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In order to characterize the bivariate signals, minimum-energy bivariate wavelet frames with arbitrary dilation matrix are studied,
which are based on superiority of the minimum-energy frame and the significant properties of bivariate wavelet. Firstly, the concept
of minimum-energy bivariate wavelet frame is defined, and its equivalent characterizations and a necessary condition are presented.
Secondly, based on polyphase form of symbol functions of scaling function and wavelet function, two sufficient conditions and an
explicit constructed method are given. Finally, the decomposition algorithm, reconstruction algorithm, and numerical examples

are designed.

1. Introduction

Frames theory is one of the efficient tools in the signal pro-
cessing. It was introduced by Duffin and Schaeffer [1] and was
used to deal with problems in nonharmonic Fourier series.
However, people did not pay enough attention to frames
theory for a long time. When wavelets theory was booming,
Daubechies et al. [2] defined the affine frame (wavelet frame)
by combining the theory of continuous wavelet transform
with frame. After that, people started to research frames
and its application again. Benedetto and Li [3] gave the
definition of frame multiresolution analysis (FMRA), and
their work laid the foundation for other people to do further
research. Frames not only can overcome the disadvantages of
wavelets and multivariate wavelets but also increase redun-
dancy, and the numerical computation becomes much more
stable using frames to reconstruct signal. With well time-
frequency localization and shift invariance, frames can be
designed more easily than wavelets or multivariate wavelets.
At present, frames theory has been widely used in theoretical
and applicable domains [4-18], such as signal analysis, image
processing, numerical calculation, Banach space theory, and
Besov space theory.

In 2000, Chui and He [5] proposed the concept of min-
imum-energy wavelet frames. The minimum-energy wavelet

frames reduce the computational, and maintain the numer-
ical stability, and do not need to search dual frames in the
decomposition and reconstruction of functions (or signals).
Therefore, many people paid more attention to the study of
minimum-energy wavelet frames. Petukhov [6] studied the
(minimum-energy) wavelet frames with symmetry. Huang
and Cheng [7] studied the construction and characterizations
of the minimum-energy wavelet frames with arbitrary integer
dilation factor. Gao and Cao [8] researched the structure of
the minimum-energy wavelet frames on the interval [0,]1]
and its application on signal denoising. Liang and Zhao
[9] studied the minimum-energy multiwavelet frames with
dilation factor 2 and multiplicity 2 and gave a characterization
and a necessary condition of minimum-energy multiwavelets
frames. Huang et al. [10, 11] studied minimum-energy mul-
tiwavelet frames and wavelet frames on the interval [0,1]
with arbitrary dilation factor. It was well known that a
majority of real-world signals are multidimensional, such
as graphic and video signal. For this reason, many people
studied multivariate wavelets and multivariate wavelet frames
[12-18]. In this paper, in order to deal with multidimen-
sional signals and combine organically the minimum-energy
wavelet frames with the significant properties of multivariate
wavelets, minimum-energy bivariate wavelet frames with
arbitrary dilation matrix are studied.



The organization of this paper is as follows. In Section 2,
we give preliminaries and basic definitions. Then, in
Section 3, the main results are described. In Section 4, we
present the decomposition and reconstruction formulas of
minimum-energy bivariate wavelet frames. Finally, numeri-
cal examples are given in Section 5.

2. Preliminaries and Basic Definitions

2.1. Basic Concept and Notation. Let us recall the concept of
dilation matrix and give some notations.

Definition 1 (see [18]). Let A be the 2 x 2 integer matrix.
Suppose that its eigenvalues have a modulus strictly greater
than 1, then A is called a dilation matrix.

(1) Throughout this paper, let Z, R denote the set of inte-
gers and real numbers, respectively. Z, R* denote the
set of 2-tuple integers and two-dimensional Euclidean
space, respectively. For a given dilation matrix A, let
{u;i =0,1,...,5s — 1} be a complete set of represent-
atives of Z?/AZ?, where s = | det(A)|.

(2) Let X(R?) = {f : [, |f(x)lPdx < co} and X(Z%) =

{s: Y, . ls,l*dx < oo}. For any f,g € L*(R?), the
inner product, norm, and the Fourier transform are
defined, respectively, by

(@90 = [ Fgtad 1A = (5.5),

7= L it
f(E)—mJRZf(x)e dx.

O]

(3) For any function f € L*(R?), fj)k(x) is defined by

fj,k(x)=sj/2f(ij—k), jeZ ke ()

(4) We sort the elements of Z* by lexicographical order.
That is, for any k = (k;, k)", 1 = (I,,1,)", k,1 € 7%,
and let

m=(k -1,k 1); (3)

then k = [ denotes that every component of m is zero, k >
I denotes that the first nonzero component of m is positive,
and k < [ denotes that the first nonzero component of m is
negative.

(5) Forany z = (z,2,)", 2,#0, 2,#0, k = (k,,k,)" €
R%, 27, ZF are defined, respectively, by

2
_ _ “I\T k.
z 1:(zll,zzl) , zk:Hzi’. (4)
i=1
(6) For any A € R¥?, z* is defined by
T
2t = (zh,2%), ©)

where A; is the i-th column of A.
Now, we give the definition of frame.
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Definition 2 (see [18]). Let H be a complex and separable
Hilbert space. A sequence {f; : k € Z} is a frame for H if
there exist constants 0 < A, B < 0o, such that, forany f € H,

Al < YA FOF < BIAI (6)

kez

The numbers A, B are called frame bounds.

A frame is tight if we can choose A = B as frame bounds
in the Definition 2. If a frame ceases to be a frame when
an arbitrary element is removed, it is called an exact frame.
When A = B = 1, then

f=YAffi)fio Vfel. %)

keZ

2.2. Minimum-Energy Bivariate Wavelet Frame

Definition 3 (see [18]). A bivariate frame multiresolution
analysis (FMRA) for L*(R?) consists of a sequence of closed
subspaces {V} ;. and a function ¢ € V; such that

(1) V;C Vi, je s
@) Niez V; =0} Ujer V; = (R
B) fx) eV, f(Ax) €V, je Z, x € R
(4) {p(x — n)},,c72 is a frame for Vj,
where function ¢(x) is called scaling function of FMRA.

Since V,, ¢ V}, ¢(x) satisfies two-scale equation (refinable
equation)

$(x) = D pup(Ax—K), ®)

kez?

where {p ez € 1?(Z?). The Fourier transform of (8) is

$&) =my(ATE)P(ATE), EeR )

where

1 ek 1 k
my(€) = ——— e == z,
where m, (&) is the symbol function of scaling function ¢(x),
z=e.
For simplicity, in this paper, we suppose that any symbol
function is trigonometric polynomial, and scaling function
and wavelet function are compactly supported.

Definition 4. Let ¢ € L*(R?) satisfies ¢ € L™ and ¢
continuous at 0 and ¢(0) = 1. Suppose that ¢ generates
a sequence of nested closed subspaces {V;};c;, then ¥ =

{w' v ..., yN} c V, is called a minimum-energy bivariate
wavelet frame associated with ¢ if for all f € L*(R?):

S Aol = SIEs+Y (vl

kez? kez? I=1 kez?
(11)
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By the Parseval identity, minimum-energy bivariate
wavelet frame ¥ must be a tight frame for L*(R*) with frame
bound being equal to 1. At the same time, the formula (11) is
equivalent to

Z <ﬁ ¢1,k> ¢1,k = Z <f’ ¢o,k> ¢o,k

kez? kez?

N
+ Z Z <f’l//(l),k> l//(l),k’ Vel (Rz)-
I=1kez?
(12)

The interpretation of minimum-energy bivariate wavelet
frame will be clarified later.
Consider ¥ = {1//1, wz, ..

= Y qip(Ax—k),

kez?

, WM} € vy, with

[=1L2,...N. 3

Using Fourier transform on the previous equation, we can get
their symbols as follows:

my (§) = qu Tk quz , 1=12,...,N, (14
S ez S kez?
where z = 7% .
With my (&), m; (§), ..., my(§), we formulate the sx(N+1)
matrix M(&):
M (§)

my (§) my (&)
mgy (E + 2A7T;417r) m, (E + 2A7T;4171)

my (&)
my (E+247 )

(f + 2:/&4,145,171)
(15)

my (E + 2.A7T‘us,1n) m; (E + 21.477“145,171) s omy

and M " (&) denotes the complex conjugate of the transpose of

M().

3. Main Result

In this section, we give a complete characterization of
minimum-energy bivariate wavelet frames with arbitrary
dilation matrix and two sufficient conditions and a necessary
condition of minimum-energy bivariate wavelet frame asso-
ciated with the given scaling function.

Proposition 5. Suppose that A is a dilation matrix; let

P A iz A o2 A ey
. T 41 - T A— . T -1
Q2 AT g2y A iy o2 A ey
-Q{ = >
. T - . T -1 . T -1
612”.’45—1A ' elzﬂl"s—lA M. 612”!45—1A Hs—1

(16)
then, & is invertible matrix.
The following theorem presents the equivalent characteri-

zations of the minimum-energy bivariate wavelet frames with
arbitrary dilation matrix.

Theorem 6. Suppose that the symbols my(), 1 = 0,1,...,N
in (10) and (14) are Laurent polynomial, and generate the

refinable function ¢(x) and ¥ = {y',v?, ..., yN) If ¢ is
continuous at 0 and <E(0) = 1 and ¢(x) generates a nested closed
subspaces sequence {Vf}jeZ’ then the following statements are

equivalent.

(1) ¥ is a minimum-energy bivariate wavelet frame with
arbitrary dilation matrix A associated with ¢(x).

)

M@EM (¢ =1, VEeR” 17)

N
(3) oy = Z <Pr*nAkplAk + Zq:Akq;Ak> )

kez? i=1

-s8 Vm, | e 7%

ml_ >

Proof. By using the two-scale relations (8) and (13) and
notation «,,,;, then formula (12) is equivalent to

ml>
Y i (fe(Ax-m)$(Ax-D =0, VfeL*(R*).
m,leZ?
(19)
On the other hand, formula (17) can be reformulated as

& 2

Z|mz O =1,

1=0
(20)

N
Zmz(f)ml*(f‘FZA_l,Mjﬂ): j=1...,s-1
1=0

which is equivalent to

N s—1
Zml €3} Zml* (E + 2A_1yj7r) =1,

1=0 =0

N s—1

Zml é) (mg &) - Zml* (E + 2A_ll4jn)> =
=0 j=1

N s—1
) (Zmz* (E+2A7 ) - 2my (€ + 2A_1yn71)> =1,

1=0 j=0
n=1,...,s-1; £¢ R2,
(21)
or
Zm, & Y 'y =1,
kez?
Zml ) (Z Z q, _Aszk_”"> =s-1,
n=1kez? (22)
Zml 3 (Zel%A ot Z q,, Aszk_H"> =-L
kez?
j=1,...,s-1; £ e R?



where q) = pi, k € Z°. Since o is an invertible matrix, the
previous equation is equivalent to

N
D k—
Y)Y dp uz =1, n=0,1,...,5-1. (23)
=0 kez?

We multiply the identities in (23) by z"¢(A " &),n =

T -1
0,1,...,s — 1, respectively, where z = ¢ © 4, and we get

N
$(A_T€) zZh = Z Z qi:;_Aszkt/A/l &), n=0,1,...,s-1;

1=0 kez?
(24)

let y° = ¢. Take the Fourier transform on the two sides of the
previous formula, (23) is equivalent to

N
S(p(Ax—[/tn):Z Z qﬁ;fAkt//l(x—k), n=0,1,...

1=0 kez?
Thus,

N
s (Ax — ) = Z Z qiiAkl//l (x—k), VYueZ’. (26)
=0 kez?

By using the two-scale relations (8) and (13), we can
rewrite formula (26) as

Z & (Ax—m) =0, Vle 7. 27)

meZzZ>?

In other words, the proof of Theorem 6 reduces to the proof
of the equivalences of (18), (19), and (27).

It is clear that (18) = (27) = (19). In order to prove
(19) = (18), let f € L*(R?) be any compactly supported
function. Let

ﬁl (f) = <f’ Z “ml¢(Ax_m)> > le Zz' (28)

mez?

Then by using the properties that, for every fixed m, «,,; = 0
except for finitely many /, and both ¢ and f have compact
support, it is clear that only finitely many of the values f3;( f)
is nonzero. Now, since $(£) is a nontrivial function, by taking
the Fourier transform of (19), it follows that the trigonometric
polynomial ¥,.> B(f)e ™ " = 0. Obviously, B,(f) = 0,1 €
Z*. By choosing f = Y, . &, $(Ax — m), we get formula
(27).

By taking the Fourier transform of (27), we get «,,; =
0, m,1 € Z*. The proof of Theorem 6 is completed. O

Theorem 6 characterizes the necessary and sufficient
condition for the existence of the minimum-energy bivariate
wavelet frames associated with ¢. But it is not a good
choice to use this theorem to construct the minimum-energy
bivariate wavelet frames with arbitrary dilation matrix. For
convenience, we need to present some sufficient conditions
in terms of the symbol functions.
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Theorem 7. A compactly supported refinable function ¢ €
L*(R?), with $ continuous at 0 and gZ;(O) = 1, and my(&) is
the symbol function of ¢. Let ¥ = {y',v?,...,y"} be the
minimum-energy multiwavelet frames associated with ¢; then

s—1
Nlmo(E+247 )| <1, VECRL  (29)
n=0
Proof. Let D(&) be the first column of M(§) and M(§) =
(D(&),Q(&)). Then,

D@D () +Q®Q (&) =1I. (30)

Since Q(&)Q* (&) is a Hermitian matrix, the matrix I, —
D(&)D* (§) is positive semidefinite.
We have

(D*Is(a D1(5)><—D{*S(£) _Dl(f)>

<Is -D@ D" (§)

1-D* (E)D(E)>

(31
1 D 1 D
det <D*S<£> 1(§)> = det ( D b (E)) ’
1 -D 1 -D
det (—D*S(f) I(E)> = det< § 1-D* (S)D (£)>.
Therefore,
det (I, -D (D" (§) (1-D" (H)D(¥))
(32)
=(1-D"(D®)(1-D" (D),
that is,
1-D"(§)D (&) = 0. (33)
The proof of Theorem 7 is completed. O

According to the Theorem 7, there may not exist mini-
mum-energy bivariate wavelet frame associated with a given
scaling function. If there exists a minimum-energy bivariate
wavelet frame, then the symbol function of scaling func-
tion must satisfy (29). Based on the polyphase forms of
my(2z), m, (z), ..., my(z), we give two sufficient conditions.

T
Letz = e ; then

1 e 1% it (uy+ Ak
mg (§) = 5 Z bre = ;Z Z Pu+ak€ o Al

kez? i=0 ke7?

15—1 T i Ak
=2 Y Purme™ (34)
i=0 kez?

_15—1 ,- Ak_ls_l 0( A
= 27D Purm™ = @;Z"fi (=),

i=0  kez?

where f(x) = (1/V5) Yiez2 Py arx’s x € R?. Similarly,

15—1 .
ml(E)=$;z"’f}(zA), I=1,2,...,N, (35
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where fil(x) = (1/V8) Yjerr ‘JL,.+Akxk’ x € R?. Let

1
Clz)=—
\/s
o T p— iy T -1 oy T 41
ZHo g~ 12 A "o M 2o A . g1 pTi2mpg A sy
. T 4—1 B T 4—1 P T 4—1
ZHo g2 A o i o2y AT iy L g1 pTi2m AT sy
X b

I o T T -
ZH0 o125 A "o 2t o i2ms A Ywo L, ZH3 o721 A M

(36)
thus,
RE) B R
| HED A
fso—l (ZA) fsl—l (ZA) fslirl (ZA)
(37)

Since C(z) is a unitary matrix, condition (17) is equivalent to

£z fo(z) o £
f?(zA) 1! () e fY ()

) £ () e ()
W A - R EN
flo('ZA) fll(.ZA)

fso—l .(ZA) fsl—1 .(ZA) e
(38)

For convenience, let u = z?, condition (29) can be
. —1

rewritten as Y | fo(u)|* < 1.
If there exists f°(u) such that

N

n=0

Rwl =1, (39)

then, we have the following Theorem 8.

Theorem 8. Let ¢(x) € L*(R?) be a compactly supported

refinable function, with ¢ continuous at 0 and $(0) = 1, and
its symbol function satisfies

s—1
S wl <t (40)
n=0

If there exists f, (u) such that

Y| wf =1, (41)
n=0

then there exists a minimum-energy bivariate wavelet frame
associated with ¢(x).

Proof. Under the assumption, we know that the vector

£i=[fe @ fl @ £ 00, ff @] (42)

is a unit vector.

Construct diagonal matrix D, = diag(u’,u", ..., u')
such that
T
f; = Dof = [t fy (), u" f) ),...,u" £ ()]
K (43)
j 2
= Y ayl, tyty,... .t €2’
j=(0,0)

where a; € R with a, # 0 and ag #0. It is clear that f, is a
unit vector:

K * K
£ f, =< > aju’> ( > aju]>=1, Viul =1, (44)
7=(0,0) j=(0,0)

and consequently ajag = 0. We next consider the (s + 1) x
(s + 1) Householder matrix:

2 T
H=I,-—vw, (45)
(vl
where v = ag +[lag|e;, withe, = (1,0,..., O)STH, and the + or
— signs are so chosen that v # 0. Then
Hyag = * [lag| e, (46)

Since Householder matrix is orthogonal matrix, we have
T
(Hyay) (Hyag) = angTHlaK = aOTaK =0.  (47)
By the previous equation, the first component of H,a, is 0.

Now H.\f, = Zf:(o,o)(Hﬂj)”j , we construct diagonal matrix
D, = diag(u'®, 1,...,1), 4, € Z" such that

K K

, N

f, = D,H,f, = D, Z (Hlaj) uw = Z a§ W (48)
j=(0,0) j=(0,0)

is also a unit vector and K, < K, a(()l) #0, a§<11) #0.
Similarly, we define the Householder matrix:

2 __r
Hy =1I, - va . (49)

where v = ag, * IIaK1 le, #0, and D, = diag(ut‘”, 1,...,1)
such that

K, K,
1 j 2) j
f,=D,H,f, =D, Yy (Ha)u/ = Y aPu (50
j=(0.0) j=(00)

is also a unit vector and K, < K, aéz) #0, a%) #0.
Since every component of f is a finite sum, we repeat

this procedure finite times to get some unitary matrices
D,,H,,D, ,,H;_,,...,H,,D,,H,,

D H;D; \H_,---H,D H,Dyf = e,. (51)



That is, f is the first column of the unitary matrix
H:=DyH,D/H, ---H; ,D; H;D;. (52)
Let

@) fow) - f3@w)
H=| A Aw@ - Fw |, (s

W flw - fw

then, H satisfies (38). In the formula (15), we let
LSl
my (§) = 2if(2%), I=1,...,s. (54)
=

Then,we can obtain the formula (17). The proof of Theorem 8
is completed. O

Corollary 9. Let ¢(x) € L*(R?) be a compactly supported
refinable function, with ¢ continuous at 0 and $(0) = 1, and
its symbol function satisfies

s—1
Nlmo(E+247 )| <1, VECRL  (55)

n=0

If there exists fso(u), ... ,ff(u), n > s, such that

YR =1, (56)
i=0

then there exists a minimum-energy bivariate wavelet frame
associated with ¢(x).

Next, we present an explicit formula of constructing

minimum-energy bivariate wavelet frame. Suppose that 1,
satisfies (29); let

2% =I-DED" (). (57)

Then

s—1

Ao=1-Y |my (E+ 247 uz)|.

n=0

Ap=-=A =1,

1 M _ * - T
B = Q_(mo (§+2A TM17T)> -my (§+2A TP‘OH)’O’ . "O)
1
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Br = Qik ( —my (§ +2A  pgm) mg (E+ 247" ),

-m, (E + 2A7T;4171) mg (E + 2A7Tykrr) e

—my (’g’ + 2A_Tyk,1n) my (E + 2A_T/,¢k71) ,

. T
i'mo (E + 2A_Tyj7r)|2, 0,..., 0)

Jj=0

Bs = Qi (mo (E + 2A_Tptorr) ,

my (E + ZA_T[/LIH) yeees Mg (E + 2A_Tys_17r))T
(58)

are the eigenvalues and eigenvectors of Z(&), respectively,

where Oy, Q,, ..., Q,ensure that 3, 5,,..., 5, are unit vector.
Let
S =B B - B),  AE®) =diag(L,...,1,1,),
(59)
then,
I,-DE)D" (&) =SEAE&)S" (). (60)

Theorem 10. Let ¢(x) € L*(R?) be a compactly supported
refinable function, with ¢ continuous at 0 and $(0) = 1, and
its symbol function satisfies

s—1
Nlmo(E+247 )| <1, VECRL (6D
n=0
If there exists f, (u) satisfies
S w| =1, (62)
i=0

then the symbol function of minimum-energy bivariate wavelet
[frame associated with ¢(x) is the first row of the matrix:

Q) =U) yA)S(E), (63)
where U(E) is any s X s unitary matrix, and S(&), A(§) are
defined in (59).

Proof. By Theorem 8, there exists a minimum-energy bivari-
ate wavelet frame associated with the given scaling function,
and the existence of fso (u) guarantees that the elements of

VA(E) are trigonometric polynomial, and we have
QOQ ® =3O AOU® (SO VAQU®)
(64
=S@OAES ) =I-DE D (§);
thus, symbol functions satisty (17). O

Theorems 8 and 10 give different methods to construct
minimum-energy bivariate wavelet frame.
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4. Decomposition and Reconstruction
Formulas of Minimum-Energy Bivariate
Wavelet Frames

Suppose that the bivariate scaling function ¢(x) has an associ-
ated minimum-energy bivariate wavelet frame {y', ..., y"}.
Let the projection operators P; of L*(R?) onto the nested
subspace V; be defined by

Pif:= ) (fdix) b (65)
kez?
Then the formula (12) can be rewritten as
N . .
Piaf-Pif=3 Y (fvi) ¥ (66)
i=lkez?

In other words, the error term g; = P, f — P, f between
consecutive projections is given by the frame expansion:

N . .
9= > (fvi) Vi (67)

i=1 kez?

Suppose that the error term g; has another expansion in

terms of the frames {y',...,y"}, that is,
N .
9; = Z Z Cj,klll;',k' (68)
i=1 kez?

Then by using both (67) and (68), we have

<91’f> ZZ'(f‘VJk>| ZZ ]k<fl//]k>’ (69)

i=1kez? i=lkez?

and this derives

HMZ

ZZ e = (AVi0[

N
=Z 'Jk| _ZZ Z Jk<f W1k>
i=1k i=1 kez?
(70)
N ; 2
+Z IRICAY]
i=1 ke7?
N g
=Y Yl -2 2 rwal
i=1 kez? i=1 kez?

This inequality means that the coefficients of the error term
g; in (67) have minimal /*-norm among all sequences {c k}
which satisty (68).

We next discuss minimum-energy bivariate wavelet
frames decomposition and reconstruction. For any f €
L2(R?), we define the coefficients

Cik = <fa‘/’j,k> > dir= <f’ Wj‘,k> SN (71

Then we can derive the decomposition and reconstruction
formulas that are similar to those of orthonormal wavelets.

(1) Decomposition Algorithm. Suppose that coefficients {c;,; :

1 € 7%} are known. By the two-scale relations (8) and (13), we
have

1
bju (x) = Vs Z Pre-arPiik (%)

kez?
. (72)
1//;,1 (x) = 7 Z q;c—Alw;'H,k (x), i=1,...,N.
S 2
kez
Then, decomposition algorithm is given as
1
C:1 = — C:
il Z Pr-al€js1e
\/Ekezz
(73)

]l_\/—zqkAl jre =L N.

kez?

(2) Reconstruction Algorithm. From (26), it follows that

$i (x) = Z {Pz AkPik (%) + Z% Ak‘//] k (X)]’
keZ2

(74)

Take the inner products on both sides of (74) with f, we get

Cip1g = Z {Pz AkCik T Z‘Iz Akdl]k} (75)

kozZ2

5. Numerical Examples

In this section, we present some numerical examples to show
the effectiveness of the proposed methods.

Example 1. Let A = 2I,;then s = 4and
=007 = 1LON

w=00"  p=0,1"

Suppose that the Fourier transform ¢(&) of scaling func-

tion ¢(&) is

(76)

1-¢ —i, 1-— e—ifz 1-— e—i(fﬁ'gz)
: . . 77
¢ ©= i i&, i(§+&,) v

Then its symbol function m, (&) satisfies

(1 +e ) (1+e™) (147 @) (78)

mg &) =
Thus,

fa =1 (), =g (1),

T 2
fw=7(1+d"),  Lw=3

]

(79)
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Let 1
. . V2 V2
0 _iao” 0 _ i " - -
A= (1-u"), ge=g(1-u), 2 2
1 T H; = 1 >
few=7 (1-u). 1
(80) V2 V2
2 2
Then we have 216:0 | fio(u)l2 = 1. By Corollary 9, there exists 1
a minimum-energy bivariate wavelet frame associated with H
¢(£). Using Theorem 8, let 4
v v V2 V2 V2 2 N2 N2 A2
Y2 Y 0 0 2 -2v2 2 0 0
2 2 J2vz-2v2 0 0 0 0 o
1 =3 0o 0 0 0 0 -2v22v2 |,
H, = 1 : 0 0 22 0 -2v2 0 0
1 2 2 0 0 0 -2 =2
1 V2. N2 -V2 -2 N2 V2 2
V2 V2
i il . (-1,-1)
5 3 D, = diag (u™"7",1,1,1,1,1,1),
1 D, = diag (1, 1,4, 1,1,1,1),
1
=diag(Lu™ 7, 1,1,1,1,1).
V2 V2 D, = diag (1,4, 1,1,1,1,1
H, - ST , (81)
V2. V2
2 2
1 Thus, we have
1
1+ u®Y 0 2™ 2 0 V2 + V2u™ 1+
1+ u®) 0 —2u®) 2 0 ~V2+V2u™ 1+ 4O
Lored® V220 0 242 0 -1-u
H/D{H,D;H,;D;H, = - 2 22 0 0 0 0 -2 . (82)
Hlo1-ut 3w 0 0 —2- 20 0 ~1+u™
1-u®D 0 0O o 0 -2 - \/Eu(o’l) 1-u®)
1—uby 0 24V 2 0 -2 - \/Eu(l’l) 1-u®)
Consequently, we obtain symbol functions —e (1 + eiizil) - 2e7i(§1+52)) .
(83)

my (§) = % (e_iEz (V2+ \/Ee"'z‘fl) _ 2\/§e—i(£1+fz)))

1/ st P The functions generated by the previous symbol functions are
m, (&) = 3 (26 P =2e e 1) ; minimum-energy bivariate wavelet frame functions associ-
ated with ¢(x).

_1 -it,
ms (§) = 8 <2 2 )’ Example 2. Let A = 31,; then s = 9 and

I _i2E
my (§) = —e 2 (=2 +2e1),
! 8 ( ) [’40 = (O) O)T) [/‘1 = (1) O)T, Mz = (2, O)T,

ms (E) — (_\/5_'_ \/Ee—i(z‘fﬁ'z’fz) + e—ifl (_\/E_'_ \/Ee_ﬁ{z)) , s = (0) l)T, fy = (0) Z)T, s = (1) l)T, (84)

®| = oo|

_ T _ T _ T
me (E) — (1 + e—l(2€1+252) + 6—151 (1 + 6_1262) He = (2’ 1) > U7 = (1’2) > Hg = (2’ 2) .
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Suppose that the Fourier transform ¢(£) of scaling function

P(&) is

1-e 13} 1- e—ifz 1- e—i(fﬁ'fz)
. . . 85
¢(E i i, i(f1 + fz) (®)

Then its symbol function m, (&) satisfies

my (&) = (1 +e iy ’251) (1 +e eiizfz)
(86)
% (1 + e_i(£1+fz) + e—iz(fﬁ'fz)) .
Thus,
0 1 @’
fo () = 5 (1 +u ),
1
£ =5 (1@ e utt),
1
f20 (u) = 5 (1 + Zu(O’I)T) ,
0 1 w0’ W’
f3 )= ;(1+u +u ),
0 1 1,07 an’
Rw=g+r2),  Fu- (2+u ),
0 1 on" 0, _ 1 0"
fo () = 5(2+u ), f7(u)—§(2+u ),
3
fs () = 9’
(87)
Let
V6 1,0)" V6 0,17
fa =2 (=), e =3 (1),
0 V6 L)Y
2w = ?(l—u( 7).
(88)

Then we have ¥ | ' (u)|* = 1. By Corollary 9, there exists
a minimum-energy bivariate wavelet frame associated with

¢(&).
Example 3. Let A= (1}, );thens=2and
b= 0,07, p=(10" (89)

Suppose that the Fourier transform ¢(&) of scaling func-
tion ¢(&) satisfies

¢ (E) 1-— —lfl 1- e—ffz 1-— e—i(fl‘*sz) 1-— e—i(gl_fz)
i&, i&, i(E1 +£2) i(& _Ez) .
(90)
Then its symbol function (&) satisfies
my (&) = - (1+e ’fl)(1+e7'fz). (1)

T . . T
Letz = e = (e_"El e_"Ez) , and we have zt* = 1, zH1 =
e_ifl JU = ZA — (e_i(fﬁ'fz), e—i(f1_52)). Therefore’

A =so (1), = (1),

(92)

Let

A=z (1), =

(93)

and we have 213:0 | flo(u)l2 = 1. By Corollary 9, there exists
a minimum-energy bivariate wavelet frame associated with

$(&).

6. Conclusions

In this paper, we define the concept of minimum-energy
bivariate wavelet frame with arbitrary dilation matrix and
present its equivalent characterizations. We give a necessary
condition and two sufficient conditions for minimum-energy
bivariate wavelets frame and deduce the decomposition
and reconstruction formulas of minimum-energy bivariate
wavelets frame. Finally, we give several numerical examples
to show the effectiveness of the proposed methods.
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