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The global asymptotic behavior of a nonautonomous competitor-competitor-mutualist model is investigated, where all the coefhi-
cients are time-dependent and asymptotically approach periodic functions, respectively. Under certain conditions, it is shown that
the limit periodic system of this asymptotically periodic model admits two positive periodic solutions (u], uyp, ul ), (Uyp, U, thsy)
such that u; < u! (i = 1,2,3), and the sector {(u;, ty, u3) : Uy < u; < ul, i = 1,2,3} is a global attractor of the asymptotically
periodic model. In particular, we derive sufficient conditions that guarantee the existence of a positive periodic solution which is

globally asymptotically stable.

1. Introduction

In this paper, we investigate the global asymptotic behavior of
solutions for the following competitor-competitor-mutualist
diffusion model:

Uy, — d,Auy
U huU, .
= e Q% (0,00),
gith < a 1+ a3u3> o (0, 00)
Uy, — d,Au,
" 0
:g2u2<1—blul—b—> in Q x (0,00),
o)
Us, — dsAu,
= g,u (1—L> in Q x (0, 00)
= gsls o + ol > >
ou; )
— = on 0Qx (0,00), i=1,2,3, (2)
on
u; (x,0) =u;y(x) on Q,i=1,2,3, (3)

where u,(x,t), uy(x,t), and u;(x,t) are the densities of a
mutualist-competitor, a competitor, and a mutualist popula-
tion, respectively. Q ¢ RY is a bounded smooth domain, d/dn
is an outward normal derivative on 0Q.

In1983, Rai et al. [1] firstly presented and studied a general
competitor-competitor-mutualist ordinary differential equa-
tion (ODE) model. Zheng [2] studied the problem (1)-(3)
in the case where all coefficients are positive constants. He
proved the local stability of the unique positive constant
steady-state solution under suitable condition on the reac-
tion rates by the method of spectral analysis for linearized
operator. Xu [3] investigated the global asymptotic stability of
the unique positive constant steady-state solution under some
assumptions by the iteration method. Pao [4] considered the
model with time delays, and, under a very simple condi-
tion on the reaction rates, proved that the time-dependent
solution with any nontrivial initial function converges to the
positive steady-state solution by the method of upper and
lower solutions. Chen and Peng [5] proved some existence
results concerning nonconstant positive steady-states for the
model with cross-diffusion and demonstrated that the cross-
diffusion can create patterns when the corresponding model
without cross-diffusion fails. Li et al. [6] proved that this
model with cross-diffusion possesses at least one coexistence



state if cross-diffusions and cross-reactions are weak by the
Schauder fixed point theory and the method of upper and
lower solutions and its associated monotone iterations. Fu et
al. [7] investigated the global asymptotic behavior and the
global existence of time-dependent solutions for the model
with cross-diffusion when the space dimension is at most 5.
Very recently, Tian and Ling [8] proved that, under some con-
ditions, a corresponding predator-prey-mutualist model with
cross-diffusion admits at least a nonhomogeneous stationary
solution by the stability analysis for the positive uniform
solution and the Leray-Schauder degree theory and carried
out numerical simulations for a Turing pattern.

For the model (1) with T-periodic coeflicients, Tineo [9]
studied the asymptotic behavior of positive solutions by the
method of upper and lower solutions. Du [10] investigated
the existence of positive T-periodic solutions by using the
degree and bifurcation theories. Pao [11] proved the existence
of maximal and minimal T-periodic solutions by the method
of upper and lower solutions. Wang et al. [12] considered the
local asymptotic behavior of the time-dependent solutions
and the existence of periodic solutions to the model in an
unbounded domain. Zhou and Fu [13] investigated the global
asymptotic behavior of the time-dependent solutions and the
existence of periodic solutions for the model with discrete
delays. Very recently, replacing the usual —Au term by a
degenerate elliptic operator as —Au™, Wang and Yin [14]
proved the existence of maximal and minimal T-periodic
solutions to the model with time delays by the Schauder fixed
point theorem. It is important to note that the uniqueness of
positive periodic solution is not considered in the previous
references.

When a; = 0, (1) reduces to the competition diffusion
system

u, —diAu=u(a-bu-cv),
(4)
v, —dyAv=v(d-eu- fv),

wherea = g,,b = g,/a,, ¢ = g,/ay,d = g,, e = g,b;, and
f = g,/b,. The system (4) is a diffusion extension of the well-
known Lotka-Volterra system

du

E—u(a—bu—cv),

p ()
v

E—v(d—eu—fv).

In the case that a, b, ¢, d, e, and f are positive T-periodic
functions, the existence and asymptotic stability of periodic
solutions for (5) was studied by Gopalsamy [15], Alvarez
and Lazer [16], and Ahmad [17] in the 1980’s. The global
asymptotic behavior of (5) was studied by Ahmad and Lazer
[18] and Tineo [19]. Denote f; = inf,.xf(x) and f,; =
sup, .. f (x) for any function f: X — R.Ifa,b,c,d,e,and f
are positive asymptotically T-periodic functions on R, Peng
and Chen [20] proved that if the conditions

dp - &

ar — & vt &

fL_SO’

+
L emte ©)
dy + ¢

ayt+e bp—g
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are satisfied for a certain sufficiently small ¢, > 0, then any
positive solutions of (5) asymptotically approach the unique
positive periodic solution for the limit periodic system of (5).

It is well known that periodic reaction diffusion equations
are of particular interests since they can take into account
seasonal fluctuations occurring in the phenomena appearing
in the models, and they have been extensively studied by
many researchers (see, e.g., [9-14, 19, 21]). However, so far,
the research work on asymptotically periodic systems is much
fewer than on the periodic ones. In fact, asymptotically
periodic systems describe our world more realistically and
more accurately than periodic ones to some extent. Therefore,
for asymptotically periodic systems, studying the dynamics
behavior is important and necessary (see, e.g., [22-27]).

In this paper, we study the global asymptotic behavior of
positive solutions for the asymptotically periodic system (1).
Under some conditions, it is shown that any positive solutions
of the models asymptotically approach the unique strictly
positive periodic solutions of the corresponding periodic
system. This means that the results in Tineo [9] and the results
for ODE model in Peng and Chen [20] can be extended to the
asymptotically periodic reaction diffusion system and the 3-
species diffusion system, respectively. Furthermore, using the
method of the present paper, we note that the corresponding
conclusions hold for the time-dependent n-species Lotka-
Volterra systems. More specifically, we provide a way of how
to use the method of upper and lower solutions to study
asymptotic behavior of solutions for asymptotically periodic
reaction diffusion systems. As one can see, the optimal
bounds and uniqueness of positive periodic solutions will
play an important role in the study of the global asymptotic
behavior of periodic solutions.

2. Permanence and Extinction

For the sake of convenience, we introduce the two signs
~ and < for functions u,v OxR > [0,00). uis
said to approach v asymptotically in notation, u ~ v,
if lim, _, |u(x,t) — v(x,t)] = 0 uniformly for x in Q.
Furthermore, if (¢;, ¢, ..., ®,) and (y,, ¥, ..., y,) are vector
functions, then (¢, ¢,,...,9,) ~ (W, ¥, ...,y,) if and
only if ¢, ~ y; i = 1,2,...,n). We say that u(x,t) is
asymptotically smaller than v(x, t) and write u(x, t) < v(x,t)
if mt_)oo(u(x, t) — v(x,t)) < 0 uniformly for x € Q. It is
clear that u(x,t) < v(x,t) if and only, if for any & > 0, there
exists a corresponding ¢, > 0 such that u(x,t) < v(x,t) + € on
Q x [t;, 00).
Assume the following.

(H,) d;,A;,B;,C;, and G; are positive smooth and T-

1
periodic functions on Q2 x R.

(H,) a;, b, c;, and g; are positive smooth functions on QxR,
and

(a5 b,¢59;) ~ (A1 B, C,, Gy) . (7)
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By (H,), the limit periodic system of (1), (2) is given as
follows:

Uy —d,Auy
A
=Gy, (1 L z—uz) in Q x (0,00),
A, 1+ Azu,
Uy, — d,Au,

=G2142<1—Blu1 - %) in Q x (0,00),

) (8)
Uy, — dsAu,
—Gu(l—L> in Q x (0, 00)
- C, +Cyu, T
ou; .
— =0 on 0Qx(0,00) (i=1,2,3).
on

As a complement, we state the following main result
which comes from [9, Theorem 0.3].

Theorem 1. Assume that (H,) holds, and

AomBom <1+ A5.Cyp,s 9

AyBim < L. (10)

Then (8) has the periodic solutions (uf, uzT,uZ) and (u;r,
ul,uzp) such that uiT > u; > wp > 03 = 1,2,3) for any
positive T-periodic solution (uy, u,, us) of (8). Moreover, given
that ¢ > 0 and a solution (u,,u,, u;) of (8) with u;(x,0) >
(#)0, there exists t; > 0 such that u;p(x,t) — € < u;(x,t) <
uiT(x, t) + & on QX (t;,00).

In order to get the conditions for the permanence of (1)-
(3), we need to make the following optimal bounds.

Lemma 2. If (9) and (10) hold and (u,,u,, us) is a positive
smooth T-periodic solution of (8), then

&, <u; <6, (i=123), (11)

where 8, is the unique positive root of pyx* +qx+r, = 0and

1 = AsmComs
n=Amu (AZLBZL -1- A3MCIM) >

41 =1+ AspCin — A AsmCom — AimA 2 BivBar-
(12)

3
&,, is the unique positive root of pyx* + qyx + 1, = 0, and
Py = A3 Cops
ry= Ay (AgyBoy = 1-A3Cyp)
@ =1+ A3 Cyp — A A3 Cop = Ay AsyBirBonss
(13)

8142 =By - BILBZMeul’

&, =By - BBy

Ml’

8., = Cip + Copgby» &, =Cip+Cye, .

Proof. By the maximum principle (see Lemma 1.2 of [18]), we
have

u A, u
1= Mm ator o
A 1T+ Azpusy
u A,
1= e Aamtbm
Ay 1+ Az
u
1= Bypuy — 2% 20,
2M
(14)
u
L= Biytypg = o= <0,
B,
u
1 M >0,

Cim + Copthim

u
1-—3L <o,
Cip +Coruyg

Hence, plufM + qupp + 17 < 0. Since p; > 0and r; < 0 (by
(9)), we can see immediately that v, < §,, . Similarly, ife, is

the unique positive root of p,x* +q,x+7, = 0, thenu,; > &y, -
So,

&, Sty Sy <0,

(15)
&y, Suyp Sz <0,
Evidently, &, >0.By (9) and (10), we have
B’%+q—l+rl>0, (16)
1M M

from which it follows that ¢, > 0. This completes the proof.
O

Corollary 3. Assume that (9) and (10) hold. If A;, B;, and C,;
are positive constants, then (9) has the unique positive periodic
solution (r, B,(1-B,r), C,+C,r), wherer is the unique positive
root of p,x* +q,x + 1, = 0.



The main results in this section are the following theo-
rems.

Theorem 4 (permanence). Assume that (H,), (H,), (9), and
(10) hold. Then (8) has the positive T-periodic solutions
(uy7ps ug, usr) and (ulT, Uyrs u3T) such that w;p < uiT (i =
1,2, 3). Moreover, if (uy,u,, us) is the solution of (1)-(3) with
smooth initial values u,y(x) > (#)0, then

wr <u<ul (i=1,2,3). (17)

Remark 5. Under the assumptions of Theorem 4, the system
(1), (2) is permanent, the sector (u, uly = {u e C(QxR):
ur < u < u'} is a global periodic attractor of (1), (2),
and its trivial and semitrivial periodic solutions are unstable.
Furthermore, if A;, B;, and C; are positive constants, then
(r, B,(1-B,r),C, +C,r) is the unique globally asymptotically
stable solution of (8).

Theorem 6. Assume that (H,) and (H,) hold. Then one has

the following conclusions.

(1) (Extinction of u,) Assume that (9) holds and that
A By = 1. Then (8) has a T-periodic solution
(U,,U,,U,) such that U, > 0,U, = 0,U; > 0, and

tlirgo|ui (x,t) - U; (x, t)| =0 (i=1273) (18)

uniformly on Q, for any positive solution (u,, uy, us) of

M-3).

(2) (Extinction of u;) Assume that (10) holds and that

AyByp 2 1+ AspCripr + A Ao (19)

Then (8) has a T-periodic solution (U,,U,,U,) with
U, =0,U, >0, and Uy > 0 satisfying (18), where
(uy,uy,u3) is any positive solution of (1)-(3).

Proof of Theorem 4. By (9) and (10), there exists a sufficiently
small ¢, > 0 such that, for § € (0, ¢,),

[(G1+8)(A2+8)] [(G2+8)(B2+6)]

G, -6 G,-6
(20)
i (@—&mr@q
<1+ (A5 6)[ Gito B
(G, +0)(A, + 6)] [(Gz +0)(B; + 6)]
[ G.—3 ; .3 M<1. (21)
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Consider two auxiliary systems as follows:
Uy — diAuy

_ (Gl_a)ul
—”1[<G1+‘3>‘ﬁ

(G, -98) (A, -0)u, .
- 5 (A, +0)u, ] in Q x (0, 00),

Uy, — d,Au,

=u2[<62—8>—<Gz+6><31+6>u1

_w] in Q x (0,00),
B,-6
us, — d3Auy
:“3[(G3+6)
(G5 —0)us :
_ Q x (0, >
Cro) 1 (Cyr0)u, | MEX©)
i 0 on 90 x (0,00) (i = 1,2,3),
on
(22)
uy, —d;Auy
(G, +90)u
:“1[(61‘6)_ ;‘1_51
G, +6)(A,+6
_( 1+9) (A, +9)uy in Q x (0,00),
1+ (A;-08)u,
u,, — d,Au,

~1,] (6,49) (6, - ) (B, - ),

_M] in Q x (0,00),
B,+§
Uy, — d3Auy
(G5 +08)uy
=u, [ (Gy-90) -
3|:( 3 ) (C1—6)+(C2—6)u1
in Q x (0, 00),
%zo on 0Q % (0,00) (i=1,2,3).
on

(23)

By (20), (21), and Theorem 1, (22) has the positive T-
periodic solutions (Um,ug,U35) and (Uf,uza,U;S ) such that
Us < u; < Uf (i = 1,3)and u,; < u, < ug, for any

positive T-periodic solution (u;, u,, u5) of (22). Moreover, if
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(u,,uy,u5) is a solution of (22) with nontrivial nonnegative
initial values, then, for any ¢ > 0, there exists ¢, > 0 such that

U (x,t) —e < u; (x,1) < Uf(x,t) +e (i=13),
(24)

Uys (x,1) —€ < u, (x,t) < ug (x,t) + &,

for all x € Q and t > t,. Similarly, (23) has the positive T-
periodic solutions (uw,U;S,uw) and (u‘f,Um,ug) such that
Uy < u; < uf (i =13)and Uy < u, < Ug, for any
positive T-periodic solution (u;, u,, u3) of (23). Furthermore,
if (uy, u,, u;) is a solution of (23) with nontrivial nonnegative
initial values, then, for the previous ¢ > 0, there exists ¢, > 0
such that, forall x € Qand t > té,

U5 (x,8) — & <u; (x,t) < uf(x,t) +e (i=13),
(25)
Uys (%, 1) — e < uy (x,1) < Ug (x,t) + e
Now we prove
6 _ . T 8
U5 < Uiy < Usg, u; <u; <U;, (26)

where (17, s, tzp) and (ul, uyy, ul) are positive T-periodic
solutions of (8) (see Theorem 1). Let (U}, u,, Us), (P> P2> P3)>
and (u,,U,,u;) be the solutions of (22), (8), and (23),
respectively, which all satisfy the same initial conditions. It
is easily testified that (U,,U,,Us), (u;,u,,u;) are the upper
and lower solutions of (8) and (3), respectively. So from [28,
Corollary 5.2.10], we see that

u, <p;<U; (i=12,3). (27)

For sufficiently small m > 0 and § > 0, define

B [(G1+6)(A1+6)]
N T R

. _[(G2+6)(Bz+6)]
i G, -0 o
(28)
. _[(G3+8)(C1+8)] +[(G3+8)(C2+8)] .
. G3_‘S M G3_‘S Ml,

0

_ [(63 -9)(C,

G3+6—6)L+[<Gs—6>(cz—6>]Lm

Gy +9

Choose (u;¢(x), uyg(x), Us) = (11, m,1,). Then (ry,7,,73)
and (m,m, s) are the ordered upper and lower solutions of
(22) and (3) (also of (23) and (3) and of (8) and (3)). Applying
the same technique from [18, Theorem 4.1], we can prove
that the solution (U,,u,,U;) of (22) and (3), the solution

(u;,U,, u3) of (23) and (3), and the solution (p;, p,, p;) of (8)
and (3) satisfy, respectively,

Jim (U, (x,t +nT) ,uy (x,t +nT),U; (x,t +nt))

= (U} (x,1) 145 (x,1), U5 (x,1))

Jim (uy (x,t +nt), U, (x,t +nT) ,uy (x,t +nT))
5 5 @)
= (u; (5,1), Uys (x5,1),183 (x,1)),

Jim (py (6.t +1T), p, (x,t +nT), ps (x,t +nT))

= (u’f (x, 1), uyp (x, 1), ug (x, t)) .

It follows from (27) that u? <ul < Uf (i = 1,3) and that
Uys < Uy < U,s. Similarly, choose (u44(x), 159 (x), 3 (x)) =
(m, r,, s); we can prove the other inequalities of (26).

Denote by ¢,,,,6},, &, , and §,, the optimal bounds for
the positive per10d1c solutions of problems (22) and (23),
respectively, (see Lemma 2). Then

8y, <6, <51u,

2u; =

&, S &y S Eqy (i=1,3), (30)

81y, <6, <8y, €1y, <&, < &y -

Moreover,

5 )
&y, S <U; <8y, (i=1,3),

8
&, Sty <U, <6y, , (31

8, %,
ui51 < uiéz, Ui > Ui

for 0 < §, < 8, < g By using the dominated convergence
theorem and the bootstrap arguments (see [18]), we have

61313 (Ul >Uyss U ) (ul) Uss> u3)
(32)

. 5 s
lim (”15’U2>”36) = (g5 13, t3;)
§— 0+

uniformly for (x, £) on QxR, and (uy, 15, us,) and (15, tyg, 15)
are the positive T-periodic solutions of (8).
From Theorem 1, we see that u;; < u;; and v < u] (i

1,2,3). It follows from (26) and (32) that u;; < wy,u] <
u; (i=1,2,3). So,
w=ul, we=u;y (i=1,2,3). (33)

Therefore, given that € > 0, by (32) and (33), there exists
& € (0,¢&,) such that

& &
u,-T——<u,-50§Uf°<uiT+§ (i=123). (34)

2
Since (a;,b;, ¢, g;) ~ (A}, B;, C;, G;), for the previous &, there
exists Ty, > 0 such that, fort > T ,

A -8y <a; <A;+68p...,G; =8, < g; <G; +8,. (35)



Denote by (14, u,, u5) the solution of (1)-(3), and denote
by (u],u,,,u3), (U, U,,Us), and (u,,, u;,u;,) the solutions
of problems (22), (8), and (23), respectively, which all satisfy
the same initial conditions u;(x, T, + 1) =up(x) > (£)0 (i =
1,2,3). Analogous to (27), we have u;, <u; <u; (i=1,2,3)

fort > Ty . By (24), there exists T} > T, + 1 such that

U.

3 % S, & .
180‘5<”i<Ui0+5 (i=1,3),

(36)

&€ 8o &€

u250—§<u2*<u2+5

for t > T;. Similarly, by (25), there exists T, > T, + 1 such

that

€ S € .
Ui, = 7 < Ujs <ui0+§ (i=1,3),

2 . . e (37)
U260—5<u2 <U20+E
for t > T,. Hence, by (34)-(37), we have
U —€<uy St <u; <ul +¢& (38)
for t > max{T;, T,}. This completes the proof. O

3. Global Stability

In order to get conditions of global stability for (1)-(3), we
need the following result.

Lemma 7. Let (u, v, w) be a T-periodic solution for the linear
problem

u, —dAu—Zau, =M, (—Au+ Bv - Cw),

v, —dyAv - by, = M, (Du - Ev),

w, - d;Aw - Zqw, = M5 (Fu - Gw), (39)
ou Ov Ow
—=—=—= 0Q xR,
on on On on X

where d;, M;, A, B, C, D, E, F, and G are positive smooth T-
periodic functions on Q2 x R and where a;, b,, and c; are smooth
T-periodic functions. If

()l w

thenu=v=w=0.

Proof. Let (u, v, w) be a smooth T-periodic solution of (39),
and let positive constants ¢, m, k, and I be chosen so that
M,;; (A-Bk-Cl) > ¢, M,; (Ek — D) > ¢k,
M;; (Gl - F) > &, Uy, <m, (41)
vy Smk,  wy <ml.

Such choices are obviously possible because (40) holds.
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It is easy to verify that m(1, k,1)e”* and —m(1, k,[)e™* are
a pair of ordered upper and lower solutions of (39). Thus,
-me® < u(x,t) < me . This implies that u(x,t) = 0
because u(x, t) is T-periodic in t.

Similarly, v = 0 = w. This completes the proof. O

Lemma 8 (uniqueness). Assume that (9) and (10) hold. If

2
B yBowr A 3MC2M8u3
&, (1 + A3L£u3) sﬁ3 w)
£, (1 + A3Lsu3)
A 1MA2M8u18u2 ’

then the problem (8) has a unique positive T-periodic solution.

Proof. Leta = ul [uyp—1, = 1—uyp/ul andy = ul fusp—1.
By Theorem 1, we have

2d
o, —d,Aa — U—lZulTxi(xxi
1T

T
Ay B
1+ Azul

B AyAsiy uzry ]
(1+Asu]) (1+ Asuyr)

T
_ 91
Ur A

—Uyr«

2d, o
ﬂt - dZAﬁ - U_jgzuinﬁx,v
2

. (43)
Gt u,
= — B — — N
ul [ 1T B,
2d
v = dsAy = 5= Tusr
3T
_ gsths Cohyrtty & gy
(Cy + Couyr) uzr [ Cy + C2”1T e
o OB 0oy
—===L= 0Q x (0,00).
on oOn On on x (0, 00)

It follows from Lemmas 2 and 7 and the conditions (9), (10),
and (42) that « = § = y = 0. This completes the proof. O

Theorem 9. If all conditions of Theorem 4 and (42) are
satisfied, then

T T T
(”m uz’MST) = (“1 s UyTs “3) ~ (1, 1, 13) (44)

for any positive solution (u,, u,, u3) of (1)-(3).

Proof. By some elementary calculations, we know that
Theorem 9 is an immediate corollary of Theorem 4 and
Lemma 8. O
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Example 10. Consider the following asymptotically periodic
system:

Uy — (2 +sint) uy,,

- u
=(1+sin2(t+x)etz)u1<l—u1— 2 ),

1+u;

u2t_(2_3int) Upxx
—u(l—<§+ic032(t+x))u —u) in (0,1) xR
-2 8 24 1 2 > >

Usp = Uszxy

_ _ Us
B u3<1 5/12 + (7/12) sin? (t—x)+u1>’

u;, (0,t) =u;,, (1,t) =0 on R (i=1,2,3).

(45)
It is not hard to verify that all conditions of Theorem 9 are
satisfies. Thus, any positive solution of (45) asymptotically

approach the unique positive periodic solution of the limit
periodic system of (45).

4.Casea; =0

The following results are natural generalizations of the main
results in [20] which can be proved in the similar way as to
prove Theorems 4 and 9.

Theorem 11. Assume the following.

(A d, d,, A, B, C, D, E, and F are positive smooth T-
periodic functions on Q x R.

(A,) a, b, ¢, d, e and f are positive smooth functions on Q x

R:

(a)b)c>d)e>f)~(A)B)C)D)E)F))

F C B E (46)

=) >(=) ., —) >l=]) .

(5).> G (GG

Then the limit periodic system of (4)
U -kAU=U(A-BU-CV) inQxR,
V,-k,AV =V (D-EU-FV) inQxR, )
ou oV
—=0=— 0Q xR
on on 8

has the positive T-periodic maxmini solution (U, Vy) and
minimax solution (Ur, vT). Moreover, if (u,v) is any positive
solution of (4) with smooth initial value (uy,v,), then Uy <
u<UT and Vy < v < V' In addition, if

(3.5 5), -GG, -5)]
<@6E.G). -GG, -G

(48)

then (47) has the unique positive T-periodic solution (U, V)
and

(I/l (') t),V(', t)) ~ (U (') t)>V(" t)) (49)
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