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The post-Lie algebra is an enriched structure of the Lie algebra. We give a complete classification of post-Lie algebra structures on

the Lie algebra gl(2, C) up to isomorphism.

1. Introduction

Post-Lie algebras were introduced around 2007 by Vallette
[1], who found the structure in a purely operadic manner
as the Koszul dual of a commutative trialgebra. Moreover,
Vallette [1] proves that post-Lie algebras have the important
algebraic property of being Koszul. This property is shared
by many other important algebras, such as Lie algebras,
associative algebras, commutative algebras, pre-Lie algebras,
LR-algebras, and dendriform algebras, see [2, 3]. Recently,
many authors study some post-Lie algebras and post-Lie
algebra structures [4-8]. We recall the definition of the post-
Lie algebra (structure) as follows, see [1, 8].

Definition 1. A (left) post-Lie C-algebra is a C-vector space
L with two binary operations o and [,] which satisfy the
following relations:

[x, y] = = [, x], 6))
[[y.2].x] =0, )

zo(yox)—yo(zox)+(yez)ox

[[x.5],2] + (2.2, ] +
(3)
~(zey)ex+[palex=0,

zolxy]-[zoxy] =[xz y] =0 (4)

Let (o(L), [,]) denote the Lie algebra defined by (1) and (2).
Call (L, [, ], ») a post-Lie algebra on (a(L), [, ]).

Remark 2. Suppose (g, [,]) is a Lie algebra. Two post-Lie
algebra (g,[,],°) and (g,[,], %) on the Lie algebra g are

called isomorphic on the Lie algebra (g, [,]) if there is an
automorphism ¢ of the Lie algebra (g, [, ]) such that

p(xoy) =@ ) *xo(y), Vx,yeg. (5)

One of the key problems in the study of post-Lie algebras
is to find the post-Lie algebra structures on the (given) Lie
algebras. In 8], the authors determined all isomorphic classes
of post-Lie algebra structures on (sI(2,C),[,]), the special
linear Lie algebra of order 2. They use an important fact that
the derivation of a semisimple Lie algebra is inner. But for
the nonsemisimple Lie algebra, this fact dos not hold. So
that we must find another way to study such problem for
nonsemisimple Lie algebra. The purpose of this paper is to
give a complete classification of post-Lie algebra structures
on nonsemisimple Lie algebra g/(2, C), the general linear Lie
algebra of order 2, up to isomorphism. Now, we recall the
above two Lie algebras.

Denote

170 1 1 Jo1
TS0 TS o)
(6)

1 1 0 _1f10
u3.——2 = lo -1)° ug=— 1o 1]

It is obvious that the previous four matrices form a C-linear
basis of gl(2,C) and determine the Lie algebra (gI(2,C), [,])
through the Lie product

[t3,u1] = uy,

7)

[”1’”2] = Us, [”2>”3] = Uy,

[uju,] =0, i=1,2,3.



It is also well known that u,, u,, u; form a C-linear basis of
sl(2,C) and determine the Lie algebra (sI(2,C), [,]) through
the relations (7). The authors in [8] got the following classifi-
cation theorem, which will be used in our proof.

Theorem 3 (see [8]). The following is a complete set of
representatives for the isomorphic classes of post-Lie algebra
(s1(2,C), [, 1, °) on the Lie algebra (sl(2,C), [, ]).

M wou;=0,4,j=1,23
(2) ui Ou]- = [ui’uj]’ i,j = la 2:3;

B uy oy = [~upuluy oy = [—((1+ \/—_1)/2)142 +
(V=1 = 1)/2ug, ), uz o u; = [-((1 + V=1)/2)u, +
(V=T = 1)/2usu;], i = 1,2,3;

@) uyou; = (V-1 - (1/2)u; + (1 = (V-1/2))uy, u;],
wy ouy = [(1+ (V=1/2)uy — (V=1 + (1/2))uy, u;],
usou; =0,i=1,2,3;

(5) uyou; = [kuy, u;), uyou; = [—(1/2)uy +(V=1/2)us, 1],

s oty = [~(V=1/2)uy — (1/2)uz,15.), i = 1,2,3,k €

C*.

2. Equations from Post-Lie Algebras

From (4), we obtain vy o u, = uy o [us, uq] = [uy o us,uy] +
[us, uyouy] € sl(2,C) and ugou; = uyouy, us] = [uyouy, ul+
[u,, uy o us] € sl(2,C). Similarly, we have u; o u; € sl(2,C) for
anyi € {1,2,3,4} and j € {1,2, 3}. Thus, we get the following.

Lemma 4. (sl(2,C),[,],°) is a post-Lie subalgebra of
(9l(2,C), [, ], 0).

Proposition 5. Let (gl(2,C),[,],°) and (gl(2,C),[,], *) be
post-Lie algebras on the Lie algebra gl(2,C), they are iso-
morphic through automorphism ¢ of the Lie algebra gl(2,C).
Then, sl(2,C) is a g-subspace of gl(2,C), and |y, ) is an
isomorphism from (sl(2,C), [, 1, °) to (sl(2,C), [, ], *).

Proof. Suppose Q = (q;j) x 4 is the matrix of ¢ with respect
to the basis {uy, u,, us, u,}; that is,

3
9"(”1’) = Zqijuj, i=1,2,3,4. (8)
i1

From @([u;, uy]) = ¢(0) = 0,i = 1,2,3,4, we obtain ¢(u,) =
quaty. Moreover, o(u;) = @([uy,uz]) = [@(u,), p(us)] €
sl(2,C) means g,; = 0. Similarly, we have q,, = g4 = 0.
Now, we see that Q has the form

qin 91 9 O

912 92 932 0
. 9
Gz D3 93 0 ©)
0 0 0 qu
From this we can easily get the conclusion. O

Proposition 6. Let (gl(2,C), [, ], <) be post-Lie algebra on the
Lie algebra gl(2, C).
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(1) There exists a linear map f : sl(2,C) — sl(2,C) such
that

xoy=[f(x),y], Vx,yesl(2,C). (10)

(2) There exist by, b,, by, b, € C such that u; o u, = bu,,
i=1,2,3,4

(3) There exist 1,,,115,1,5 € C such that

(”4 o U Uy ° Uy, Uy © ”3)

0 Iy I (11)
= (ul,uz, u3) —l12 0 123 .
_ll3 _123 0

Proof. (1) The conclusion is given by [8].
(2) Forany x, z € gl(2,C), we have [x, zou,] = zo[x,u,] -
[z ox,u,] = 0from (4) and (7). Thus, z o u, is in the center of
gl(2,C), and so z o u, = h(z)u,, where h is a linear map from
gl(2,C) to C. Let b; = h(u;). The conclusion of (2) is proved.
(3) Let z = uy, {x, y} = {uy, uy}, {uy, uz}, and {us, 4y} in
(4), one can get the conclusion (3) by a simple computation.
O

Definition 7. Suppose A is the matrix of f (from
Proposition 6) with respect to the basis {u;,u,,u;}; that
is, f(u;) = Z?;l a;u;,i=1,2,3. Denote

0 Ly s
L=|-L 0 Ly,
~hs —hs 0 (12)

ﬁ = [bl’b2>b3’b4] .

The matrix set {A, L, 3} is unique for a given . On the other
hand, o is defined uniquely by the matrix set {A, L, 3}. Because
of their uniqueness, the matrix set {4, L, 8} is called the
matrix set of the post-Lie algebra (gl(2,C), [, ], °) and is also
denoted by {A,, L., 3.}.

Proposition 8. Suppose that {A,,L,,B,} and {A,,L,,pB,}
are the matrix sets of post-Lie algebras (gl(2,C),[,],°) and
(gl(2,C), [, 1, %), respectively. ¢ is an isomorphic map from
(91(2,C); ], ) to (gl(2,C), [, ], %). Then,

¢y)
@ (g, gy s, 1) = (14, Uy, 3, 1y) Q,

QIO] )

Q:[O a4

where Q, € SO(3,C), the group of all 3 x 3 complex
orthogonal matrices whose determinants are (1);

2) QAQ'=A;
3) B. = B.Q
(4) QL.Q;"' =qul,.
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Proof. (1) The conclusion is given by Proposition 5 and [8].
(2) It is given by [8].
(3) Let B, = (b, by, bs,b,) and B, = (b}, by, b}, b;). Note
that

@ (1 © Uy, Uy 0 Uy, Us 0 Uy, Uy © Uy)
= ¢ (byuy, byuy, byuy, byuy,)
= quy (byuy, byuy, byug, byuy) ,
(@ (1) % @ (1) 9 (u2) % 9 (us),
(ug) * 9 (u1y))

= Quq (@ (uy) % 1y @ (1) % 1y @ (143) * 1y @ (1) * 1)

¢ (u3) * 9 (),

= quas (”1 * Uy, Uy F Uy, Uz K Uy, Uy * u4)Q

= qu (b{u4, bzlu4, b3'u4, biu4) Q.
(14)

So, we have by ¢(u; o u;) = o) x ¢u;) that

Qaa(b], b3, b5, b)Q = gy (by, by, b3, by), that is, B, = B,Q.
(4) Since

‘P(”4 O U, Uy 0 Uy, Uy © ”3)

(15)
=@ (uy, uy,u3) L, = (uy, 1y, u3) Q) L.,
(¢ (ug) * @ (1), 9 (ug) * @ (1), 9 (1) * @ (13))
= Qag (g @ (1) 0y > @ (1) 1y % 9 (143))
= Qg (g * Uy, uy * Uy, 1y * U3) Q (16)

= quq (uy, tp,u3) L,Q,
= (”1’ U, “3) Q,L.,

we deduce by g(u;ou;) = ¢(u;) * p(u;) that Q,L.Q;' =qulL,,
the proof is completed. O

Proposition 9. Suppose that {A,L, 3} is the matrix set of
post-Lie algebra (gl(2,C), [, ], °), then we have the following
equations:

I,,b, + 1,50y + b, = 0,

lib; = L3by - by, = 0,

li3by + L3b, — bb, = 0, 17)

b
ie,(bl;+L)|b | =0,
by

(ay +ay +1)by —a;by —aysb, = 0,

(ay +as; +1) by — ay b, — a5 by = 0,

(ay, +as; + 1) b, —apb, —asb, =0,

3
b
ie, (trA+ 1), -A)|b | =0,
b,
(18)
(by = ay3) Ly + (ay, — a33) L3 + apyly; = 0,
(ary +ay) Ly + (a1 + a3y) Lz = byly; = 0,
(ary +ay) Ly = bylys = (ay3 +a3,) b3 = 0,
(an - azz) —ayl; + (bz - 5‘31) L =0,
(ay —ay;) Ly + (a3, + b)) L3 + ag3ly; = 0, (19)
(b +ay3) Ly + aylys + (ay — a33) by = 0,
—ayl, + ( ‘112) (‘133 azz)l =0,

—aplyy + (a1 — as3) Ly + (by + ay ) Ls = 0,

byliy + (ay3 +a3;) s + (ay; + asy) s = 0.

Proof. We consider (3) and (10). Let y = x = u, and z =
u,, Uy, and us, respectively, we get (17); Let x = u,, {z, y} =
{1y, 1y}, {us, u,} and {us, u, }, respectively, we get (18); let z =
u, and {y, x} = {u, uy}, {uy, us), {ug, ug ), {uy, ugl, {us, us),
and {u;, u,}, respectively, we get (19). O

3. Classification of Post-Lie Algebra
(9l(2,C),[.], )

Lemma 10 (see [9]). Suppose that A is a complex skewsym-
metric 3 X 3 matrix, there exists T € O(3,C) such that

TAT!
0 1++v-1 0
2 0 ao
= | Zi-v-l 0 -1+ V-l or |—a 0 0].
2 e 2 0 00
0
2

(20)

Based on Definition 7, we get the main result in this paper as
follows.

Theorem 11. The following is a complete set of matrix sets of
representatives for the isomorphic classes of post-Lie algebra
(gl(2,C), [, 1, °) on the Lie algebra (gl(2,C), [, ])

1+ V-1

0 +2 0
(1) A=0, p=|-t-v-1 0 Sl vl

2 2

1-+v-1
0

2
B=10,0,0,b,], b =0o0r1;



1+ V-1
0 +2 0
3) A=-I, Lo —1—2\/—1 0 —1++/-1
1-+—
0 ! 0
2
B=10,0,0,b,], b=00r1;
0 a
(4)A:_I3’ L=|-a 0 0],
0 00
B=10,0,0,b,], a€C, b=0o0rl;
-1 0 0
“1-+vV-1 -1-+-1
(5) A= 0 2 2 , L=0,
-1++v-1 -1++v-1
2 2

B = by, V=1by,b;,0],  by,b; € C;

-1 0 0
0 -1-+v-1 -1-+-1
(6) A= 2 2 ,
0 -1++v-1 -1++v-1
2 2

LZO, ﬁ:[oaoaorll;

kK 0 0
o L V-1
(7) A= 2 2 , L=0,
o V-1 1
2 2

B=1[6,0,0,0], k# -1, b €C

kK 0 0
0 1 V-1
® A= 2 2|
0 V-1 1
2 2
000
L=(0 0 al, [5=[0,0,0,b4],
0 —a o

k+ -1, a€C, by=0o0r1;

-1 0 0
o L ¥
(9) A= 2 2 |,
V=101
0 —— =
2
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1
(10) A = 2 2 |, L=o,

V-1 1
0o —— =
2

B = [b1, V=1by,b;,0], by, by € G
-1 0 0

(13) A=

L=0, B=[0,0,b;0], b eC;

1 V-1
V—1 - = 1+T 0

- - 1
(14) A= |, _ : _\/_—1_50 > L

0 0 0

[\

b

ﬁ = [\/lez,bz)b3,()] , be cr, b, € C.
(21)

Proof. Case 1. A = 0. By (18), we obtain b, = b, = b; = 0; that
is, = [0,0,0,b,]. By Lemma 10 we have

1+ v-1
0 2 0
Lo | -1-vA ~1+ -1
= o —/
2 2
0 1‘2“1 0 (22)

]
=
—
|
OQO
S O Q
o O O
[
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Case 1.1. Consider

0 1+2\/—_1 0
Lo | 1=Vt 0 “1+ V-1 (23)
2 N 2
1-+v-1
0 0
2
Ifb, #0, let
b+ 1 V=I(b; - 1)
2b, 2b,
Q, = 0 1 0 , (24)
\/—_1(1 —bf) by +1
2b, 2b,
_ QO
=[S 4] @3)
then
QAQ =4, QILQ'=bL,  f=[0,0,01]Q
(26)
In view of Proposition 8, we can suppose that
1 -1
0 +;/_ 0
A=o, o | 1=Vl 0 -1+ V-1 ’
2 2
1-+v-1
0
2
B=10,0,0,b,], b,=0 or 1.
(27)
Case 1.2. Consider L = [—()ugg].lfb4¢0, let
000
I, 0
=1, =3 ]; 28
Q-5 =[5, (28)
then
QAQ" = A,
0 ao 0 ab' o
Q|-a00|Q'=b|-ab;' 0 o0f, (29)
0 00 0 0 0
B =10,0,0,1]Q.

Thus, we can suppose that A = 0,L = [—Ou § §] ,and B =

0
[010)0>b4]) ac C, b4 =0orl.

Case 2. Consider A = —I;. By Lemma 10 we have

0 1+2\/__1 0
Lo | "1-V-1 0 -1++V-1
2 2
0 1‘2*/‘_1 0 (30)

0 ao
or -a 0 0.
0 00

By (18), we obtain 3 = [0,0,0,b,]. In a similar way with the
proof of Case 1, we can suppose that 5 = [0,0,0,b,],b, = 0 or
1.

Case 3. Consider

-1 0 0
o “L- V=1 -1-+-1
A= > > . (31)
0 Lt V-1 -1++-1
2 2
By (18), we obtain b, = V/~1b;. Then, by (19), we get
s =0,

iy =1, (32)
bl = byl = (bl - i) li, =0.
Therefore, by (17), we can have
I, =15=0, b b, =bb, =bb, =0. (33)

Hence, L = 0.If b, # 0, then b, = b, = b; = 0. In a similar way
with the proof of Case 1, we can suppose that f = [0,0,0, 1].
Else, if b, = 0, then B = [b;, V=1by,b;,0],b,,b; € C.

Case 4. Consider

k 0 0
o L V1
A= 2 2 . (34)
o Y1 1
2 2
By (18), we obtain
b2=b3=0, k:,é—l,
(35)
b, = V-1b,, k=-1.

Case 4.1. Whenk# —1,b, = b; = 0. By (17), we obtain b b, =
bl,, =bl; = 0. Then, by (19), we getl,, = 1,5 = b1,; = 0.
Ifb, #0, then b, = 1,5 = 0.
Therefore,

L=0, B=1b,0,0,0], b €C" or
(36)

000
L={0 0 af, B=10,0,0,b,], a,b,€cC.
0 0



In a similar way with the proof of Case 1, we can suppose
thatb, = 0 or 1.

Case 4.2. When k = —1, b, = v/~1b,. By (19), we obtain
bl,=bl;=bl;=0 i=2,3,
byly; =0,
Ly = V=11,

(b= V-1)15=0.

(37)

This, together with (17), implies that l,, = ;5 = 0,bb, =
0,and i =1,2,3.

If b, #0, then b, = 0,and i = 1,2, 3. Hence, in a similar
way with the proof of Case 1, we can suppose that

000
L=|0 0 a|, B=10,0,0,1]. (38)
0 0

Ifb, = 0 and [,5 = 0, then
L=0, B= [a, \/—_lc,c,O], a,ceC. (39)

Ifb, =0and l,; #0, then b, = 0,i = 1,2, 3. Hence,

000
L=(0 0 al, B=0, a=1l,€eC". (40)
0 —-a 0
Let
I, 0
a-5 =[5 o
then
QAQ;" = 4,
0 0 0 000
Q|0 0 alQ'=al0 0 1], (42)
0 -a 0 0-10

Thus, we can suppose thatl = [§ 0 2] , B=0.

Case 5. Consider

1 V-1
VaI-- 1+ 0
2 2
A= 1__'_1 _\/_1_1 ol- (43)
2 2
0 0 0
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By (18), we obtain b, = v~1b,. Then, by (19), we get
VEibyl, + <V—_1— %)113 " (1 - g>123 =0, (44)

21, — V=1b,ly; = 0, (45)

2l = bl =0, (46)

-1 1
(b3 14 g)z13 N (E N \/—_1)123 —0,  (47)

<—%+\/—_1)ll3+(b3+1+§)123=0. (48)

From (45) and (46), we have b,(I;5 — V~1l;) = 0.

Case 5.1. When b, = 0, b, = 0. From (45), we have [}, = 0.
Then by (44), (47), and (48) we obtain[,; = I,; = 0. Therefore,
by (17), we get byb, = 0. So, L = 0, 8 = [0,0,b5,b,],b3b, = 0.
In a similar way with the proof of Case 1, we can suppose that

B=10,0,0,1] or B=[0,0,b,,0], b;eC.
(49)

L=0,

Case 5.2. When b, #0, I,; = +/~1l,;. From (44), we have
byl;, = V=1l,; = I;5. Then, by (45) and (46), we get 2\/—1l,5 =
2b)ly, = \/__1b22123’2113 = 2b)l}, = b22113 and 21}, = bylj; =
b,y thatis, (b — 2)L,; = (b2 — 2)l;5 = (b = 2)I;, = 0.

Ifb} #2,thenl,; = 1,5 =1, = 0.

Else, isz2 = 2, from (44) we obtain that \/—_1b22112+(\/—_1—
(1/2))byl15+ (1= (V=1/2))b, 5 = 0; that s, 2v/=11}, + (V-1-
(1/2))2l = V=1(1 = (V=1/2)) V=1, Loy = 2V=Th, + (V=1 -
(1/2))2112—\/—_1(1—(\/—_1/2))2112 = 0;thus, ;, = 0. Therefore,
by (45) and (46), we conclude that [, = 1,3 = 0.

Therefore, we can get b, = 0 by (17). So,

L=0, B=[V-1b,b,b;,0], b eC", by eC. (50)

The sufficiency of Theorem 11 is obvious from the proof
of the necessity. O
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