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We study the density problem and approximation error of reproducing kernel Hilbert spaces for the purpose of learning theory.
For a Mercer kernel K on a compact metric space (X, d), a characterization for the generated reproducing kernel Hilbert space
(RKHS) # ¢ to be dense in C(X) is given. As a corollary, we show that the density is always true for convolution type kernels. Some
estimates for the rate of convergence of interpolation schemes are presented for general Mercer kernels. These are then used to
establish for convolution type kernels quantitative analysis for the approximation error in learning theory. Finally, we show by the
example of Gaussian kernels with varying variances that the approximation error can be improved when we adaptively change the
value of the parameter for the used kernel. This confirms the method of choosing varying parameters which is used often in many

applications of learning theory.

1. Introduction

Learning theory investigates how to find function rela-
tions or data structures from random samples. For the
regression problem, one usually has some experience and
would expect that the (underlying) unknown function
lies in some set of functions % called the hypothesis
space. Then one tries to find a good approximation in #
of the underlying function f (under certain metric). The
best approximation in 7 is called the target function f,.
However, f is unknown. What we have in hand is a set of
random samples {(x;, yi)}le. These samples are not given
by f exactly (f(x;) # y;). They are controlled by this under-
lying function f with noise or some other uncertainties
(f(x;) = ;). The most important model studied in learning
theory [1] is to assume that the uncertainty is represented by
a Borel probability measure p on X x Y, and the underlying
function f : X — Y is the regression function of p given

by
fp(x):Lydp(y|x), x e X. (1)
Here, p(y | x) is the conditional probability measure

at x. Then, the samples {(x;, yi)}f:1 are independent and
identically distributed drawers according to the probability

measure p. For the classification problem, Y = {1,-1} and
sign (f,) is the optimal classifier.

Based on the samples, one can find a function from
the hypothesis space # that best fits the dataz :=
{(x;, yi)}f:1 (with respect to certain loss functional). This
function is called the empirical target function f,. When the
number ¢ of samples is large enough, f, is a good approxima-
tion of the target function fy with certain confidence. This
problem has been extensively investigated and well developed
in the literature of statistical learning theory. See, for example,
(1-4].

What is less understood is the approximation of the
underlying desired function f by the target function fg,.For
example, if one takes # to be a polynomial space of some
fixed degree, then f can be approximated by functions from
Z only when f is a polynomial in 7.

In kernel machine learning such as support vector
machines, one often uses reproducing kernel Hilbert spaces
or their balls as hypothesis spaces. Here, we take (X, d(-,-)) to
be a compact metric space and Y = R.

Definition 1. Let K : XxX — R be continuous, symmetric,
and positive semidefinite; that is, for any finite set of distinct
points {x,,...,x,} € X, the matrix (K(xi,xj))ﬁj:1 is positive
semidefinite. Such a kernel is called a Mercer kernel. It is called



positive definite if the matrix (K(x;, x j))i j-1 isalways positive
definite.

The reproducing kernel Hilbert space (RKHS) # i asso-
ciated with a Mercer kernel K is defined (see [5]) to be the
completion of the linear span of the set of functions {K, :=

K(x,") : x € X} with the inner product ("), = )k
satisfying
¢ 2 e ¢ ¢
QK| = <ZQKxi’ZCin,.> = Y 6K (x,x;)c;.
=1 K i=1 i=1 kil
(2)
The reproducing kernel property is given by
(Kx>g>K=g(x), VxeX, geHx. (3)

This space can be embedded into C(X), the space of contin-
uous functions on X.

In kernel machine learning, one often takes #'x or its
balls as the hypothesis space. Then, one needs to know
whether the desired function f can be approximated by
functions from the RKHS.

The first purpose of this paper is to study the den-
sity of the reproducing kernel Hilbert spaces in C(X) (or
in L*(X) when X isasubsetofthe Euclidean space R"). This
will be done in Section 2 where some characterizations will
be provided. Let us mention a simple example with detailed
proof given in Section 6.

Example 2. Let X = [0, 1] andlet K bea Mercer kernel given
by

K(x,y) = Y ajx-y), (4)
=)

where a; > 0 for each jand Z}r:gaj <oo.SetJ:={jeZ,:

a; > 0}. Then, ' is dense in C(X) if and only if

1
a, > 0, - = +o00. (5)
jenior]
When the density holds, we want to study the conver-
gence rate of the approximation by functions from balls of
the RKHS as the radius tends to infinity. The quantity

I(f,R):= inf |f-gl (6)

lallc=r

is called the approximation error in learning theory. Some
estimates have been presented by Smale and Zhou [6] for
the L* norm and many kernels. The second purpose of this
paper is to investigate the convergence rate of the approxi-
mation error with the uniform norm as well as the L*> norm.
Estimates will be given in Section 4, based on the analysis in
Section 3 for interpolation schemes associated with general
Mercer kernels. With this analysis, we can understand the
approximation error with respect to marginal probability
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distribution induced by p. Let us provide an example of
Gaussian kernels to illustrate the idea. Notice that when
the parameter o of the kernel is allowed to change with R,
the rate of the approximation error may be improved. This
confirms the method of adaptively choosing the parameter of
the kernel, which is used in many applications (see e.g., [7]).

Example 3. Let

2
.
K () = e |-

}, x,yeX=1[01]". (7)

There exist positive constants A and B such that, for each
f € H'(R") and R > A||fll,, there holds
s/4

inf || f - gl 2x) < B(logR)"
||9||KUSR” ”L (X) (8)

when o is fixed; while when o may change with R, there holds

inf || f - g2y, < B(logR) .
par <ol ~ ¥l ©)

2. Density and Positive Definiteness

The density problem of reproducing kernel Hilbert spaces
in C(X) was raised to the author by Poggio et al. See [8]. It
can be stated as follows.

Given a Mercer kernel K on a compact metric space
(X,d(-,+)), when is the RKHS 7y dense in C(X)?

By means of the dual space of C(X), we can give a general
characterization. This is only a simple observation, but it does
provide us useful information. For example, we will show
that the density is always true for convolution type kernels.
Also, for dot product type kernel, we can give a complete
nice characterization for the density, which will be given in
Section 6.

Recall the Riesz Representation Theorem asserting that
the dual space of C(X) can be represented by the set of Borel
measures on X. For a Borel measure ¢ on X, we define the
integral operator Ly, associated with the kernel as

Lo (NG)5= | KGy) f()du(y), xeX. (o)

This is a compact operator on Li(X ) if pis a positive measure.

Theorem 4. Let K be a Mercer kernel on a compact metric
space (X, d). Then, the following statements are equivalent.

(1) Z i is dense in C(X).

(2) For any nontrivial positive Borel measure y, I 'y is
dense in Li(X).

(3) For any nontrivial positive Borel measure y, Ly, has
no eigenvalue zero in Li(X).

(4) For any nontrivial Borel measure y, as a function
in C(X),

LK (~y)du(y) #0. (11)
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Proof. (1) = (2). This follows from the fact that C(X) is
dense in Li(X). See, for example, [9].

(2) = (3). Suppose that # ' is dense in Li(X), but
L, has an eigenvalue zero in Li(X). Then, there exists a

pontrivial function f € Li(X) such that LK)H( f) = 0; that
is,

L (N6 = | K(x5) £ () du(y)
(12)

= JX K.(y) f(y)du(y) =o0.

The identity holds as functions in Li‘(X). If the support
of p is X, then this identity would imply that f is orthog-
onal to each K, with x € X. When the support of y is
not X, things are more complicated. Here, the support of 4,
denoted as supp p, is defined to be the smallest closed
subset F of X satisfying u(X \ F) = 0.

The property of the RKHS enables us to prove the general
case. As the function L K,M( f) is continuous, we know from
(12) that, for each x in supp y,

LuppﬂKx ) f () duly) = L K. () f(y)du(y) = 0.
(13)

This means for each x in supp y, f L K, in Li‘(supp X),
where y has been restricted onto suppyu. When we
restrict K onto supp y x supp y, the new kernel K is
again a Mercer kernel. Moreover, by (1), g = Zkl
It follows that span{K,| x €
in %ﬁ = %Klsuppy'
. 2 .
Therefore, f is orthogonal to L, (supp u); hence, as a

supp p°

supp ¢ supp u} is dense

The latter is dense in Li(supp W).

function in Li(X), f is zero. This is a contradiction.

(3) = (4). Every nontrivial Borel measure y can be
uniquely decomposed as the difference of two mutually sin-
gular positive Borel measures: y = " —u"; that s, there exists
a Borel set A ¢ X such that " (A) = u*(X) and py (A) = 0.
With this decomposition,

| K du() = | KGr) a0 - 0}l

=Lk (Xa - XX\A) (x).
(14)

Here, x, is the characteristic function of the set A, and |u| =
p' + u is the absolute value of y. As |u| is a nontriv-
ial positive Borel measure and x4 — xx\4 is a nontrivial
function in L?M (X), statement (3) implies that, as a func-
tion in LTM(X), fx K(x, y)du(y) #0. Since this function lies
in C(X), it is nonzero as a function in C(X).

The last implication (4) = (1) follows directly from the
Riesz Representation Theorem. O

The proof of Theorem 4 also yields a characterization for
the density of the RKHS in Li(X ).

Corollary 5. Let K be a Mercer kernel on a compact metric
space (X,d) and pu a positive Borel measure on X. Then,
H 'k is dense in Li(X) if and only if Ly, has no eigenvalue

zero in Li(X).

The necessity has been verified in the proof of Theorem 4,
while the sufficiency follows from the observation that
an Li(X) function f lying in the orthogonal complement
of span{K, : x € X} gives an eigenfunction of Ly , with
eigenvalue zero:

(Ke Dy = | Ke0) F0)du(3) = Ly (F) ) =0
(15)

Theorem 4 enables us to conclude that the density
always holds for convolution type kernels K(x, y) = k(x —
y) with k€ L*(R™). The density for some convolution
type kernels has been verified by Steinwart [10]. The author
observed the density as a corollary of Theorem 4 when k(£) is
strictly positive. Charlie Micchelli pointed out to the author
that, for a convolution type kernel, the RKHS is always dense
in C(X). So, the density problem is solved for these kernels.

Corollary 6. Let K(x,y) = k(x — y) be a nontrivial
convolution type Mercer kernel on R™ with k € L*(R"). Then,
for any compact subset X of R", % on X is dense in C(X).

Proof. It is well known that K is a Mercer kernel if and only

if k is continuous and E(E) > 0 almost everywhere. We
apply the equivalent statement (4) of Theorem 4 to prove our
statement.

Let y be a Borel measure on X such that

J. K(x,y)du(y)=0, VxeX. (16)
X

Then, the inverse Fourier transform yields

j j k(&) E I dgdp (3)
X JR"
1)

= J k@Ea@E e~ de=0, VxeX.
-

Here, j(¢) = Je_iz'y du(y) is the Fourier transform of the
Borel measure y, which is an entire function.

Taking the integral on X with respect to the measure y,
we have

| F@ae | e duwde= | R@la@rdE-o.
(8)

For a nontrivial Borel measure y supported on X, (§)
vanishes only on a set of measure zero. Hence, E(E) =
0 almost everywhere, which gives k = 0. Therefore, we must
have y = 0. This proves the density by Theorem 4. O

After the first version of the paper was finished, I learned
that Micchelli et al. [11] proved the density for a class of



convolution type kernels k(x — y) with k being the Fourier
transform of a finite Borel measure. Note that a large family
of convolution type reproducing kernels are given by radial
basis functions; see, for example, [12].

Now we can state a trivial fact that the positive definite-
ness is a necessary condition for the density.

Corollary 7. Let K be a Mercer kernel on a compact metric
space (X, d). If # i is dense in C(X), then K is positive defi-
nite.

Proof. Suppose to the contrary that # 'y is dense in C(X),
but there exists a finite set of distinct points {x,-}f:1 C X such
that the matrix A, := (K(x;, xj))ﬁ -1 is not positive definite.
By the Mercer kernel property, A, is positive semidefinite.
So it is singular, and we can find a nonzero vector ¢ :=
(c>-..»¢)" € RY satisfying A ¢ = 0. It follows that ¢T A ¢ =

0; that is,
¢ 2 ¢
ZCini = <z G x;° ZCijj>
i=1 K 1 K
(19)
= ZCICK()C X; ) 0.
i,j=1
Thus,
4
YK, =0. (20)

Now, we define a nontrivial Borel measure y supported
on {xy,...,x,} as

p(lxh) =q

Then, for x € X,

Jyxtes

This is a contradiction to the equivalent statement (4) in
Theorem 4 of the density. O

i=1,...,¢ (21)

Ydu(y) = ZK(x,x)c —Z 6K, (x) =0. (22)

Because of the necessity given in Corollary 7, one would
expect that the positive definiteness is also sufficient for the
density. Steve Smale convinced the author that this is not the
case in general. This motivates us to present a constructive
example of C® kernel. Denote || g”wgg = Z;":O [ g(J)II o asthe

norm in the Sobolev space W..

Example 8. Let X = [0,1]. For every m € N and every
i € {0,1,...,m}, choose a real-valued C* function vy, ,(x)
on [0, 1] such that

wi’m(x)=xi, Vxe[O,l]\( ! ,i>,

m+1 m
(23)

1
j Yim (x)dx =0
0

Abstract and Applied Analysis

Define K on [0, 1] x [0, 1] by

. -m ZZO Yim (X) Yim ()’)
2.2 R
m=1 2ilo "V’i,mnwgg (24)

K(x,y)=

x,y €[0,1].

Then, K is a C* Mercer kernel on [0,1]. It is positive
definite, but the constant function 1 is not in the closure
of 'y in C(X). Hence, 'k is not dense in C(X).

Proof. The series in (24) converges in W/, for any m € N.
Hence, K is C* and is a Mercer kernel on [0, 1].

To prove the positive definiteness, we let {xi}f=1 C
[0, 1] be a finite set of distinct points and (c,»)f:1 a nonzero
vector. Choose m € N such that

m>¢€-1, x;>0,je{l,.... 0.

(25)

1 .
— < mln{x]- :
m

Oor x; > 1/m.

Then, for each j € {1,..., i

Hence,

¢}, either x; =

1 1
,— |, VYi=1,...,¢ 26
m+1 m> ] (26)

e 0,1\ (

By the construction of v, there holds

Yim (x;) =), Vi=
Then,

am, j=1,...,8  (27)

chK(x x)

i,j=1
92

o m m [ 4
> ) ZCJ‘/’Lm (x;) (28)

- Zi:O ”Wz,m”ng i=0 _J:I

92

S Fi =)
> i (x;
Yo ”l//i,m”f/vm i=0 [ j=1 e

.....

Vandermonde determinant and is nonzero. Smce (c ) )i=1 is
x #0 for some i €
K(x x;) > 0. Thus,

a nonzero vector, we know that Z

{0,1,...,€ — 1}. It follows that Z
Kis posmve definite.

We now prove that 1, the constant function taking the
value 1 everywhere, is not in the closure of #'x in C(X). In
fact, the uniformly convergent series (24) and the vanishing
property of v, ,, imply that

11]

1]11]

JIK(x’)’)d)/ZJIKX(y)dy:O, Vx e X. (29)
0 0

Since span{K, : x € X} is dense in # i and # . is embedded
in C(X), we know that

1
J f(y)dy=0, VfeHx. (30)
0
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If 1 could be uniformly approximated by a sequence {f,,,} in
I then

! 1
I:JO l(y)dy:mlgnwjo fm(y)dy:(), (31)
which would be a contradiction. Therefore, %y is not dense
in C(X). <

Combining the previous discussion, we know that the
positive definiteness is a nice necessary condition for the
density of the RKHS in C(X) but is not sufficient.

3. Interpolation Schemes for Reproducing
Kernel Spaces

The study of approximation by reproducing kernel Hilbert
spaces has a long history; see, for example, [13, 14]. Here, we
want to investigate the rate of approximation as the RKHS
norm of the approximant becomes large.

In the following sections, we consider the approximation
error for the purpose of learning theory. The basic tool for
constructing approximants is a set of nodal functions used in
(6,15, 16].

Definition 9. We say that {u;(x) := u,-,x(x)}f:1 is the set of

nodal functions associated with the nodes x := {x,,...,x,} C
Xifu; € span{Kx]_}?:l and
1, ifj=i,
“ (x] ) g {O, otherwise. ¢2)

The nodal functions have some nice minimization prop-
erties; see [6, 16].

In [15], we show that the nodal functions {u,~}f:1 associated
with x exist if and only if the Gramian matrix A, :=
(K(x,-,xj))z i1 18 nonsingular. In this case, the nodal func-
tions are uniquely given by

w(x) =Y (A)), Ko@), =Lt (33)

J

Remark 10. When the RKHS has finite dimension m, then,
for any ¢ < m we can find nodal functions {u j}§=1 associated
with some subset x = {x,...,x,} € X, while for ¢ > m,
no such nodal functions exist. When dim#’x = oo, then, for
any ¢ € N, we can find a subset x = {x,,...,x,} ¢ X which
possesses a set of nodal functions.

4
=1

The nodal functions are used to construct an interpola-
tion scheme:

4
L(f)@) =) f(x)uy,(x), xeX, feC(X). (34)
i=1

It satisfies L (f)(x;) = f(x;) fori = 1,...,¢. Interpolation
schemes have been applied to the approximation by radial
basis functions in the vast literature; see, for example, [17-20].

The error I.(f) — f for f € i will be estimated by
means of a power function.

Definition 11. Let K be a Mercer kernel on a compact met-
ric space (X,d) andx = {xy,...,x,} < X. The power
function &g is defined on x as

¢
e (x) :=sup { in {K (x, %) - ZZwiK (%, x;)

xeX | weR¢ i=1

(35)

. 1/2
+ Z w; K (xi, xj) wj]»

ij=1

We know that gi(x) - 0 when d, =
max, .y min,_; ,d(x,x;) — 0. If K is Lipschitz s on
X:

K (x,y) = K (x,t)] < C(d (y,1))", (36)
then
&g (x) < 2Cd,. (37)
Moreover, higher order regularity of K implies faster conver-
gence of & (x). For details, see [16].

The error of the interpolation scheme for functions from
RKHS can be estimated as follows.

Theorem 12. Let K be a Mercer kernel and A, nonsingular
for a finite set x = {x,,...,x,} C X. Define the interpolation

scheme associated with x as (34). Then, for f € I, there
holds

15 (5 = fllogo < 1 flkex @0, (38)
1 (Ol < 171 (39)

Proof. Let x € X. We apply the reproducing property (3) of
the function f in

e
L@ -f)=)f(x)wE-fx). (40
i=1
Then,

L(f) )= f ) = Yt ) (Ko £ = (Koo )¢

(41)
¢
=( YuK, -K,, f> .
i=1 K
By the Schwartz inequality in ',
e
L ()= f @] < | 2w (K =Ko [fle (42)
i=1 K




As (K,,K,)x = K(s,t), we have

2

K

e
=K (x,x) - ZZui (%) K (x,x;) (43)

i=1

e
+ Z u; (x) K (xi,

ij=1

X j) u; (x).
However, the quadratic function

¢
K (x,x) - ZZwiK (x, x;)

i=1

¢
+ Z w;K (xi,xj) w

ij=1

Q ((wi)le) =

(44)

over R’ takes its minimum value at (ui(x))le. Therefore,

¢
Z”i () K, - K| <ex(x). (45)
i=1 K
It follows that
L (f) ) = f @] < || flleex 3. (46)

This proves (38).
As I.(f) € Iy and L(f)(x;) = f(x;) fori = 1,...,¢,
we know that

L () (i) = f (33) = (K, I () -

i=1,...,¢
(47)

f>K=0,

This means that I(f) — f is orthogonal to span{Kxi}le.
Hence, I,(f)is the orthogonal projection of f onto

span{K, }_,. Thus, [L(f)llx < I fllx- O

The regularity of the kernel in connection with Theo-
rem 12 yields the rate of convergence of the interpolation
scheme. As an example, from the estimate for e, (x) given in
[16, Proposition 2], we have the following.

Corollary 13. Let X = [0,1], s < N € N, and K(x, y) be
a C° Mercer kernel such that A, is nonsingular forx =
{j/NYL. Then, for f € . there holds

15 (F) = Flowo

TR A L

For convolution type kernels, the power function can be
estimated in terms of the Fourier transform of the kernel
function. This is of particular interest when the kernel
function is analytic. Let us provide the details.

(4s)° (1 + s2°)
s—1)!
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Assume that k is a symmetric function in L*(R"™) and

k(&) > 0 almost everywhere on R". Consider the Mercer
kernel

K(x,y)=k(x-y), x,ye€l0,1]" (49)

For N € N, we define the following function to measure the
regularity:

A (N) = n(l . ZLN>H

X max {(zn)‘"j k(£)<'5'> }
1<j<n E€[-N/2,N/2]"

+(1+(N2Y )”)2(271)‘" J

E¢[-N/2,N/2]"

k(&) de.
(50)

Remark 14. This function involves two parts. The first part
is & € [-N/2,N/2]", where (I&;|/N)" < 27%; hence, it
decays exponentially fast as N becomes large. The second
partis & ¢ [-N/2,N/2]", where & is large. Then, the decay
of k (which is equivalent to the regularity of k) yields the fast
decay of the second part.

The power function &g (x) can be bounded by A (N) on
the regular points:

«
X:=|—= . o1
(N >ae{o,1,...,N—1}” G

Proposition 15. For the convolution type kernel (49) and x
given by (51), one has

ex (x) <AL (N). (52)
In particular, if
k() <Cpe™,  vEeR" (53)

for some constants C, > 0 and A > 4+2nln 4, then there holds

14" \"?
e (x )</\k(N)<4CO<max{ ot /\/2}> . (54)

Proof. Choose {w,

tion polynomials on x. It is a vector in R
Then, ex(x) < sup,.xQx(x), where

= Wy (%)} ey as the Lagrange interpola-
N for each x € X.

Qn (%) =k (0) = 2) w,, (x) k(x - )

oEX

+ Z Wax (%) k(o= ) wgy (x).

o,pex

(55)

In the proof of Theorem 2 in [16], we showed that Qy(x) <
A (N) for each x € [0, 1]". Therefore, g (x) < A, (N).

The estimate for A (N) in the second part was verified in
the proof of Theorem 3 in [16]. O
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For the Gaussian kernels

2
|x;2y| } xyelo1",  (56)

K (x,y) = exp {—

it was proved in [16, Example 4] that, for N > 80nlog 2/0%,
there holds

4
27"™N (57)

1 N/2
e (X) < A (N) < NE(E) "o

4. Approximation Error in Learning Theory

Now, we can estimate the approximation error in learning
theory by means of the interpolation scheme (34).

Consider the convolution type kernel (49) on X = [0, 1]".
As in [6], we denote

R ~1/2
inf k(E)} Crs0. (58)

Ee[-rmrn]”

Ay (1) !=‘[

The approximation error (6) can be realized as follows.

Theorem 16. Let k € L*(R") be a symmetric function with
k(&) > 0, and let the kernel on X = [0,1]" be K(x, y) = k(x —
y). For f € L*(R™) and M < N € N, we set fum € L*(R™) by

f@&, if &e[-MmMn]",

59
0, otherwise. (59)

fu® = {

Then, withx = {0,1/N, ..., (N = 1)/N}", one has

(1) I (fadllx < N1 A(N);

(ii) ”fM - Ix(fM)”C(X) <
£l A (M)A(N);

GiD) 1f = farlieo € @™ [y pengey FELPAE —
0 (as M — o).

Ifl A (Meg(x) <

Proof. (i) Fori,j € Xy == {0,1,...,N — 1}" and x; = i/N,
expression (33) gives

()= 2 (4 (AK) (K K )

siteXy (60)
= 2 (a0)(4)) (A0, = (A0,
s;teXy
Then for g € C(X) we have
2
I (@)l = | 3. 9 () us ()
i€Xy K
= Z g(xi)g (xj) <”i’”j>1< v
ijeXy

= (gl)" Al

7
where g, is the vector (g(x;));c Xy € RN". It follows that
I (@lx = (9l A7 9l,)
< |a3 ], 1 gl (62)
=Jadl, X la Gl
ieXy

where IIA;1 |, denotes the (operator) norm of the matrix A;l
in (RN, £2).

We apply the previous analysis to the function f),
satisfying

V= -n o iGINE |
j;JfM (xj)' jGZXN () Le[—Nn,Nn]” Su®e dEI
o 2
= Ylen [ et
jeXy ge[-mn]
<@n)™" J |AeNg N[ de
gel-mn]
< N"| £
(63)
Then,
I Aol < AL N 171 (64)

Now, we need to estimate the norm ||A;1||2. For con-
volution type kernels, such an estimate was given in [I5,
Theorem 2] by means of methods from the radial basis
function literature, for example, [17, 21-24]. We have

|47, < N7 (8 ). (65)
Therefore,

I (Fadll < [F 2 Ak (N (66)

This proves the statement in (i).
(ii) Let x € X. Then

S (%) = I (fM) (%)

- em” | F®
Ee[-Mm,Mrn] (67)
; {m NG eixj'i} d.
j€XN



By the Schwartz inequality,
| far () = L (far) ()]

< {(271)_” J
Ee[-Mn,Mn]"
2 1/2
dg} |

x {(2n)‘"jw R©
(68)

The first term is bounded by || f||,- A  (M). The second term
is

7@l
k@)

1/2
i

ezxf_ Z Uiy (x) ezxj-‘g'
j&€XN

<|k(0) -2 Z Ujx (x)k(x - xj)
jE€XN
1/2 (69)

+ Z Uy (x)k(xi—xj)uj,x (x)

ijeXy

which can be bounded by ex(x), as shown in the proof of
Theorem 12. Therefore, by (52),

1 fae = K (Fad)lleoy < NF N M) e (%)
< | flp Ak M) A (N).

(iii) By the Plancherel formula,

I = Fudlsr = @)™ |

&¢[-Mn,Mn]"

(70)

F@lde @

This proves all the statements in Theorem 16. O

Theorem 16 provides quantitative estimates for the
approximation error:

”f - I (fM)"LZ(X)

< {(271)_" J
E¢[-Mm,Mn]"

+ ]| fll Ak (M) A (N)

5 1/2
jofal o

with

I (Fallc < [l Ak (N - (73)

Choose N = N(M) > M such that A (M)A (N) — 0as
M — +o0; we have || f — I, (fy)ll2(x) — 0and the RKHS
norm of I.(f) is controlled by the asymptotic behavior of
AL(N).

Denote by A} the inverse function of A ;:

A} (R) := max{r>0: A, (r) <R}

max {r >0:k(&) >R?*VE e [-rm, rﬂ]"}.
(74)

Then, our estimate for the approximation error can be given
as follows.

Abstract and Applied Analysis

Corollary 17. Let X = [0,1]" and f € H*(R"). Then, for
R>|fl2

“gi“rist"f - g"LZ(X)
< dnf e Mm™ + | £ A ) A (N}
(75)
where Ny == [A'(R/Ifll2)). If s > n/2, then
"gi"?iR”f - gllcoo
3 "f H* n/2—s
- o<11\§11ngR { s — n/zM (76)

Al 002, 4) |
In particular, when

C, exp {—)\1|E|d} <k@ <Cyexp{-AJE]}, VEeR"

(77)
for some Cy,Cy,d, A, > 0and A > 4+ 2nlog4, one has
I(f,R) = "gl"riR”f - QHLZ(X)
< (zd(dﬂ)nd/zﬂ_d/\l)S/d(d+1)
25+2C (78)
<(w Ul E20000,.)
(1 - S
1 —s/d(d+1)
X {logR + > logC, —log ||f||L2}
provided that with the function G(r) = (1/+/nm)((2/
A log(rJC/Ifll 24, R satisfies
161, i
GR) = { —~ : )
—log max {1/eA, 4" /e}/?}
(79)

log G (R) 3 (—logmax{l/e)t,éln/e)‘/z}) (d+1)
G(R) ’

2d+45

Proof. The first part is a direct consequence of Theorem 16
when we choose N to be Ny, the integer part ofA}c1 (R/Nf;2)-
To see the second part, we note that (77) in connection

with Proposition 15 implies with A := max{1/eA, 4"/ M,

log A
/\k(N)S4C0exp{N Og },

A (r) < {C1 exp {—Al(\/ﬁm)d}}_l/z (80)

_ \/%exp{%(\/ﬁﬂ)drd}.

Then, A} (R/|Ifll2) = G(R).
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ForR > (||f||Lz/\/C—1) exp{(Al/Z)(\/ﬁrt)d}, we can choose
M € N such that
G <M< (GRYY. @)

Choose N € N such that

d+1
< N < M*!, (82)

Then, M < N, and by Theorem 16,

171, exp {%(ﬁﬂ)dmd“*”} <R,

I Uanllie =~

Ay (M) Ay (N)

< expq N
VCy {

log A

+ N

<logA Y (\/_71) 1/(d+1)>} .

(83)
When
d
NV@ S 4, (V)
T —logA
o8 (84)
logN _ (-logA)(d+1)
N 45 ’
there holds
log A
A0 () < T2 exp {52
\/_
c (85)
< 2 ~sl(d+1)
——N
\/_
Hence,
If - L (Aol 2
. 4C
< It + ke 2 (57)
(86)

<(1s

x 2°(G (R)) /@D,
When R satisfies (79), we know that

- 4C,
Ry

M

M }1/(d+1) . 47, (vnm)*
2

NV@D S 7
B ~ —logA ’

1 1/d
> {e®

log N _2 log M“*!

- 272 10g G (R)
N Md+1

- —log A (d+ 1)'

G(R) a 4s
(87)

Hence, (84) holds true. This proves our statements. O

For the Gaussian kernels, we have the following.

Proposition 18. Let

|x - y[*
2

K(x,y)zexp{— }, x,y€X=1[01]". (88)
Denote C,,, := o°nr’ /A min{log(4+/n),nlog2} and C,,, ; :=
(o) (C% + (ov/m) " (2e + 4fom)). If f € H (R"),

then one has

I(f’ R) < Ca,n,s (”f et ||f||L2)
n —s/4 (89)
x{log R+ Z1og (o) - log] ], |
and when s > n/2,
1ol
< Copnsnpa (“f”H‘ + "f"H) (90)
n n/8—s/4
X {logR *3 log (0/) - log ||f||L2}
for R satisfying
-n/2
R> | f](oVm)
{ o*n? (max {CM, 80nlog 2/02} + 1)2 }
X exp S ,
(91)
" 1/2
< 1 (o7) /2R>
log
32C,,, 112
(92)
> s lo —2\/2 + l lo —(G\/ﬁ)n/ZR
S\ o 2 Al )
Proof. The Fourier transform of k(x) = exp{—|x|2 Jo?} is
21¢12
- n o
k(©) = (o) exp {— f' } . (93)
Then,
22 2
A (1) = (ovm) ™ exp {‘7 ”; T } (94)
For

Rz Il (max{e,, 282 1) o9

we can take N € N with N > max{C,,,, 80nlog 2/6*} such

that
1A‘1 ( ) <N <A
11,2 ‘

o,n’

(ﬁ) (96)
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Here, A is the inverse function of A :

-1 _ 2\/5 n/2 1/2
AL () = O\Mn(log{(aﬁ) o)
Then, || fl2A(N) < R.Let M < N. By Theorem 16,
I (fallx < R.
By Corollary 17 and (57),

1f = L ()l

< [ Al (M) (98)
4
+ | fll 2 Ak (M) <2x/E+ ﬁ) exp {~NC,},
where C,, := min{log(4+/n), nlog 2}. Choose M € N such that
l\/NsMs\jN. (99)
2 CU,H CO’,H
With this choice, c?nM?7?/8 < C,N/2. Therefore,
”f -5 (fM)"L?(X)
4Ca,n o2 -n/2
<Ule( ) +Ufl(evm)
4 C, }
2 =0
x( \/Z+0\/E>exp{ 5 N
< C(,T,n,s ("f H + ”f”LZ)
—s/2
R C, . R
xmax §| —— ,exp{——A (—)Hn
{( 112 ) 4\ Sl
(100)
where
c. =CP+(ovn)™? (2\/E+ i) . (101)
0,1, on O'\/E
When
CO_I(R>5 _I(R)
—A || =zlogAL | —— > (102)
4 A/ T2
there holds
If = L (Al < Coms Nl + 1£112)
(103)

()l

This yields the first estimate.
When s > n/2, the same method gives the error with the
uniform norm. O
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5. Learning with Varying Kernels

Proposition 18 in the last section shows that, for a fixed
Gaussian kernel, the approximation error I( f, R) behaves as

I1(f,R) < C(logR)™* (104)

for functions f in H*.

In this section, we consider the learning with varying
kernels. Such a method is used in many applications where
we have to choose suitable parameters for the reproducing
kernel. For example, in [7] Gaussian kernels with different
parameters in different directions are considered. Here, we
study the case when the variance parameter keeps the same
in all directions. Our analysis shows that the approximation
error may be improved when the kernel changes with the
RKHS norm R of the empirical target function.

Proposition 19. Let

2
K, (x,y) = exp {—M} , x,y€X=1[01]". (105)
o

There exist positive constants A, ¢ and B, ;, depending only on
n and s, such that for each f € H*(R") and R = A, | fl 2
one can find some o = oy, satisfying

||g||i,2fsx"f = 9lli2x) < Bus(logR) ™. (106)
Proof. Take
80 1/2
o= (M) ,
N
1 1/2
i(lmin{z_'_ ogn ,n}) o
4nm \ 5 2log2

1/2
<M< ﬂ<lmin{2+ log ,n}) R

where N depends on R. Denote C, := nn”/4 min{log(4+/n),
nlog2}. As in the proof of Proposition 18, we have

"f - Ix (fM)||L2(X)
< (N7) 7| f || = (320nC, log 2)

N1l
(80nlog2)™*

s/2

" (108)

4N C
c(2ver 9 Yop{-Con}.
(\/E \/SOnﬂlogZ)eXP 2

When N is large enough, with a constant C;, . depending
on n and s, this yields

1f = L (fad)llizy < Cos Uf e + £ 1) N5 (109)
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Finally, we determine N by requiring
1Al Ak V)

= | 12N (80nm log2) ™

<R<|fl Ak

exp {10n2n2N log 2}
(N+1).
(110)

There is a constant A, ; > 0 depending only on n and s
such that, for R > A, (|| ]2, an integer N satistying all the
previous requirements and

(N +1)"* < exp {10°7° (N + 1) log 2} (111)

exists. This makes all the estimates valid. It follows that
R< “f”LzAk (N + 1)

< ||f||Lz(80n7T IOgZ)_n/4 exp {201/12712 (N +1)log 2}.
(112)
Hence,
1 R n/4
N+1> 20 Tog2 log { Il (80nmlog2) } . (113)

Therefore, there holds || I ( fa,)ll K, S Rand
If - L (o)l 2y

< ZSC;,s (”f T "f”H) (20”2772 logz)s

(114)

X {logR + Z log (80nmlog2) — log ||f||Lz}7

This verifies our claim for the approximation error in L*(X).
O

Let us mention the following problem concerning learn-
ing with Gaussian kernels with changing variances.

Problem 20. What is the optimal rate of convergence of

< R for some o > 0}

sup mf{"f 9||L2(X)

|H5—

(115)

as R tends to infinity?

6. Dot Product Kernels

In this section, we illustrate our results by the family of dot
product type kernels. These kernels take the form

+00 .
K(xy)=Yaix-y), xyeR"  (u6)
=0
When Z Ia IR¥ < oo for some R > 0, the kernel K is a

Mercer kernel on X := {x € R" : |x| < R} if and only if
> 0 for each j > 0. See [25-28]. Here, we will characterize

the density for this family as [29]. Denote x* := IT"_ x{" and
(1) == (o + o a)/( o) for x = (xl,...,x ) € R"and
a=(a,...,a,) €Z].

1

Corollary 21. Let R > 0, X := [0,R]", and the kernel K be
given by (116), where a; > 0 for each j € Z, and ZJ 0 ]R2J <
0. Set | :={a € Z} : Qg > O} Then, H is dense in C(X) if
and only ifspan{x“ : o € J}is dense in C(X). Thus, the density
depends only on the location of positive coefficients in (116). In
particular, when n = 1, # is dense in C[0, R] if and only if

Y L

ay > 0, (117)
jenioy/
Proof. Note that
K, (y)=K(x,y)
Iocl> o
=ay+ ) a; ( xy
le % j (118)

lol o
Zam a X y .
a€E]

Sufficiency. Suppose that span{x® : « € J} is dense in C(X),
but #% is not dense in C(X). Then, by Theorem 4 there exists
a nontrivial Borel measure y on X such that

j K(x,y)du(y)=0, VxeX (119)
X

Taking the integral with respect to ¢ and using (118), we have

0= ”XK (2, y)du(x)du(y)

ol , (120)
Zon(8) ]
Since a;, > 0 for each « € J, there holds
JX x"du(x) =0, Vace]. (121)
That s, p annihilates each x* for o € J. Butspan{x® : « € J}is

dense in C(X); p also annihilates all functions in C(X), which
is a contradiction.

Necessity. If span{x® : « € J} is not dense in C(X), then there
exists a nontrivial Borel measure y annihilating each x“; that
is, _[X x"du(x) = 0 for each « € J. Then, (118) tells us that, for
each x € X,

JX x,y)du(y) = 0;,“'”( z >X"‘ Ly“d#(y)=0-
122)

This in connection with Theorem 4 implies that #% is not
dense in C(X). This proves the first statement of Corollary 21.

The second statement follows from the classical Muntz
Theorem in approximation theory (see [30]): for a strictly
increasing sequence of nonnegative numbers A, < A,,...,
span{x i:jeZ,.}isdensein C[0,R] ifand onlyif A, = 0
andz 1/A; = +oo. O
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The conclusion in Example 2 follows directly from Corol-
lary 21.

By Corollary 21, we can provide more examples of dot
product positive definite kernels whose corresponding RKHS
is not dense. The following is such an example. However,
compared with Example 8, it is not constructive, in the sense
that no function outside the closure of % is explicitly given.

Example 22. Let X =

K(xy)—1+§02 Z(x 2+m.

k=1 m=0

[0, 1] and define
(123)

Then, K is a positive definite Mercer kernel on X, but #% is
not dense in C(X).

Proof. Observe that the assumption in Corollary 21 holds for
K,a,=1>0and

]\{0}=DO{2",2"+1,...,

k=1

Since ¥ 0 (1/7) = Yisy Yicg (1/@" + 1)) < ¥ (k/2) <
+00, Corollary 21 tells us that %% is not dense in C(X).

What is left is to show that the Mercer kernel K is positive
definite. Suppose to the contrary that there exist a finite set of
distinct points I ¢ X and a nonzero vector ¢ = (¢,),¢; such
that

X vk-1}. (129

Z ¢, K(s,t) =0

(125)
s,tel
Denote
_ +00 kk—l oy
K(x,y)= ZZ_ Z (x-y)" ™ (126)
k=1 m=0
Then,
2
Z ¢, K (s,t) = (Zg) + Z csctf (s,£) =0. (127)
s,tel sel s,tel\{0}
Hence, ) ; ¢; = 0 which implies that I'\ {0} # 0 and (¢,)sep\ (0}

is a nonzero vector. Also,

0= Z c.¢,K (s,1)

s,tel\{0}
. S (128)
_ Zz—kz Z & me )
k=0 m=0 \ seI\{0}
It follows that
k
Y e =0, VkeN, m=0,1,....k=1. (19
seI\{0}

Choose an integer k which is not less than #(I \ {0}), the
number of elements in the set I \ {0}. Then, we know that
the linear system

Y, =0,

sel\{0}

m=0,1,...,#(I\ {0}) (130)
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has a nonzero solution (c)sp - Hence, the matrix

k
(s* M) eI\ {0} m=0,1... #(1\{0}) is singular. So, there exists a
#(1\

nonzero vector (d,,),, D such that
#IMOD
s$7d, =0, Vsel\{0}. (131)
m=0

As each element s in I \ {0} is nonzero, we have
#(1\{0})

Y §"d, =0, Vsel\{0}. (132)
m=0
However, the determinant of  the matrix
(s™ )561\ {ohm=0.1,.#1\op 18 @ Vandermonde determinant

and is nonzero. This is a contradiction, as the linear
system having this matrix as the coefficient matrix has a
nonzero solution. Therefore, the Mercer kernel K is positive
definite. O

An alternative simpler proof for the positive definiteness
of the kernel in Example 22 can be given by means of the
recent results in [25, 26].

After characterizing the density, we can then apply our
analysis in Section 3 and provide some estimates for the
convergence rate of the approximation error under the
assumption that all the coefficients a; in (116) are strictly
positive. We will not provide details here, but only show the
application of the interpolation scheme (34) to polynomials.

If (X)) = Y joienm (1#) x*, then
L(f) (%) = f (%)
(133)
- Z c[x< lod ) Zu (x)x —x*
lal<M
It follows from the Schwartz inequality that
() )~ f I
2 (la
< { Z |Crx| ( a)}
=M Hal (134)
’ 2
12 a|a|< " ) 2. (x) ] =
lo|<M =1
The first term can be bounded by
> ( o > ol ( min a~>1 (135)
I A IV ST
while the second is bounded by
Za|a|< > Zu(x)u (x)xx
aeZ? i,j=1
e
—ZZuj (x) x?xa +x% X" = e (x).
=1
(136)
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Thus, the approximation error can be given in terms of the
regularity of the kernel K. The regularity of the approximated
function yields the rate of approximation by polynomials f =
fum while the asymptotic behavior of the coeflicients a; in
(116) provides the control of the RKHS norm of I ( f,,).
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