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We introduce a new monotone mapping in Banach spaces, which is an extension of the C,-monotone mapping studied by Nazemi
(2012), and we generalize the variational inclusion involving the C,-monotone mapping. Based on the new monotone mapping, we
propose a new proximal mapping which combines the proximal mapping studied by Nazemi (2012) with the 7 mapping studied by
Lan et al. (2011) and show its Lipschitz continuity. Based on the new proximal mapping, we give an iterative algorithm. Furthermore,
we prove the convergence of iterative sequences generated by the algorithm under some appropriate conditions. Our results improve

and extend corresponding ones announced by many others.

1. Introduction

Variational inequality theory has emerged as a powerful tool
for a wide class of unrelated problems arising in various
branches of physical, engineering, pure, and applied sciences
in a unified and general framework. As the generalization
of variational inequalities, variational inclusions have been
widely studied in recent years. One of the most important
problems in the theory of variational inclusions is the devel-
opment of an efficient and implementable iterative algorithm.
Therefore, many iterative algorithms and existence results
for various variational inclusions have been studied see, for
example, [1-3].

Several years ago, Xia and Huang [4] proposed the
concept of general H-monotone operators in Banach spaces
and studied a class of variational inclusions involving the
general H-monotone operator in Banach spaces. In 2010,
Luo and Huang [5] introduced a new notion of B-monotone
operators in Banach spaces and gave a new proximal mapping
related to these operators. Then, they used it to study a new
class of variational inclusions in Banach spaces. Very recently,
Nazemi [6] introduced the notion of a new class of C, -
monotone mappings which is an extension of B-monotone
operators introduced in [5].

Motivated and inspired by the work going on in this
direction, in this paper, we propose a new monotone mapping
in Banach spaces named C,-#-monotone mapping which
generalizes the C,-monotone mapping introduced in [6]
from the same n-dimensional product space to different n-
dimensional product space and reduces the C,, mapping from
strictly monotone mapping to monotone mapping. Further,
we consider a new proximal mapping which associates a
n mapping introduced in [7] and generalizes the proximal
mapping introduced in [6]. Furthermore, in the process of
proving the convergence of iterative sequences generated
by the algorithm, we change the condition of a uniformly
smooth Banach space with py(t) < Ct* to a g-uniformly
smooth Banach space, which extends the proof of the con-
vergence of iterative sequences in [6]. The results presented
in this paper generalize many known and important results
in the recent literature and the references therein.

2. Preliminaries

Let E be a real Banach space, let E* be the topological dual
space of E, and let {u, v} be the dual pair between u € E* and
v € E. Let CB(E) denote the family of all nonempty, closed,



and bounded subsets of E. Set [ ,E; = E; X E, x -+ X E,.
Let H(:,-) be the Hausdorft metric on CB(E) defined by

H (A, D) = max {i‘iﬁ inf |lx - 5] -sup inf - yll} ,

A,D € CB(E).
(1

We recall the following definitions and results which are
needed in the sequel.

Definition 1 (see [7]). A single-valued mapping# : EXE — E
is said to be k-Lipschitz continuous if there exists a constant
k > 0 such that

ln eyl <klx -y, vxyeE. @)

Definition 2 (see [8]). A Banach space E is called smooth if,
for every x € E with [x|| = 1, there exists a unique f € E*
such that | f| = f(x) = 1. The modulus of smoothness of E
is the function pg : [0,00) — [0, 00), defined by

1
e () = sup {3 (b + ¥ + =y - 1

3)
x,y € E x| = 1,||y|| = t}.
Definition 3 (see [8]). The Banach space E is said to be
(i) uniformly smooth if
tim 228 _ g, (4)

t—0 t

(ii) g-uniformly smooth, for g > 1, if there exists a
constant ¢ > 0 such that

pe(£) <ct?, te€[0,00). (5)

It is well known (see, e.g., [9]) that

ifl <g<2,

q—u]llf()]]llly Slll()()th,
Lq (()I‘ lq) 1S {
|| q > 2

6

2-uniformly smooth, ©)

Note that if E is uniformly smooth, j, becomes single-

valued. In the study of characteristic inequalities in g-

uniformly smooth Banach space, Xu [8] established the
following lemma.

Lemma 4 (see [8]). Let q > 1 be a real number and let E be
a smooth Banach space and ]q : E — 2% the normalized

duality mapping. Then, E is q-uniformly smooth if and only if
there exists a constant ¢, > 0 such that for every x, y € E,

e+ 20" < el + 4 (3 g 09) + ",

Vi, (x) € ], (x).

7)
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Definition 5. A single-valued mapping g : E — E is said to
be (y, u)-relaxed cocoercive if there exist Jo(x=y) € J,(x=y)
and y, u > 0 such that

(jg(x=3),9(x) -g(»))

>—y)g(x) - g ()| +ulx-y|", Vx,yeE

(8)

Definition 6. Let n > 3 and M : [[.,E; = E" be a
multivalued mapping, f; : E — E;,i = 1,2,...,n, and
n: ExE — E single-valued mappings.

(i) For each 1 < i < n, M(..., f;,...) is said to be a;-
strongly #-monotone with respect to f; (in the ith
argument) if there exists a constant «; > 0 such that

/ 2
(@ =l (xy)) 2 alx -y,
w; € M (uy,... JUy) s

L), 9)

sty fi (%) Ui -
!

w; € M(up,..osui_ys f; (9) s tjsps -

Vx,y € E,u; € E,u, € E,,...,

u,_, €E_,,u,, €E;,,...,u, €E,.

(ii) For each 1 < i < n, M(..., f;,...) is said to be
B;-relaxed r-monotone with respect to f; (in the ith
argument) if there exists a constant 3; > 0 such that

(w; — w),n (x,)) 2 =Bf|x - )’”2’
wieM(ul,.. ’u”)’

), (10)

Ui fi (%) Ui

@ € M (uy, ... thips fi (¥) thiyps -

Vx,y € E,u; € E,u, € E,,...,

u,_, €E_,,u,, €E;,...,u, €E,.

(iii) By assumption that » is an even number, M is said to
be o, B3, - - - &, B,-symmetric #-monotone with
respect to fy, f,,..., f, if, for each i € {1,3,...,n -
1}, M(..., f;,...) is o;-strongly n-monotone with
respect to f; (in the ith argument) and for each j €
{2,4,...,n}, M(... ,fj, ...) s ﬁj—relaxed n-monotone
with respect to f; (in the jth argument) with

oyt ta,  >B P+t B 11)

(iv) By assumption that # is an odd number, M is said to
be o, B33, - - «,_1 B,-symmetric #-monotone with
respect to fi, f5,..., f, if, for each i € {1,3,...,n},
M(..., f;...) is a;-strongly #-monotone with respect
to f; (in the ith argument) and for each j ¢
{2,4,...,n = 1}, M(...,f}...) is Pj-relaxed #-
monotone with respect to f; (in the jth argument)
with

G toastto, > B+ Pt + B (12)
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Definition 7 (see [10]). Let E be a Banach space. A multival-
ued mapping A : E = CB(E,) is said to be H-Lipschitz
continuous if there exists a constant ¢t > 0 such that

H(A(x),A(y)) <t|x-y|, Vx,yeE  (13)

where H(:, ) is the Hausdorff metric on CB(E;).

Definition 8. Let, for eachi = 1,2,...,n, T; : E = CB(E))
be a multivalued mapping. A single-valued mapping F
[TL,E; — E"issaid to be A r,-Lipschitz continuous in the
ith argument with respectto T; (i = 1,2,...,n) if there exists
a constant A > 0 such that

IF (315 - o5 Xiop Uigs Xig 5 -5 X))
—F (X15 o> X Uiy Xy o+ -5 X%, |
<Ap uiy = 2] (14)
Yy, ¥, € E,xy € Ey,...,x;_, € E_y,

Xi1 € Eiypevn Xy € Epyuyy € Ty (1) st € T (1) -
Definition 9. Let E be a Banach space with the dual space
E*and 57 : EXE — Esingle-valued mappings;C,, : E — E*
is said to be #-monotone mapping if

<Cn (x)_cn ()’)”l(x>y)> 20, Vx»)’ €E (15)

3. C,-n-Monotone Mapping
First, we define the notion of C,,-1-monotone mapping.

Definition 10. Let E be a Banach space with the dual space E*.
Letn>3and f;: E > E;, i=12,...,n, C,: E —> E" be
single-valued mappings and M : [\ E; = E" a multivalued
mapping.

(i) In case that » is an even number, M is said to be a
C,-n-monotone mapping if M is o, B, 058, - - - o, B~
symmetric #-monotone with respect to f,, f,,..., f,

and (C, + AM(fy, fy .. » f))E) = E*, for every A >
0.

(ii) In case that n is an odd number, M is said to be a
C,-n-monotone mapping if M is o B, 058, - -+ B 10%,,-
symmetric #-monotone with respect to f;, f5,..., f,
and (C, + AM(fy, f5--.» [UNE) = E*, for every
A>0.

Remark 11. (i) If M(f,, f5>---> f,) = M, n(y,x) = y — x, and
M is monotone, then the C,-#-monotone mapping reduces
to the general H-monotone mapping considered in [4].

(i) XM(fy, for-- o5 f) = M(f1> ) 1(y, x) = y—x, then
the C,-#-monotone mapping reduces to the B-monotone
mapping considered in [5].

(iil) If M(fy, fo5--5 f) = M, 5(y,x) = y — x,and M
are m-relaxed monotone, then the C, -#-monotone mapping
reduces to the A-monotone mapping considered in [11].

(iv) If M reduces to EXExX---xE — E*, n(y,x) =

n
y — x,and f, f5,..., f, reduce to E — E, then the C,-
n-monotone mapping reduces to the C,-monotone mapping
considered in [6].

Example 12. Let E = I* and then E* = [*; and assume # is an

even number; let E; = (E, || - |I;), i = 1,2,...,n, where | - [|; is
the equivalent norm on I* space, e; = (0,...,0,1,0,...) € E;,

i—1
for Vx € E;let fi(x) = ayx + e, € Ey, fr(x) = —B,x+e, €
E,, f5(x) = azx +e; € E;, fu(x) = -Byx+e, € E,,..\,
foo1(x) =a,_1x+e,, € E,_,, f,(x) =—-B,x+e, € E,, where
oy, By g5 By - - > &y, B, > 0 are constants such that

oo —Prtag—Py+-toa, —p,=y>0. (16)

Let M(uy,uy,...su,) = (U —e) + (uy —ey) + -+ (u, —e,),
where u; € E;,i = 1,2,...,mlet C,(x) = x +e,,,,x € E,
n(x,y) = x — y,V¥x,y € E. Then M is a C,-y-monotone

mapping.

With no loss of generality, we may assume that nis an even
number in the next text.

Lemma 13. Lety : EXE — E,f;, : E — E,i =
1,2,...,n, be single-valued mappings; M : H:’ZlEi = E*
a o B3 By - &, B,-symmetric n-monotone with respect to
f1> fas -+ fu Then forVx, y € E one has

(w=-vn(3x)) = KJx -y

ueM(fiy, oy fuy), veEM(fix, fox,..., fux),

(17)
where K, = (o) +az + -+, ) — (B + Pa+ -+ )

Proof. Setting w, € M(f,x, f,¥,..., fuy), w, € M(fx,

bXoois fu¥)seon Wy € M(fix,..., fis1 % fuy). From
Definition 10, we have

(u=v,n(y,x)) 2 (u-w,n(yx) +{w - @y (yx))

doeee <wn71 —V,V[(y>x)>

2 oyl =y = Byl =y -

o=yl - Bl -yl

= K, Jx -l o
18

where K, = (o, + o5 + -+ &) = (By + By + -+ B,)-
This completes the proof.

Theorem 14. Let E be a Banach space with the dual space E*.
Letn >3and f; : E - E,i=12,...,n,y: EXE —
E single-valued mappings, C, : E — E* a n-monotone
mapping, and M : ]\, E; = E* a C,-n-monotone mapping.
Then, (C, + AM(fy, fas- .., f,)) " is a single-valued mapping.



Proof. Suppose, on the contrary, that there exists x,, x, € E,
y* € E¥, such that

%, = (Cu + AM (fis foreen £)) 7 (7). 0
%y = (Cy 4 AM (fis free s £)) (075
then
/\71 ()/* _Cn (xl)) € M(fl’fZ""’fn) (xl)’
(20)
A ()/* -C, (xz)) € M(fl’fZ""’fn) (x2)~

Now, by using Lemma 13 and since C, is a x#-monotone
mapping, we have

0=A(A"(y" = C,(x1)) =27 (y" = C, (x,))

+(Cy (x1)

o (%1 x2)>

= C,, ()7 (315 %)) 2 AK, ||x; - x2||2.
(21)

Thus, we have x; = x,, which implies that (C, + AM(f,, f,,
., f,)) " is single valued. This completes the proof. O

By Theorem 14, we can define the proximal mapping
C,An

M(f1sfrref) as follows.

R
Definition 15. Let E be a Banach space with the dual space
E*.Lletn > 3and f; : E — E;i = 1,2,...,n, be single-
valued mappings, C, : E — E* a-monotone mapping, and
M :[]L 1E :t E* a C,-n-monotone mapping. A proximal

mappng f fz ..... ) : E* — Eis defined by
S () = (Cot AM(fis s £)) T (27)
M(fisforna) " Pz dn ’
vx" € E".
(22)

Theorem 16. Let E be a Banach space with the dual space E*.
Let : Ex E — E be a k-Lipschitz continuous mapping.
Letn > 3and f; : E — E,i = 1,2,...,n, be single-
valued mappings, C, : E — E" a n-monotone mapping,
and M : [\ ,E; = E a Cn—n—monotone mapping. Then, the
f fz ..... : E* — Eisk/AK,-Lipschitz

(oc1+oc3+~ s, )= (Byt Pute 4 B)

proximal mapping R
continuous, where K,

Proof. Let x*, y*
Definition 15 that

R oy @)= (Cot AM(fi, forros f)) (7)),

€ E” be any given points. It follows from

RGO 0) = Cur AM (fis fore £ ().
(23)

Setting

C A1

* _ Cn,/\,r]
RM(fl fareens fn)( ), V=

*= RM(f1>f2 ’’’’’ fu) ()/ )

(24)
x,y € E.
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This implies that

T = C ) € M(fi forroos £2) ()5
: (25)
O =GO e M(fu oo s f) )
By using Lemma 13, we have
1, . |
(6" =C) -3 " =€)l x) o

2
> Ky[lx =y’
since 7 is K-Lipschitz continuous, we have

MK, x =y < (x* = y*on(x 9)) <k|x™ = y*| |x - y]5

(27)
thus
Ix =yl < ||x -y"[Is (28)
that is,
C,An C A *
’ wi(ffont) &) TRy
(29)
< )LK ™~ vx*,y" € EY,
where K, = (a; + o5 + -+ ) = (By + Ba+ -+ B)-
This completes the proof. O

4. System of Variational Inclusions:
Iterative Algorithm

Letn >3and A: E - E',p: E - E, f; : E - E,
i=12,...,m,F:[]L,E; — E" be single-valued mappings
and T; : E = CB(E),i = 1,2,....n, M : [[E; =
E* be multivalued mappings. We will study the following
variational inclusion problem: for any given a € E”, find
x € E t; € Ty(x),t, € T)(x),...,t, € T,(x), such that

61€A(X—P(X))+M(fl (x)’fZ(x)’-"’fn(x))

—F(t;,ty..st,).

We remark that problem (30) includes as special cases
many kinds of variational inclusion and variational inequality
of [4, 5,10, 12, 13].

30)

Theorem 17. Letn > 3and A : E — E',p : E —
E f, : E > E,i=12...nF:[[_E — E
be single-valued mappings and let T; : E = CB(E;), i =

1,2,...,n, be multivalued mappings. Let C,, : E — E” bean-
monotone mapping and M : [\ E; = E* a C,-n-monotone
mapping with respect to f1, f5, ..., f,. Then, (x,t,t,,...,t,)
is a solution of problem (30) if and only if

of) [ -AA (x p (x))
’tn)] 4

Coht

X = Ryt fon.

(31)
+Aa + AF (t),t,,...
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where t; € T\(x), t, € To(x),...,t, € T,(x),and A > 0isa
constant.

Proof. Let (x,t,t,..
we have

.»t,) be a solution of problem (30); then

aeA(x_p(x))+M(f1(x)’fZ(x))""fn(x))

(32)
—F(t;,ty..st,)3
then
Aa+AF (t),ty,....t,) — AA (x — p(x))
(33)
EAM (fisfoern f) (X0 A5 04
thus
C,(x) = A (x—p(x)) +Aa+ AF (t;,t5,...,t,)
(34)

€C,(x) +AM (f1, fro--os f) ().

Setting x* = C,(x) — AA(x — p(x)) + Aa + AF(ty, 1, ..., t,),

from the definition of R;’“(;ﬂ o f WE have
— RCwh #) _ pCwh
X = Ry ) ) =R g
x[C,(x) = AA(x— p(x)) + Aa+ AF (t,t5, ..., t,)] -

(35)

Conversely, let x = REwA

M(frs faren fo
AF(t),t,,...,t,)]; then

)[Cn(x) - AA(x - p(x)) + Aa +

C,(x) = AA(x - p(x)) + Aa + AF (t},t5,...,t,)

(36)
€ (Cn +AM(f1’f2""’fn)) (X);
thus we have
a€A(x-p)+M(f;(x), ,(x),.... f, (%)) o)
—F(t;,ty..st,).
This completes the proof. O

Based on Theorem 17, we construct the following iterative
algorithm for solving problem (30).

Iterative Algorithm 1. For any given x, € E, we choose

to € Ti(xp)s tyy € Ty(xg)s...5t,0 € T,(x,) and compute
(x5 it s (o mds - - -5t} Dy iterative schemes

_ pCwhn _ _
Xm+1 = RM(flez ..... fn) [Cn (xm) /\A (xm p(xm))

+Aa + AF (tl,m’ tz,m’ LR tn,m)] ;

tl,m € Tl (xm) >

1
“tl,m+1 - tl,m" < (1 + o+ 1)

X H (T (%,41) Ty (%)) 5

tom € Ty (%)

1
ltamar = taell < (14 )

X H (T, (Xp11) Ty (%)) 5

tn,m € Tn (xm) >

m+1 )
xH (Tn (xm+1) 4 Tn (xm)) ’

”tn,m+l - tn,m“ < (1 +

(38)

forallm=0,1,2,....

Now, we give some sufficient conditions which guar-
antee the convergence of iterative sequences generated by
Algorithm 1.

Theorem 18. Let E be a q-uniformly smooth Banach space
with g > 1 and E* the dual space of E. Lety : EX E —
E k-Lipschitz continuous. Let n > 3 and f; : E — E,
i =1,2,...,n, be single-valued mappings, C, : E — E" a
n-monotone and §-Lipschitz continuous mapping, p : E —
E a (y,p)-relaxed cocoercive and A ,-Lipschitz continuous
mapping, and M : ]\, E; = E* a C,-n-monotone mapping.
Let A : E — E” be a t-Lipschitz continuous mapping and,
foreachi = 1,2,...,n, let T; : E = CB(E;) be H-Lipschitz
continuous with constant A, . Suppose that F : [TL,Ei — E
is A -Lipschitz continuous in the ith argument with respect to

T; (i = 1,2,...,n) and the following condition is satisfied:
k
0
S K,
Ya o x
x |8+ Ar(1+qyA] —qu+cAl) " + A;AFikti
<1,
(39)

where

K,=(oy+og+-+a, )= (B+Py+-+pB,). (40)

Then, the iterative sequences {x,,}, {t| ,,} {t,n}s - - -5 ()
generated by Algorithm 1 converge strongly to x, ¢, ,,...,¢

by
respectively, and (x,t;,%,,...,t,) is a solution of problem
(30).



Proof. By using Algorithm 1 and Theorem 16, we have

|lxm+1 ~Xm "

=[RS G () = A4 (3 = ()

+Aa + AF (s tyms -+ - tum) )
C,,An

Ry (G

—AA (X1 = P (Xnor)) + Aa

+AF (tl,m—l’ tz,m—l’ e tn,m—l)] ll

*IK, IC, () = AA (5, = P (x,0))
+ A+ AF (t s by <> Epm)
—Cpy (Xput) + AA (g = P (Xr))
~2a=AF (tym 1o tamts - bt
< e x (IC, (x,) = Cpy (1)l

+ M A (% = p (%))
-A (xmfl -p (xm—l))"
+A "F (tl,m’ t2,m> e tn,m)

-F (tl,m—l’tZ,m—D'"’tn,m_l)")'
(41)

From the Lipschitz continuity of C,, p, A, and (y, p)-relaxed
cocoercivity of p and Lemma 4, we have

"Cn (xm) - Cn (xmfl)“ <0 “xm - xmflll > (42)

”A (xm - P (xm)) -A (xmfl -p (xmfl))"

(43)
< 2 = Xy = (P (%) = ()]
1% = X1 = (2 (%) = P (o))

< [ = Xy [
= q (P (%) = P (t) s g (6 = %01))
+¢gllp () = p ()

< [ = %t | + ayllp () = p ()|
= gl = X | (44)

+¢l|p (%) = p (x|
< % = %ot |7+ @VAL |, = X |
- q[””xm - xmflllq
+ cq/\’;,"xm — % |
= (1+qyA] - qu + M%) %, = %, |

where j, : E — 2F" is the normalized duality mapping.
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Since F, T}, T,, ..., T, are Lipschitz continuous, we have

IE (10 tams - - -5 tum) = F (Erymeto ot - - o> )|
<|E (trpo tagms - < Eun) = F (Ermets Eago - - o>t |
+||F (t 1> Ly B3 -« > Erim)
—F (t1 > tants tagmo -+ s B || + 0
+{|F (t 11> ot - - > Eptmet> )
=F (t 1> tamt> - > Entmt> b1
< Ap [tim = Ermet | + A, (2 = o |

Tt /‘F,1 "tn,m - tn,m—l"

1
< AFI <1 + a)H(TH (xm))Tl (xmfl))
+ /\Fz (1 * l>H(T2 (%) Ty (X)) + -
m
# g (1 T, (35,7, (5,00)
" m
1
<A Ay (14 =) [ = 20
m
1
N (R e
m

1
gy (1) b = |

C 1
= Yk, (1 ) B = 5l
s m

(45)
It follows from (41)-(45) that
s = %l < O i = %oa > (46)
where
Om = AII;
x [6 Par(14 gt —qur ) 4

1 n
/\(1 —)A/\ .
+ +mi—leiti]

Letting m — 00, we obtain 0,, — 0, where

k
AK

n

0:

X [6 + Ar(l +qyAy, —qu + cq/\‘;)l/q + )‘ZAE’\Q] .
i=1
(48)
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From condition (39), we know that 0 < 6 < 1, and hence
{x,,} is a Cauchy sequence in E. Thus, there exists x € E such
that x,, — x,asm — oo. Now, we prove thatt,,, — ¢, €
T, (x). In fact, it follows from the Lipschitz continuity of T}
and Algorithm 1 that

1
e = treal = (14 ) H (T (5,273 (5,00))
(49)

1
< (14 =) A o= 2

From (49), we know that {¢, , } is also a Cauchy sequence. In
a similar way, {t,,},{t3,,,}. .., {t,,,} are Cauchy sequences.
Thus, thereexistt, € E,,t, € E,,...,t, € E, suchthatt, , —
titym = tyseoosty,, — t,,asm — o0o. Furthermore,

d(t, Ty (x)) < |t =ty +d (£ Ty (x))
<ty = tyull + H (T, () Ty ()
< |ty = tyl + As, %0 — x| — 0,

as m — OQ.

Since T (x) is closed, we have t; € T)(x). In a similar way,

we can show that t, € T,(x), t; € T5(x),...,t, € T,(x).
By continuity of A, p,C,,F, Tl,Tz,...,Tn,Rf/}“(’;ffz)"_’f) and
Algorithm 1, we have
C,,An
=R C - A (x -
5= Rl [Cn ) = AA (2= p () (51)

+Aa + AF (t),t,,...,t,)].

By Theorem 17, (x, t,,t,,...,t,) is a solution of problem (30).
This completes the proof. O

5. Conclusions

The purpose of this paper is to study a new monotone map-
ping in Banach spaces, which generalizes the C,-monotone
mapping in [6], and generalizes the concepts of many mono-
tone mappings. Moreover, the result of Theorem 18 improves
and generalizes the corresponding results of [4-6, 10, 12, 13].
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