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The classical Sherman-Morrison-Woodbury (for short SMW) formula (A + YGZ) ' = AT - ATYY(G' + Z"A'IY)_IZ*A'1 is
generalized to the {2}-inverse case. Some sufficient conditions under which the SMW formula can be represented as (A + YGZ*)™ =

A -AY(G +Z"A"Y) Z" A are obtained.

1. Introduction

There are numerous applications of the SMW formula in
various fields (see [1-6, 12]). An excellent review by Hager
[3] described some of the applications to statistics networks,
structural analysis, asymptotic analysis, optimization, and
partial differential equations. In this note, we consider the
SMW formula in which the inverse is replaced by the {2}-
inverse. As we know, the inverse, the group inverse, the
Moore-Penrose inverse, and the Drazin inverse all belong
to the {2}-inverse. Hence, the classical SMW formula is
generalized.

Let # and & be complex Hilbert spaces. We denote the
set of all bounded linear operators from # to % by B(¥, *')
and by B(%) when # = H.For T € B(H, K ), let T", let
R(T), and let #(T) be the adjoint, the range, and the null
space of T, respectively. If A € B(#)and G € B(H) bothare
invertible, and Y, Z € B(H, #), then A+ YGZ" is invertible
if and only if G™! + Z* A™'Y is invertible. In this case,

(A+YGZ*) ' = A ATV (G + 2 ATY) Z A
)

The original SMW [1, 5, 6] formula (1) is only valid when
A is invertible. In particular, the SMW formula (1) implies
that (I — A*A)™' = I+ A*(I - AA*)'A. An operator T
is called generalized invertible if there is an operator S such
that (I) TST = T. The operator S is not unique in general.

In order to force its uniqueness, further conditions have to
be imposed. The most likely convenient additional conditions
are

(Ir) S1S =S, (1) (TS)* =TS,

2
(IV) (ST)" = ST, (V) TS =ST. ®
One also considers (I},) T*ST = T* with some k € Z*.
Clearly, (I) = (I,). Elements S € RB(¥) satistying (II) are
called {2}-inverse of T, denoted by S = T". Similarly, (I, II,
and V)-inverses are called group inverses, denoted by S = T*.
(I, 1L, II1, and IV)-inverses are Moore-Penrose inverses (for
short MP inverses), denoted by S = T It is well known that
T has the MP inverse if and only if #(T') is closed. And (I, I1,
and V)-inverses are called Drazin inverses, denoted by § = T¢
(see [7]), where k is the Drazin index of T. In general, the
{2}-inverse of T is not unique. It is clear that TT~, T™T are
idempotentsand T* = T = T* = T~ = TV if T € B(F) is
invertible (see [8, 9]).

2. Main Results
The following lemmas are used to prove our main results.
Lemmal. IfA € B(H)and P = P? ¢ B(K), then

(i) PA = A & R(A) c R(P),
(ii) AP = A & J(P) c N(A).
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It is well known that Z(A) ¢ %(B) if and only if there
exists an operator C such that A = BC (see [10, 11]). So, we
have the following result.

Lemma?2. Let A € B(H, K). Then, R(A"A) = R(A"), and
N(AA™) = /(A7)

Proof. Since A” = A"AA",
R(A)=R(AAA) C R(AA) c R(A). ()
So, Z(A7) = R(A~A). Similarly, from
W(A)CH(AA) c W (A AA ) =N (A), (@)
there comes J/(AA™) = J/(A"). O

Now, the first main result of this paper is given as follows,
which generalizes the main results [2, Theorems 2.1-2.4] and
[12, Theorem 1] with very short proof.

Theorem 3. Let A € B(H), let G € B(K), and letY,Z €
B(H, ). LetalsoB=A+YGZ ,and letT =G +Z"A"Y.

I

R(A)cR(B), N(A)cH(B),

)
N(GT) c H(Y),

N(T7) c H(G),
then
(A+YGZ*) = A" -AY(G +Z"AY) Z*A".  (6)
Proof. Let the conditions in (5) hold. By Lemma 2, we have
R(A)cR(B)=%(B B),
N(AA) =N (A7) c N (B). 7

By Lemma 1, we get that BBBA™ = A” and B AA™ = B".
Hence, BY+B (B-A)A"Y = A7Y. Similarly, from #(G™) ¢
N (Y), we get that YGG™ =Y and

BYGT =B YGG +B YGZ*AY
=BY+B (B-A)AY (8)
=AY

So, the condition A(T7) < (G) implies that BYG =
B YGTT™ = AYT .From B = A + YGZ*, we deduce that
B BA™ = B AA” + BYGZ"A™. Hence,

B™ = B AA”
=B BA"-BYGZ'A” 9)
=A -AYT Z'A".
O

For T € B(#), let TO denote any kind of standard
inverse T~', group inverse T%, MP inverse T*, and Drazin
inverse, respectively. Since O belongs to {2}-inverse, we get
the following corollary.
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Corollary 4. Let A € B(K), let G € B(K), and let Y, Z €

B(K, K) such that AC and GO exist. Letalso B = A+YGZ*,
andlet T = GO + Z* APY such that B© and TO exist. If

#(A9) c % (B®),  (A°) cw(BO),

(10)
V(G cww), H(TO)cw (),
then
(4+YGZ")® = 49 - AO¥(GO + 2° A%Y) 2" 4C,
(11)

The following is our second main result.
Theorem 5. Let A € B(K), let G € B(K), and letY,Z €

B(K,H). LetalsoB=A+YGZ",andletT =G +Z*A7Y.
If any of the following items holds:

(@) N (AA)cH (Z"), R(Z")cR(G),

N (T°T) c ¥ (Y),

(12)

i) N (G)cH(Y), R(Z)cR(TT),

R(Y) < R(AAT),

then(A+YGZ") = A" -AY(G +Z"AY) Z"A".
Proof. Define X = A” — AYT Z"A". We will prove that
XBX = X.

(i) Since N/ (A"A) ¢ N(Z"), ¥/(T'T) ¢ H(Y), and
R(Z") c R(G™),byLemmal, wehave Z*(I-A"A) =
0,YI-TT)=0,and (I -G G)Z* = 0. Hence,

XB= (A" - AYT Z*A7)(A+YGZ")
= A A+AYGZ -A YT Z'A A
-A YT Z"AYGZ"
= A A+AYGZ -A YT Z*
(13)
~AYT (T-G)GZ*
SAA+AY(I-TT)GZ
—AYT (I-GG)Z*

=AA,

and XBX = A"AX = X.
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(i) f AN(G) ¢ N(Y), R(Z") ¢ R(TT"),and R(Y) C
R(AA™), thenY(I-GG ) =0,(I-TT")Z* =0,and
(I - AAT)Y = 0. We have
BX= (A+YGZ")(A"-A YT Z"A")
= AA  +YGZ'A" - AA YT Z*A”
~-YGZ'AYT Z" A~

= AA" +YGZ'A” -YT Z"A”

(14)
~YG(T-G )T Z*A
= AA +YG(I-TT ) Z*A
~Y(I-GG )T Z"A
= AA”
and XBX = XAA™ = X.
O

From Theorem 5, we get the following corollary which
generalizes some recent results (e.g., see [2, Theorem 2.1] and
[12, Theorem 1]).

Corollary 6. Let A € B(F), let G € B(K), and letY,Z €

B(HK , H) such that A© and GO exist. Letalso B = A+YGZ”,
and let T = GO + Z* AQY such that BO and TO exist. If

N (APA) e (z'),  R(z")cR(GO),

N (TOT)cw (), #(GO)ca ), (15)

%(2")c R (TT°), %) c%(44°),

then
)9z AC.
(16)

(A+YGZ*)® = A9 - A9Y(GO + 2" ACY

Proof. Firstly, if () denotes the standard inverse, then (15)
holds automatically, and the result (SMW formula) follows
immediately by the proof of Theorem 5.

Secondly, if () denotes the MP inverse, by the proof of
Theorem 5, X = A" — ATYT*Z* A" satisfies XB = A" A and
BX = AA". Thus, (XB)" = XB, and (BX)" = BX. Moreover,
we have BXB = AA"(A+YGZ") = A+ AA"YGZ" = Band
XBX = ATA(A" - A'YT"Z" A") = X. By the definition of
MP inverse, we know that (A + YGZ*)" = A" - A'Y(G' +
Z*AYY) Z* AT

Lastly, if () denotes the Drazin inverse (resp., group
inverse), by the proof of Theorem 5, X = A% — A%YTZ* A9
satisfies XB = BX = AA% = A%A. Moreover, XBX =
AYAX = ATA(AY - A%YTZ* A%) = X, and B- B*X = B(I -
BX) = (A+YGZ*)(I—AAd) = A(I-AA%Y) s quasi-nilpotent
(resp., B — B2X = 0 for the group inverse case). So, by the
definition of Drazin inverse, we have (A + YGZ*)? = A% —
AYYTIZ* A% (resp. (A+ YGZ™)" = A" - A'YT? 2" A"). O

3. Concluding Remark

In this note, we mainly extend the SMW formula to the form
(A+YGZ*) = A" -AY(G +Z*A"Y) Z"A” under some
sufficient conditions. If A,G,T, and B in Theorem 3 are
invertible, then (5) and (6) hold automatically. Hence, Theo-
rem 3 generalizes the classical SMW formula. In [2, Theorem
2.1], when A is MP-invertible and G+ Z*A'Y is invertible,
the sufficient conditions under which the SMW formula can
be represented as

(A+YGZ') = A"~ A'Y(G +Z°AY) 'Z" A" (1)

are given. It is obvious that Theorem 3 also generalizes [2,
Theorem 2.3] greatly.

Under weaker assumptions than those used in the liter-
ature, our results are new and robust to the classical SMW
formula even for the finite dimensional case. It is natural to
ask if we can extend our results for the various inverses of
A + YGZ" in some weaker assumptions, which will be our
future research topic.

Acknowledgments

The author thanks the anonymous referees for their careful
reading, very detailed comments, and many constructive
suggestions which greatly improved the presentation. She
would like to thank Professors Hongke Du and Chunyuan
Deng for their useful suggestions and comments. The paper
is supported by the Natural Science Foundation of Zhanjiang
Normal University under Grant QL1001

References

[1] M.S. Bartlett, “An inverse matrix adjustment arising in discrim-
inant analysis;,” Annals of Mathematical Statistics, vol. 22, pp.
107-111, 1951.

[2] C. Y. Deng, “A generalization of the Sherman-Morrison-
Woodbury formula,” Applied Mathematics Letters, vol. 24, no.
9, pp. 1561-1564, 2011.

[3] W. W. Hager, “Updating the inverse of a matrix,” STAM Review,
vol. 31, no. 2, pp. 221-239, 1989.

[4] Y.-N. Dou, G.-C. Du, C.-E Shao, and H.-K. Du, “Closedness of
ranges of upper-triangular operators,” Journal of Mathematical
Analysis and Applications, vol. 356, no. 1, pp. 13-20, 2009.

[5] J. Sherman and W.J. Morrison, “Adjustment of an inverse matrix
corresponding to a change in one element of a given matrix,”
Annals of Mathematical Statistics, vol. 21, pp. 124-127, 1950.

[6] M. A. Woodbury, “Inverting Modified Matrices,” Technical
Report 42, Statistical Research Group, Princeton University,
Princeton, NJ, USA, 1950.

[7] A.Ben-Israel and T. N. E. Greville, Generalized Inverses: Theory
and Applications, Springer, New York, NY, USA, 2nd edition,
2003.

[8] C. Deng and Y. Wei, “Representations for the Drazin inverse of
2 x 2 block-operator matrix with singular Schur complement,”
Linear Algebra and Its Applications, vol. 435, no. 11, pp. 2766—
2783, 2011.

[9] C. Y. Deng, “On the invertibility of the operator A — XB;
Numerical Linear Algebra with Applications, vol. 16, no. 10, pp.
817-831, 2009.



[10] R.G.Douglas, “On majorization, factorization, and range inclu-
sion of operators on Hilbert space,” Proceedings of the American
Mathematical Society, vol. 17, pp. 413-415, 1966.

[11] H.-K. Du, Y.-Q. Wang, and G.-B. Gao, “Norms of elementary
operators,” Proceedings of the American Mathematical Society,
vol. 136, no. 4, pp. 1337-1348, 2008.

[12] T. Steerneman and E. van Perlo-ten Kleij, “Properties of the
matrix A — XY* Linear Algebra and its Applications, vol. 410,
pp. 70-86, 2005.

Abstract and Applied Analysis



