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We derive sufficient conditions for the existence of positive solutions to higher order (p,q)-Laplacian two-point boundary

value problem, (=1~ [¢, @™ (O™ = fi(t,u®.v©), ¢ € [0,1], (D)™ g ON Y = f(tul) ), ¢ e

[0,1,u22(0) = 0 = u®)(1),i = 0,1,2,..,m, =L, [§, ™ O _ = 0,7 = 0,1,...,m=2[¢, @™ (1)] = 0, [, (¢N]"

att=0 att=0 =
2i .

0= [gbq(v(mZ)(t))]:t::I,i =0,1,...,n, — 1,v(0) = 0,j = 0,1,2,...,m, — 2, and ¥(1) = 0, where f,, f, are continuous functions

from [0, 1] x R? to [0, 00), m,, 1, m,, 1, € Nand 1/p+1/q = 1. We establish the existence of at least three positive solutions for the

two-point coupled system by utilizing five-functional fixed point theorem. And also, we demonstrate our result with an example.

1. Introduction

The goal of differential equations is to understand the physical
phenomena of nature by developing mathematical models.
Among all, a class of differential equations governed by
nonlinear differential operators, which have wide applica-
tions and interest, has been developed to study such type
of equations. In this theory, the most investigated operator
is the classical p-Laplacian, given by ¢,(y) := yI y|P~% with
p > 1. These problems have a wide range of applications
in physics and related sciences such as biophysics, plasma
physics, and chemical reaction design. Due to the importance
in both theory and applications, p-Laplacian boundary value
problems have created a great deal of interest in recent years;
we mention a few [1-11].

Recently, Prasad and Murali [12] established the existence
of positive solutions of p-Laplacian singular boundary value
problem on time scale,

(6, ®)) +q® f(ty®),y* ®) =0,
t € (0,1,

y(0)=0=y"(1),
)

by assuming suitable conditions on f. Till now in the lit-
erature of boundary value problems, the theory was not
developed to the system of higher order boundary value
problems with (p, g)-Laplacian. Mainly, this type of problems
arises in radar invention models and microatom invention
models.

Due to our interest in the literature, in this paper, we
consider two-point higher order (p, q)-Laplacian boundary
value problem (BVP)

(_1)m1+n1—1 [¢p (u(Zml) (t))](nl) _ fl (t,u(t) ,V(t)) ,
tel0,1],

(2n,)

)™ g, (VR 0)]T = f Gu ), v (),

tel0,1],



u®0)=0=u (1),

(8, (™))" =0,
[¢P (u(zml)(t))]attzl = 0’

6, (2 )]5) = 0= [g, ("™ D),

i=0,1,...,n, -1,

i=0,1,2,...,m -1,

i=0,1,2,...,n -2,

W0)=0, j=0,1,2...,m-2, v(1)=0,

)

where f,, f, are continuous functions from [0,1] x R* to
[0,00), my, ny, my, n, € Nand 1/p + 1/q = 1. If we take
p = q in the above problem then it reduces to p-Laplacian
problem.

To obtain a solution of the BVP (2), we construct Green’s
functions for the corresponding homogeneous BVPs. For
ny > 2,let G(t, s) be Green’s function of the BVP,

0" @ =0, tefo1],
, (3)
x7(0) =0,

i=0,1,2,...,m -2, x(1)=0

and it is given by

m—lcy _ M-l
t(l—s), 0<t<s<l,
(n, = 1)!
G(t,s) =
m-lry _ m-1 AR
Gl SR el ) S )
(n, = 1)! (n, = 1)!
(4)
Let H,, (t,s) be Green’s function of the BVP
D)™y @y =0, telo1],
. 4 (5)
Y0y =0=y® 1), i=01,..,m -1,
and it can be recursively defined as
1
H,, (t,s) = J H,, _ (t,r) H (r,s)dr, (6)
0
where H, (t, s) is Green’s function of
" ®)=0,  y(©0)=0=y(1) (7)
and is given by
t(l-s), 0<t<s<l,
H, (t,s) = 8
1 (9) {s(l—t), O<s<t<l ®
Then u(t) can be expressed in the form
1
_ -1
w) = | H, €99,
)

< (Jl G(s7) f, (6 u(1),v () dT) ds,

0
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Since gb;,l = ¢, we have

1 1
u() = | H,, .99, <L G571 fi (T,u(‘r),v(‘r))d7> ds.
(10)

Forn, =1,

1 1
ult) = L H, (t5)9, <J 1, (T,u(T),v(T))dT) ds. (1)

For m, > 2, let H(t, s) be Green’s function of the BVP

D)™™ @ =0, telo1],
) (12)
=0 j=01,2...,m~-2, x(1)=0
and it is given by
my—1 _ oyl
Fra-97 0st<s<l,
(m, —1)!
H(t,s) =
my—1 _ oyl _ oyl
! (1 S) —(t S) , O0<s<t<l.
(m, - 1)! (m, = 1)!
(13)
LetG,, (t, s) be Green’s function of the BVP
-1"=y® @)y =0, telo1],
' ‘ (14)
Y0 =0=y*1), i=01,...,m,—1,
and it can be recursively defined as
1
G,, (t,s) = J G, 1 (t,7) G, (r,s)dr, (15)
0
where G, (t, s) is Green’s function of
"
-y (1) =0, y(0)=0=y(1) (16)
and is given by
G (ts) = t(l-s), 0<t<s<l, 1)
PV s -1, 0<ss<t<1.
Then v(t) can be expressed in the form
! -1
v = | Ho,
(18)

1
X (J G,, (s,7) b (T,u(r),v(‘r))d‘r) ds.

0

Since </>{;1 = ¢,, we have

v(t) = Ll H{(t,s)¢, (Ll G,, (5,7) fo (r,u(7),v (1)) dr) ds.
(19)
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Form, =1,

v(t) = quP(Llan 57 fy (T,u(‘r),v(‘r))d‘r)ds. (20)

Further, it is easily seen that H,, (t,s), H(t,s), an(t, s) and
G(t, s), all are nonnegative on [0, 1] x [0, 1].

A solution of the BVP (2) is a function (u,v) € C*™
[0, 1] xC"™[0,1] such that (¢, ou®™, ¢, 0v™) € C™ [0, 1] X
C?™[0,1], and (u, v) satisfies the BVP (2).

A positive solution (u, v) of the BVP (2) is a solution of
the BVP (2) such that u and v are nonnegative on [0, 1].

The rest of the paper is organized as follows. In Section 2,
we estimate the bounds of Green’s functions. In Section 3, we
establish the existence of at least three positive solutions for
two-point BVP (2) by using Avery’s generalization of Leggett-
Williams fixed point theorem. And also, we demonstrate our
result with an example.

2. Bounds of Green’s Functions

In this section, we state some lemmas to estimate bounds on
Green’s functions which are needed in later discussions. The
following lemma is included in the paper to prove the
remaining lemmas.

Lemmal. Letw € (0,(b—a)/2] and I = [a+w,b—w]. Then,
forany j €N

G, (& s)>< >(¢w) G, (), V(ts) eIx[ab],

(21)
where ¢, = f:;: G,(r,r)Vr > 0.
Proof. The proof is by induction. First, for j = 1 inequality

(21) is obvious. Next, for fixed j, assume that (21) is true; from
recursive formula we have, for each (¢, s) € I x [a, b],

Gj+1 (t> S)

b
= J G]- t,r)Gy(r,s) Vr

)j_lG1 (r,7)- G, (r,5) Vr

\%

v

11 brw
)(¢w |-G

[ G
(7
(
(

w 1 b-w
> ) J J G, (r,r)- ( >G1(ss)Vr
b-a
w
“\b- a> Gl (5:5)-
(22)
Hence, by induction the proof is complete. O

In the previous lemma by choosinga = 0, b = 1, and
w=1/4,w = 1/3,and w = 1/8, we get I = [1/4,3/4],

= [1/3,2/3], and I, = [1/8,7/8]. We know that G,(s,s) =
s(1=5s).

Lemma 2. For (t,s) € I x [0, 1], one has

G (t, s)>(11> 4;2(1—5)5. (23)
For (t,s) € I, x [0, 1], one has
G, (t,s) = (41836> (1-s)s. (24)
For (t,s) € I, x [0, 1], one has
1/ 39 \/!
G, (ts) > §<M> (1-9)s, (25)

where j =1,2,...,n,
Lemma 3. Fort,s € [0, 1], one has
1
G;(ts) < F(I—S)s, (26)
where j=1,2,...,n,
For details refer to [9].
In Lemmal, replacing G]-(-, -) by Hj(-,-), we have the

following.

Lemma 4. For (t,s) € I x [0, 1], one has

11 1
H, (t,s) > ( ) ) S (-9s (27)
For (t,s) € I, x [0, 1], one has
1/ 13 \/!
- 28
H, (t5) 2 (486) (1-9)s. (28)
For (t,s) € I, x [0, 1], one has
1/ 39 /!
. il _ 29
HJ(t,s)28<2048> (1-5)s, (29)

where j = 1,2,...,m,
Lemma 5. Fort,s € [0, 1], one has

H;(t,s) < (1-3s)s, (30)

61
where j = 1,2,...,m,.
For details refer to [9].

Lemma 6. For (t,s) € I x [0,1], one has

»S). (31)

For (t,s) € I, x [0, 1], one has
H(t,s) > I 1H(s s). (32)

For (t,s) € I, x [0, 1], one has
H(t,s) > g1 H(s,s). (33)

For details refer to [11].



Lemma 7. Fort,s € [0, 1], one has
H(t,s) < H(s,s). (34)

For details refer to [11].
Lemma 8. For (t,s) € I x [0, 1], one has
G(t,s) > %G(s, s). (35)
For (t,s) € I; x [0, 1], one has
G692 5769, (36)
For (t,s) € I, x [0, 1], one has
G(t,s) = %G (s,s). (37)
For details refer to [11].

Lemma9. Fort,s € [0, 1], one has
G(t,s) <G(s,s). (38)

For details refer to [11].
Denote

. 1y?1 1 a1 )
M :mln{(z) 43j—2’¢p (4n1_1),]=1,...,m1—1,

1 11V 1 )
4my-1 '¢q ((Z) 43]’—2)’]:1’“-’”2_1}-
(39)

3. Existence of Multiple Positive Solutions

In this section, we establish the existence of at least three
positive solutions for the system of BVP (2), by using Avery’s
generalization of the Leggett-Williams fixed point theorem.

Let B be a real Banach space with cone P. We define
the nonnegative continuous convex functionals y, 3, and 0
and nonnegative continuous concave functionals «, ¥ on P,
for nonnegative numbers a’, b', ¢’, d', and h'; we define the
following sets:

P(pc)={yePly(y) <},
P(pad,c)={yePla <a(y),y(y) ¢},
Q(y.Bd.d)={yePIp(y) <d.y(y) <<},
P(y.0,a,a',b',c") (40)

={yePla <a(y).0(y)<bty(y) <},
Q(ppy.H.d )

={yeP|W <y (y),B(y)<d.y(y)<c'}.

In obtaining multiple positive solutions of the BVP (2),
the following so-called five-functionals fixed point theorem
will be fundamental.
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Theorem 10 (see [4]). Let P be a cone in a real Banach
space B. Suppose o and y are nonnegative continuous concave
functionals on P and y; B and 0 are nonnegative continuous
convex functionals on P such that, for some positive numbers
¢ andk,

a(y)<B), lyl<ky(y) VyeP@yc). (A

Suppose further that T : P(y,c’) — P(y,c’) is completely
continuous, and there exist constants h',d',a’,b' > 0 with
0 < d' < a' such that each of the following is satisfied

(B1) {y € P(y,0,«, a, v,y | aly) > a'} +0 and
«(Ty) > a for y € P(y,0,a,a’,b',¢’),

(B2) {y € Qy, Bw, W, d' ') | B(y) < d'} 0 and
B(Ty) < d'fory € Qy, B v, W,d',cd),

(B3) (x’(Ty) >d provided y € P(y, a,a’,c') with 0(Ty) >
b,

(B4) ﬁ’(Ty) < d' provided y € Q(y, B,d', ") with y(Ty) <
h.

Then T has at least three fixed points y,, y,, y3 € P(y,c’)
such that

B(y)<d, a<a(y,), d <p(y) witha(y,)<ad.

(42)

Let E = {y | y € C[0,1]}, and denote B = E x E by the
norm defined as [|(u, v)|| = [lull, + |v[ly, where

7o = max [y @] (43)

Then the set B with the norm |- || is a complete normed linear
space.

LetI = [1/4,3/4], I, = [1/3,2/3],and I, = [1/8,7/8].
Define the cone P C B by

p- {(u,v) €Blu(t)=0,v(t) =0,
(44)
min (u (6) + v (1)) = A |u v)||} .

Now, define the nonnegative continuous concave functionals
«, ¥ and the nonnegative continuous convex functionals /3,0,
and y on P by
yWu,v) = nax (u(t)+v(),
¥ (u,v) = min (u(t) +v(5),
€l
B (,v) = max (u(t) + v (1)), (45)

o (u,v) = I?EIIH (w@)+v(t),

0u,v) = max W) +v(t).
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We observe that, for any (u,v) € P,

o (u,v) = ntlelln (u(t) +v(t))

(46)
< max (u () + v (1) = B (w7),
6,1 = —min e () + v 1)
(47)

1 1
< %Iga}zx w@)+v() = %y(u, V).

We derive growth conditions on f;, f, so that the BVP
(2) has at least three positive solutions. We are now ready to
present the main result of this section.

We denote

1 1
S = j G (t,7)dT; R = J H(s,s)ds.  (48)
0 0

Theorem 11. Suppose there exists 0 < a' < b < b'jl < ¢
such that f, and f, satisfy the following conditions:
(AD) | f1(t,u,v)| < ¢P(6m1a'/2o5’) and | f,(t,u,v)| < 6™¢,
(@' [2R), forallt € [0,1] and u,v € [Ma',a'],
(A2) [fi(tw,v)| > 4"7'¢,(b'6™ 4™ 2/ S11™ ) for all
t €[1/4,3/4] and u,v € [b',b' | 4] or
|t uv)| > (624772117 )¢, (b'4™ | R) for all
t€[1/4,3/4] andu,v € [b', V' |4,
(A3) | fit,u,v)| < ¢P(6mlc'/2o$’) and | f,(t,u,v)| < 6"2¢q
(c'/l%),for all't € [0,1] and u,v € [0,¢'].

Then the BVP (2) has at least three positive solutions.

Proof. Define the completely continuous operator T : P —
Bby

T (u,v)

= <J1 H,, (t53) ¢, <j1 G(s,7) f, (r,u(r),v(1)) dr) ds,
0 0

Ll H(t,s) (/)P (LI G, (1) fo (,u(r),v (1)) d‘[) ds) .
(49)

And also we denote

1

Tl (u, V) = J;) Hml (t> S) ¢q

X (Ll G(s,7) f1 (r,u(r),v(1)) dT) ds,
1

T, (u,v) := J H(t,s) ¢>P

0

1
X (L G, (s,7) fo (7, u(7),v (1)) dT) ds(. |
50

It is obvious that a fixed point of T is a solution of the BVP
(2). We seek three fixed points (x;, x,), (¥;, ¥,), and (z;,2,) €
PofT. First, we show that T : P — P.Let (1, v) € P. Clearly,
T, (u, v)(t) = 0, T,(u, v)(t) = 0 fort € [0,1]. Consider

r£1€11n T (u,v) = I?GIIH (Ty w,v) (t) + T, (u,v) (t))

=minT; (u,v) (t) + min T, (u,v) (t)
tel tel
(51)
> min A||T(u, v) ||y + min | T (u, v)|,
tel tel

=AM|T (u,v)] .

Thus, T : P — P. Next, for all (u,v) € P, by (46),
(47), respectively, we have a(u,v) < B(u,v) and [[(u, V)| <
(1/M)y(u,v). To show that T : P(y,c’) — P(y,c), let
(u,v) € P(y,c’). This implies [|[(u,v)| < (1/4)c’ . We may
now use condition (A3) to obtain

y(Ty (u,v), T, (u,v))
= rpgx (Tl (u,v) (t) + T, (u,v) (t))

1
= maxj H, (t,s) ¢;1

tel, Jo

1
X <L G(s1) f (T,u(T),V(T))dT) ds
1
+ maXJ H(t,s) ¢q‘1
0

tel,

X (Jl G, (s,7) o (mu(r),v(T)) dr) ds
0

1
-1
L s(1 —s)gbp

< max I
tel, 6™~

X <J‘1G(T,T)f1 (T,u(r),v(r))dr)ds
0
! -1
|
X (J —1(1-1)f, (T,u(T),V(T))dT)dS

0 6n2—1

_ ! ¢, <Ll G, f, (T,u(‘r),v(‘r))d‘r)

6m1—1

1
XL s(1—-s)ds

! -1
+ L H (s, ) ¢q

1
X (6":‘1 J T(1-1) f, (T’”(T),V(T))dT> ds

0



T om ¢p (Ll G(7,7) fi (T, u (1), v (7)) d1>

! -1
+ .[o H(s,s) ¢q

X( 1_1 Jlr(l—r)f2 (r,u(r),v(r))dr>dsgc’.
6™ 0
(52)

Therefore, T : P(y,c’) — P(y,c').
We first verify that condition (B1) of Theorem 10 is sat-
isfied. The constant function is

v +b
2

!
€ {(u,v) eP(y,@,oc,b',b%,c') | o (i, v) > b'} +0

(53)

Next, let (u,v) € P(y,0,q, b, v' ., ). 1t follows that from
(A2)

a (T, (u,v), T, (u,v))

= min (T, (u,v) (6) + T, (,9) (1))

> r?eiInT1 (u,v) (1)
= minJlel (t,s) ¢I—]1
1
X <J G(s,1) f1 (,u(r),v (1)) dT) ds
0
Limmls-s)\
- |, (W)%
o
X (J o ——G(1,7) f1 (t,u(1), v(r))dr)
1! _
= (W)%l
1
8 <L qm-1
1
X L s(l1-s)ds
11t 1
= (rgons ) 97 ()%

X (Ll G(1,7) f, (T,u(‘r),v(‘r))d‘r) =0

7) f, (t,u(1),v (7)) dT)

(54)
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Similarly,

min T, (u,v) (t)
! -1
= min L H{(t,s) ¢q

X <Ll G, (s,7) f (T, u(1),v (1)) dT) ds

H (s, s)¢

g
X(L

¢—1

11" -

sz (T, u(7),v(1)) dT)

= g
Ny 1
X (# L T(1-1) f, (T,M(T),V(T))d‘r>

X JIH(s,s)ds =v
0
(55)

and, hence, we have «(T; (u,v), T, (1, v)) > b
Next, we show that (B2) is fulfilled. The constant function
is

aau+d
2

€ {(u,v) € Q(y,ﬁ,t//,a'.%,a’,c') | B(vi,vy) < a'} #0
(56)

Let (u,v) € Q(y, By, a' M, a',c"). And from (Al),
B (T, (u,v), T, (u,v))

= max (Ty w,v) (t) + T, (1, v) (1))

1
= maXJ H,, (t,s) <p;,1
0

tel,

X <Jl G(s, 1) f (T,M(T),V(T))d‘[) ds
0

1
+ maxJ H (t,s) (/5;1
0

tel,

1
X <J G, (s,7) f, (T,u(r),v(‘r))dr) ds
0

< max
tel, 6™ !

Ils(l —s)qs;l

1
X (J G(t,7) fi (r,u(7) ,v(r))dr) ds
0
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1
-1

+max | H(s,s
x| H 94,

1
X(JO 6" 1

1
(] 6@ f @ v ar)

(r,u(1),v (1)) d1'> ds

1
XL s(1-s)ds

! -1
+ .[o H (s, s) gbq

X ( 6,11_1 Ll (-1 f,(mu(@),v (@) dT) ds

6"‘1¢P (J:G(T’T)fl (T,u(f),V(r))dr>

+ L H(s,s) ¢>;‘

x (% Llf(l -7 f (T,H(T),V(T))dr> ds=ad.
(57)

To see that (B3) is satisfied, let (v;,v,) € P(y,«, b, ') with

b
0(T, (vi,n), T, (v, 1)) > VA (58)
Using (23), (27), (31), and (35), we get

a (T, (u,v), T, (u,v))

= ntlelln (T, (u, ) (£) + T, (u,v) (1))

1
= min L H,, (t5)¢,'
1
X (J G(s,1) f (T,u(r),v(r))dr) ds
0
1
+min L H(t,9) ¢,
1
X (J G, (s,7) fo (T, u(7),v (7)) dT) ds
Limmts@a-s9))
ZL(i%T@?—)%I

X <Jl - —G(1,7) f, (T, u(7), V(T))d‘l’>

1
+J. o —H (s, s)(p

7
X (L 16;+(3}‘2;T)f2 (t,u(1),v (1)) dT)
1t _
= (W ) ¢
1
X (Jo i (r,u (1) ,v(r))dr)
1
-s)d
X L s(l—s)ds
-1
4"‘2 ¢
et !
X ( 6—143n,-2 JO T (1 - T) f2 (T’ u (T) vV (T)) dT)
1
X L H (s,s)ds
= MO (T, (u,v), T, (u,v)) > b
(59)

Finally, we show that (B4) holds. Let (1, v) € Q(y, 3, a,c
with (T, (u, v), T,(u,v)) < a' /4. Using (23), (27), (31), and
(35), we have

B(T, (u,v), T, (u,v))

= max (Ty (u,v) (£) + T, (u,v) (1))
! 1
- |, (94,
1
X (J G(s71) fi (T,u(T),V(T))dT) ds
0
1
o), reow

X (Jl G,, (s,7) £ (T,u(r),v(‘r))d'r) ds
0
Lmtls(1-9)\ -
2L<7%TEFT)%I
1
X(Jo qm-1

1
+J o ——H(s, s)qbi

(I

(t,u(1),v (1)) d‘r> ds

W9 f ), v(r))dr)



B llml_l .
- 6m1—143m1—2 ¢P

X (J.l LG(‘L', 7) f (T,u(T),V(T))dT)

0 gm-1

1
XL s(l-s)ds

I
4m2—1 ¢q

+

n,—1 1
x (%J t(1-1)f, (T,u(r),V(T))dr)

0
1

XJ H(s,s)ds
0

=My (T, (u,v), T, (u,v)) > a’.
(60)

We have proved that all the conditions of Theorem 10 are
satisfied, and so there exist at least three positive solutions.
Therefore the BVP (2) has at least three positive solutions.
This completed the proof of the theorem. O

4. Example

Considering the higher order (p,q)-Laplacian two-point
boundary value problem,

D¢, (W' )] = £ @u@),v @),

tefo0,1],

+

D[, (V)] = frtu@),v @), -1,

-
S

u(0)=0=u(l), (61)

[0, (" ®)])_ =0,
[, (" ®)] ., =0

[¢‘1 (V’(t))]att:o =0= [(/)‘1 (V’(t))]att:1’
v(1) =0,

j=0,1,

where

f1 (tu(t),v(t)

12,098.134uv* — 577.134,
=40.267u + 11, 520.73,
283.56u + 16,061.89,

u,v € [0.015625,1],
u,v € [1,16],
u,v € [16,43],
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fHltu®),v(t)
21.34uv + 3.67, u,v € [0.015625,1],  (67)
= 10.34v + 24.67, u,vel,16],

170.85v — 2,703.63, u,v € [16,43],

are continuous functions from [0,1] x R? to R. A simple
calculation shows that .# = 0.0625, (p = 2), & = 1/30,
and & = 1. If we choose a' = 1/4,b' = 1,and ¢’ = 43,
then conditions (A1)-(A3) are satisfied. Therefore, it follows
from Theorem 11 that the BVP (61) has at least three positive
solutions.
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