, < 00,
and ¢(t) > 0;

(H,) g € C'([ty, 00), R) and lim, _, ,, g(t) = 00;
(H;) 17 € C'([ty 00), R), #/'(t) = 17, > 0,and 5o g = g o 7.

They established oscillation criteria for (5) through the
comparison with associated first-order delay differential
inequalities in the case where

Joo () dt = oo. (6)
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Assuming that
[e¢]
J r! (t)dt < oo, (7)
t

Han et al. [9], Li et al. [15], and Sun et al. [20] obtained
oscillation results for (5), one of which we present below for
the convenience of the reader. We use the notation

Q(t) :=min{q(t),q(n )}, p. () := max {0, o (t)} ,

@ (t):= JOO r ! (s)ds.

t

(8)

Theorem 1 (cf. [9, Theorem 3.1] and [20, Theorem 2.2]).
Assume that conditions (H,)-(H;) and (7) hold. Suppose also
that g(t) < y(t) <t and g'(t) > 0 forallt > t,. If there exists
a function p € Cl([to, 00), (0, 00)) such that

t
lim sup L p(s)Q(s)

t— o0

2
A CAC) I )
<“n0> ST IO

lim sup Jt [(p (8)Q(s) —

t— 0o

1+ (Po/ﬂo)] & =
4 (s)r(s) '

then (5) is oscillatory.

Replacing (6) with the condition
| 0= co (10)
ty

Baculikova and Dzurina [7] extended results of [6] to a
nonlinear neutral differential equation

(rO (0 +pOxE®))) +a®) = @®) =0,
()

where f§ and y are quotients of odd natural numbers.
Hasanbulli and Rogovchenko [10] studied a more general
second-order nonlinear neutral delay differential equation

(rO®+p®xE-1)) +q@) fx @), x(@ @) =0
(12)

assuming that 0 < p(t) < 1,0(t) <t, o'(t) > 0, and (6) holds.
To introduce oscillation results obtained for (1) by Erbe et al.

[8], we need the following notation:
D:={(t,s) : t > s> 1y}, Dy = {(t,s) : t > s > 1o},

h_(t,s) .= max{0,-h(t,s)},
O (s ds

0(t,u) = *+———.
(t,u) _[: Ly (s)ds
(13)
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We say that a continuous function H : D — [0, co) belongs
to the class § if

(i) H(t,t) = 0 for t > t, and H(t,s) > 0 for (¢,s) € Dy;
(ii) H has a nonpositive continuous partial derivative
O0H /0s with respect to the second variable satisfying
8'(s)  h(tys)
8(s)  8(s)

—%H (t,s) - H(ts) (H ()" (14)

for some h € L, (D, R) and for some 8 € C'([t,, c0),
(0, 00)).

Theorem 2 (see [8, Theorem 2.2, when T = R]). Let condi-
tions (10) and (h,)-(hs) hold. Suppose that 0 < p(t) < 1,5(t) <
t, and g(t) > t for all t > t. If there exists a function H €
such that, for all sufficiently large T > t,,

1
li _
Y H T

t
< [6<s>q(s)H(t, H1-p@E) (s

() ()"
(y+1)"*"67 (s)

then (1) is oscillatory.

Theorem 3 (see [8, Theorem 2.2, case T = R]). Let conditions
(10) and (h,)-(hs) be satisfied. Suppose also that 0 < p(t) < 1,
n(t) < t, and g(t) < t for all t > t,. If there exists a function
H € 9 such that, for all sufficiently large T, > t, and for some
T>T,,

1
lim su
NP HGT)

X L |:6 (5)0" (s, T,)H(t,s)q(s) (1 - p(g(s))" (16)
o,
(y+1)""67 (s) ’
then (1) is oscillatory.

Assuming that
j () dt < oo, (17)
to

Li et al. [16] extended results of [10] to a nonlinear neutral
delay differential equation

(r O ((x®)+p®)x(t- T))’)V)'
+q(t) f(x(t),x (0 (1) =0,

where y > 1 is a ratio of odd natural numbers. Han et al.
[9, Theorems 2.1 and 2.2] established sufficient conditions for

(18)
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the oscillation of (1) provided that (17) is satisfied, 0 < p(t) <
1, and

p®=o, gyst-r. (19

Xu and Meng [21] studied (1) under the assumptions that (17)
holds, 0 < p(t) < 1, and

nit)=t-rt<t,

nit)y=t-t<t, p () =0,

Am p(6)=A (20)
obtaining sufficient conditions for all solutions of (1) either to
be oscillatory or to satisfy lim, _, . x(¢) = 0; see [21, Theorem
2.3]. Saker [17] investigated oscillatory nature of (1) assuming
that (17) is satisfied,

0<p(t) <1, p () =0,
(21)
gty <n() <t 7' (t) >0,
and
[e's) 1 s 1/)’
JT <m Lq(u)(l—p(u))y(py W) du) ds=oco (22)

for some T > t,, where ¢(u) := J:O YV (#)dt. Li et al. [12]
studied oscillation of (1) under the conditions that (17) holds,
n and g are strictly increasing, p(t) > 1, and

g =n@) or g®)<n®.  (23)

Li et al. [13] investigated (1) in the case where (H,)-(H;)
hold, y > 1, (t) > t, and g(¢) > t. In particular, sufficient
conditions for all solutions of (1) either to be oscillatory or to
satisfy lim, _, . x(t) = 0 were obtained under the assumptions
that (17) holds and 0 < p(t) < p, < 1; see [13, Theorem
3.8]. Sun et al. [19] established several oscillation results for
(1) assuming that (h;), (H;)-(H;), (17), and (23) are satisfied.
The following notation is used in the next theorem:

Q@ =min{g(®).q(n®)},  pl ) :=max{0p ®)},

either

Q)= JOO 7 () ds.

T(t)

(24)

Theorem 4 (see [19, Theorem 4.1]). Let conditions (h;),
(H,)-(H;), and (17) be satisfied. Assume also that y > 1,
gt) < yt) < t, and g'(t) > 0 forallt > t;. Suppose
further that there exist functions p € Cl([to, 00), (0,00)) and
TE Cl([to, 00), R) such that t(t) > t, T'(t) > 0,

lim sup r l—p(S)Q(s) - (1 + p_oy>

t—oo vt Mo

AUQICE0) N
y+ )" (p ) g ) 23

lim sup Jt [—(py Q) <1 + p—oy>

t— o0 2r-1 Mo

yy+1T/ (S)
X e J ds = oo.
(y+1)" @ (s)r' (z(5))
Then (1) is oscillatory.

Our principal goal in this paper is to analyze the oscilla-
tory behavior of solutions to (1) in the case where (17) holds
and without assumptions (H;), (19)-(23), and y > 1.

2. Oscillation Criteria

In what follows, all functional inequalities are tacitly assumed
to hold for all f large enough, unless mentioned otherwise. We
use the notation

z(t):=x )+ p ) x(n(t),
(26)

R(t) = ro Y (s5)ds.

t

A continuous function K : D — [0, 00) is said to belong to
the class K if

(i) K(t,t) = 0 fort > t,and K(¢,s) > 0 for (¢, s) € Dy;

(ii) K has a nonpositive continuous partial derivative
0K /0s with respect to the second variable satisfying

2 K1) = ¢ (65 (K (69" 27)

for some { € L;,.(D, R).

Theorem 5. Let all assumptions of Theorem 2 be satisfied with
condition (10) replaced by (17). Suppose that there exists a
function m € Cl([to, 00), (0, 00)) such that

1—p(t)%(g)) > 0. (28)

m (t)

W+m (t)SO,

If there exists a function K € K such that, for all sufficiently
large T > t,,

f y
imsup /[ 6.9 (1 pla o) ")

msup | m(g (S))
) (m(g ) )V e ] ds> 0,
m(s) (y+ 1)
(29)

then (1) is oscillatory.

Proof. Let x(t) be a nonoscillatory solution of (1). Without
loss of generality, we may assume that there exists a t; > t;
such that x(t) > 0, x(n(t)) > 0, and x(g(t)) > O forall ¢t > ¢,.
Then z(¢) > x(t) > 0 for all t > ¢,, and by virtue of

(r0(2 ®)) <-q® ' (g®) <0,  (0)

the function r(t)(z'(t))y is strictly decreasing for all ¢ > t,.
Hence, z'(t) does not change sign eventually; that is, there



exists a t, > t, such that either z'(t) > 0 or z'(t) < 0 for all
t > t,. We consider each of the two cases separately.

Case 1. Assume first that z'(t) > 0 for all t > t,. Proceeding
as in the proof of [8, Theorem 2.2, case T = R], we obtain a
contradiction to (15).

Case 2. Assume now that z'(t) < 0 for all t > t,. Fort > t,,

define a new function w(t) by

r) (2 )"
w (t) = ZY—(t) (31)

Then w(t) < 0 for all t > t,, and it follows from (30) that

1/
Z'(s) < <%> yz' (t) (32)

forall s > t > t,. Integrating (32) fromt to [, > t > t,, we
have

<z +r 02 ©) Ll rl%s(s). (33)
Passing to the limit as/ — oo, we conclude that
z@)+r'" )2 OR@E) =0, (34)
which implies that
Zz<(tt)) S (tl) R(t) *
Thus,
( z(1) )’ _Z@®m@)-z@®)m @)
m(t) m? (t) (36)
§ _;2(2) [rlfvn:tgtz)z o o)z

Consequently, there exists a t; > t, such that, for all t > t;,

x()=z®)-pBO)x(n®) 2z -p@)z(n (1)

>z () - p(t) %(g))z(t)
B m (1 () (37)
= (1 —P(t)m—(t))z(t),

z2(g®) _ m(g®)
z(t) — m(t)
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Differentiating (31) and using (30), we have, for all t > ¢,
m (g (1)) )V < m(g(®)) )V
m(g(t)) m(t)

rt) (2 1) (@)
- 22 (t)

W' (t) < —q(t)(l -p(g®)

m(n(g(®))) >V< m (g (®)) )y

=m0 (1 AR Iy m@)

r) (2 @)

Y 21 (b)

(38)

Hence, by (31) and (38), we conclude that

' (©)+q) (1 -p(g®) mn(j(;g(g;)) ) (mrig(g)) )

+yr O 0" (1) < 0

(39)

for all t > t;. Multiplying (39) by K(t, s) and integrating the
resulting inequality from t; to ¢, we obtain

m((9(s)) )V

t
[ K(t,sm(s)(l PO =

y
X (—m (g (S))) ds
m(s)
P OK (t,s)

<K(tt;)w(ts) + Jt

w(s)ds
’ (40)

- Jt YK (t,5) 7 (5) 0"V () ds
=K(t.t;)w(t;) - Jt L(ts) (K (t,5)" " Vw (s)ds
) J K (097 () (-0 (9) s,
t3

In order to use the inequality

+1 1
YT ABYY - Al < ZBDIY 50 A0, B>0,

14 Y
(41)

see Li et al. [16, Lemma 1 (ii)] for details; we let

AT = yK (8,9) 17 (5) (=0 ()T,

gy . V&) () (42)

(y + 1) y)’/(}”’l) :
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Then, by virtue of (40), we conclude that

t ¥
j[K@ﬂﬁ@@—p@@Dﬂm@Em)
t m(g(s))
X(nﬂgwn>y_r@xcm9V“]ds (43)
m© ) e
<K(tt)w(t),
which contradicts (29). This completes the proof. O

Theorem 6. Let all assumptions of Theorem 3 be satisfied with
condition (10) replaced by (17). Suppose further that there exists
a function m € Cl([to, 00), (0,00)) such that (28) holds. If
there exists a function K € K such that, for all sufficiently large
T >t

t Y
litmsup JT [K(t,s)q(s) (1 NI0) %)
_M] ds >0,
(y+1)y+1

(44)
then (1) is oscillatory.

Proof. The proof is similar to that of Theorem 5 and hence is
omitted. O

Theorem 7. Let conditions (10) and (h,)-(h;) be satisfied, 0 <
p(t) < 1, 57(t) = t, and g(t) > t. Assume that there exists a
Sfunction m € Cl([to, 00), (0, 00)) such that, for all sufficiently
large T, > t,

m (t)

- -m' (1) <0,
iy (t) _[T r~17 (s)ds

(45)
m(n(®))
1- —_— .
pt)— 0 0
If there exists a function H € § such that, for all sufficiently
large T > t,

lim sup

t
t—oco H(t,T)J [S(S)q(S)H(t,s)

T

m(n(g(s))\"
m@@))(%)

r(s) (b (ts))'™ ]
v S dS = 00,
(y+1)""687(s)

<(1-p(00)

then (1) is oscillatory.

Proof. Without loss of generality, assume again that (1)
possesses a nonoscillatory solution x(¢) such that x(t) > 0,
x(n(t)) > 0, and x(g(t)) > 0 on [t;,00) for some t;, > t,.

Then, for all t > t;, (30) is satisfied and z(t) > x(t) > 0. It
follows from (10) that there existsa T, > ¢, such thatz'(t) > 0
forallt > T,. By virtue of (30), we have

t (r (s) (Z’ (S))Y)l/y

z(t)=2z(T,)+ 7 ds
L* r/v (s) ()
> "2 @) Jt Y () ds.
T,
Since
( z(t) >’ ZWm)-zE)m (1)
m@t)) m2 (t)
z (t) m(t) /
< - <0,
= (t) l iy (t) j;* 1y (s)ds " (t)} :
(48)
we conclude that
xt) =z -p®Ox(n (1)
>z(t)-p)z(n() (49)
m (1 (1))
> (1 -p(t) poym )z(t).
Fort > T,, define a new function u(t) by
rt) (2 )"
u (t) =0 (t) ZV—(t) (50)

Thenu(t) > 0forallt > T, and the rest of the proof is similar
to that of [8, Theorem 2.2, case T = R]. This completes the
proof. O

Theorem 8. Let conditions (10) and (h,)-(h;) be satisfied.
Suppose also that 0 < p(t) < 1, #(t) > t, g(t) < t, and there
exists a function m € Cl([to, 00), (0, 00)) such that (45) holds
for all sufficiently large T, > t,. If there exists a function H €
such that, for someT > T,,

8(5)0" (5, T.,)q(s) H (t,5)

x<hp@@ﬂ%%g¥)(m

1 t
lim su J
t— oop H (t) T) T

y+1
() (h (ffs)) ] ds - oo,
(y+1)"87 ()

then (1) is oscillatory.

Proof. The proof runs as in Theorem 7 and [8, Theorem 2.2,
case T = R] and thus is omitted. O



Theorem 9. Let all assumptions of Theorem 7 be satisfied with
condition (10) replaced by (17). Suppose that there exist a
function K € & and a function ¢ € Cl([to, 00), (0, 00)) such
that

¢ (1)
rY () R(t)

and, for all sufficiently large T > t,,

+¢' (1) <0, (52)

t— 00

lim sup L [K (t:9)q(s) (1-p(g()))

x<¢(9 () )V IRAOICO) I,
¢ (s) (y+1)"""
(53)

Then (1) is oscillatory.

Proof. Without loss of generality, assume as above that (1)
possesses a nonoscillatory solution x(t) such that x(t) > 0,
x(n(t)) > 0, and x(g(t)) > 0 on [t;,00) for some t;, > t,.
Then, for all t > ¢, (30) is satisfied and z(t) > x(t) > 0.
Therefore, the function r(t)(z' ()" is strictly decreasing for
all t > ¢, and so there exists a T, > t; such that either
Z'(t) > 0orz'(t) < 0forallt > T,. Assume first that 2’ (t) > 0
forallt > T,. As in the proof of Theorem 7, we obtain a
contradiction with (46). Assume now that z'(t) < 0 for all
t>T,.Fort > T,, define w(t) by (31). By virtue of 5(t) > t,

x(t)=z(t)-pt)x(n(t)
>z()-pt)z(n) (54)
>(1-p®)z ().

The rest of the proof is similar to that of Theorem 5 and hence
is omitted. O

Theorem 10. Let all assumptions of Theorem 8 be satisfied
with condition (10) replaced by (17). Suppose that there exists a
function K € K such that, for all sufficiently large T > t,

t
lim supJ [K t5)q(s) (1-p(g()))
t— 00 T

(55)

rOCm)N™! ] des0
(y+ )™ '

Then (1) is oscillatory.
Proof. The proof resembles those of Theorems 5and 9. [

Remark 11. One can obtain from Theorems 5 and 6 various
oscillation criteria by letting, for instance,
m(t) = R(t). (56)

Likewise, several oscillation criteria are obtained from Theo-
rems 7-10 with

m = | ds $O=R®.  (57)

T, 7 (s)’
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3. Examples and Discussion

The following examples illustrate applications of theoretical
results presented in this paper.

Example 1. Fort > 1, consider a neutral differential equation

((x+ex(4))) +aen=0 69

where p, € (0,1/2) and g, > 0 are constants. Here, y = 1,
r(t) = 1% p(t) = po nt) = t/2, q(t) = qy» and g(t) = 2t. Let
m(t) = t ' and K(t,s) = s (t — 5)°. Then {(t,s) = 2s"/% +
s2(t - s) and, for all sufficiently large T > 1 and for all g,
satisfying q,(1 — 2p,) > 1/2, we have

t— 00

m(n(g(9))) )y
m(g(s))

y (m (99) )y _rOEH |
m(s) (y+1)"™

Jt [QO(1_2P0) (t-s) s

T 2 S

lim sup JT [K(t, s)q(s) (1 -p(g(s)

= lim sup

t— oo

(t-s)’
4s

—(t—s)] ds > 0.
(59)

On the other hand, letting H(¢, s) = sHt—-s)?and8(t) = 1,
we observe that condition (15) is satisfied for go(1 — 2p,) >
1/2. Hence, by Theorem 5, we conclude that (58) is oscillatory
provided that g,(1-2p,) > 1/2. Observe that results reported
in [9, 12, 17, 21] cannot be applied to (58) since p(t) < 1 and
conditions (19)-(22) fail to hold for this equation.

Example 2. Fort > 1, consider a neutral differential equation

(P(x0+ 1x(2))) +anx() =0 @

where g, > 0 is a constant. Here, y = 1, r(t) = £, p(t) =1/8,
n(t) = t/2, q(t) = qot, and g(t) = t/3. Let m(t) = t */2 and
K(t,s) = s 2(t —s)*. Then {(t,s) = 2s " + 25 2(t — s). Hence,

! y
tim sup | [m,s)q(s)(l_p(g(s))M)
e m (g (s))
(y+ )™
: [ golt —s)? (t—s)?
=hmsupj [ s —-s— —2(t—s)]ds>0
t—oo JT

(61)

whenever g, > 2. Let H(t,s) = s2(t — s)* and 8(¢) = 1. Then
(16) is satisfied for g, > 2. Therefore, using Theorem 6, we



Abstract and Applied Analysis

deduce that (60) is oscillatory if g, > 2, whereas Theorems 1
and 4 yield oscillation of (60) for g, > 5/2, so our oscillation
result is sharper.

Example 3. Fort > 1, consider the Euler differential equation
(25 (1)) +qox () = 0, (62)

where g, > 0 is a constant. Here, y = 1, r(t) = t*, p(t) = 0,
q(t) = q,, and g(t) = t. Choose m(t) = 1 and K(t,s) =
sTH(t —s)®. Then {(t,s) = 25 /2 + s7%(t — 5), and so

! y
lim sup JT [K(t,s)q(s) (1 -p(9(s) m (1 (g (5))))

t— 00 m (g (S))
(m (9(9) >y r(s) (¢ (£, )" ]
>< p—
m(s) (y+ 1)

t EAY Y
= lim supj [qo(t 9 —s—(t 9 —(t—s)] ds>0
t—oco JT N 4s

(63)

provided that g, > 1/4. Let H(t,s) = st -s)?and 8(t) = 1.
Then (15) holds for g, > 1/4. It follows from Theorem 5 that
(62) is oscillatory for g, > 1/4, and it is well known that this
condition is the best possible for the given equation. However,
results of Saker [17] do not allow us to arrive at this conclusion
due to condition (22).

Remark 12. In this paper, using an integral averaging tech-
nique, we derive several oscillation criteria for the second-
order neutral equation (1) in both cases (10) and (17).
Contrary to [9, 12,15, 17, 19-21], we do not impose restrictive
conditions (H;) and (19)-(23) in our oscillation results. This
leads to a certain improvement compared to the results in the
cited papers. However, to obtain new results in the case where
(17) holds, we have to impose an additional assumption on
the function p; that is, p(t) < m(t)/m(x(t)). The question
regarding the study of oscillatory properties of (1) with other
methods that do not require this assumption remains open at
the moment.
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