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We will apply the fixed point method for proving the generalized Hyers-Ulam stability of the integral equation

(1/2¢) L:C: u(t,t,)dt = u(x,t) which is strongly related to the wave equation.

1. Introduction

In 1940, Ulam [1] gave a wide ranging talk before the
mathematics club of the University of Wisconsin in which he
discussed a number of important unsolved problems. Among
those was the question concerning the stability of group
homomorphisms:

Let G, be a group and let G, be a metric group with
the metric d(-,-). Given ¢ > 0, does there exista § >
0 such that if a function h : G, — G, satisfies the
inequality d(h(xy), h(x)h(y)) < § forall x,y € G,
then there exists a homomorphism H : G; — G,
with d(h(x), H(x)) < e for all x € G,?

The case of approximately additive functions was solved
by Hyers [2] under the assumption that G, and G, are the
Banach spaces. Indeed, he proved that each solution of the
inequality || f(x+ y) - f(x)— f()Il < &, forall x and y, can be
approximated by an exact solution, say an additive function.
In this case, the Cauchy additive functional equation, f(x +
y) = f(x)+ f(y),is said to have the Hyers-Ulam stability.

Rassias [3] attempted to weaken the condition for the
bound of the norm of the Cauchy difference as follows:

If e+ )= f-f W el +xI7) @

and proved the Hyers theorem. That is, Rassias proved the
generalized Hyers-Ulam stability (or Hyers-Ulam-Rassias
stability) of the Cauchy additive functional equation. (Aoki

[4] has provided a proof of a special case of Rassias’ theorem
just for the stability of the additive function. Aoki did not
prove the stability of the linear function, which was implied
by Rassias’ theorem.) Since then, the stability of several
functional equations has been extensively investigated [5-12].

The terminologies generalized Hyers-Ulam stability,
Hyers-Ulam-Rassias stability, and Hyers-Ulam stability can
also be applied to the case of other functional equations,
differential equations, and various integral equations.

Let ¢ and ¢, be fixed real numbers with ¢ > 0. For any
differentiable function b : R x R — C, the function defined
as

1 x+ct
u(x,t) = % J h(r,t,)dr (2)
ct

P
is a solution of the wave equation
2
Uy (x,t) = cuy, (x,1), 3)

as we see

1 a x+ct
u, (x,t) = 23 J » h(r,t,)dr

= %h(x+ct,t0) + %h(x —ct,ty),

Uy (x,t) = %hx (x+ctty) - gh" (x—ct,ty),



1 1
u, (x,t) = Zh (x+ct,ty) — Zh (x —ct,ty),

1 1
Uy, (x,8) = Z—Chx (x +ct,ty) — Z_Chx (x—ct,ty),
(4)

from which we know that u(x, t) satisfies the wave equation
(3).

Conversely, we know that every solutionu : RxR — C
of the wave equation (3) can be expressed by

u(x,t)=f(x+ct)+g(x—ct), (5)

where f,g : R xR — C are arbitrary twice differentiable
functions. If these f(x,t) and g(x,t) satisfy

1 Jx+5tf(1) dr=f(x+ct),

2¢ Jx-

1 X+ct (6)
[ gwdr=gte-e

2¢ Jx—ct

for all x,t € R, then u(x,t) expressed by (5) satisfies the
integral equation (7). These facts imply that the integral
equation (7) is strongly connected with the wave equation (3).

Cadariu and Radu [13] applied the fixed point method to
the investigation of the Cauchy additive functional equation.
Using such a clever idea, they could present another proof for
the Hyers-Ulam stability of that equation [14-19].

In this paper, we introduce the integral equation:

! rm u(r,ty)dr =u(xt), (7)

2¢ Jx—ct

which may be considered as a special form of (2), and prove
the generalized Hyers-Ulam stability of the integral equation
(7) by using ideas from [13, 15,19, 20]. More precisely, assume
that ¢(x, t) is a given function and u(x;, t) is an arbitrary and
continuous function which satisfies the integral inequality:

! jm u(nt)dr-uet| <onn. (8

2¢ Jx—ct

If there exist a function u,(x,t) and a constant C > 0 such
that

1 x+ct
% J Uy (1,ty) dr = uy (x, 1),
x—ct 9)

|u (x,t) — uy (x, t)| <Co(x,t),
then we say that the integral equation (7) has the generalized
Hyers-Ulam stability.
2. Preliminaries

For a nonempty set X, we introduce the definition of the
generalized metric on X. A functiond : X x X — [0, 00]
is called a generalized metric on X if and only if d satisfies

(M,;) d(x,y) =0ifand only if x = y;
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(M,) d(x,y) =d(y,x) forall x, y € X;
(M) d(x,2z) <d(x,y) +d(y,z) forall x, y,z € X.

We remark that the only one difference of the generalized
metric from the usual metric is that the range of the former
is permitted to include the infinity.

We now introduce one of fundamental results of fixed
point theory. For the proof, we refer to [21]. This theorem will
play an important role in proving our main theorems.

Theorem 1. Let (X, d) be a generalized complete metric space.
Assume that A : X — X is a strictly contractive operator
with the Lipschitz constant L < 1. If there exists a nonnegative

integer k such that d(A*"' x, A*x) < oo for some x € X, then
the following are true:

(a) the sequence {A"x} converges to a fixed point x* of A;

(b) x™ is the unique fixed point of A in

X' ={yeXx|d(Axy) < oo}; (10)

(c) if y € X¥, then

1

d(yx") <
nx") < =5

d(Ay,y). (11)

3. The Generalized Hyers-Ulam Stability

In the following theorem, for given real numbers a, b, ¢, and
t, satistying ¢ > 0,t, > 0,and a + ct, < b —cty, let I := [a,b],
T := (0,ty], and I, := [a + cty, b — cty] be finite intervals.
Assume that L and M are positive constants with 0 < L < 1.
Moreover, let ¢ : I x T — (0, 1] be a continuous function
satisfying

1 x+ct
% J t ¢ (1.ty) dr < Lo (x, 1) (12)

forallx € [yandt € T.
We denote by X the set of all functions f : I xT — C
with the following properties:

(a) f(x,t) is continuous for all x € Iy and t € T;
(b) f(x,t)=0forallx e I\Iyandt € T;
(©) If(x,t)| < Mo(x,t)forall x € [yand t € T

Moreover, we introduce a generalized metric on X as follows:

d(f,g) :=inf {C € [0,00] | | f (x,£) = g (x,1)]
<Co(x,t) Vx €Iyt €T}.

(13)

Theorem 2. If a function u € X satisfies the integral ine-
quality:

1 J»x+ct u(r,ty)dr —u(x,t)| < @ (x,t) (14)

2¢ Jx—ct
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forall x € I, and t € T, then there exists a unique function
u, € X which satisfies

1 x+ct
% J uy (1,ty) dt = uy (x, 1), (15)
x—ct
1
|u (x, ) —uy (x, t)| < - L(p(x, t) (16)

forallx € Iyandt € T.

Proof. First, we show that (X, d) is complete. Let {h,} be a
Cauchy sequence in (X, d). Then, for any ¢ > 0 there exists
an integer N, > 0 such that d(h,,, h,) < e for allm,n > N,.
In view of (13), we have

Ve>0, AN, €N, Vm,n> N,, Vx € I, YVt €T:
(17)
|hm (x,t) — h, (x, t)| <ep(x,t).

If x and t are fixed, (17) implies that {h,(x,t)} is a Cauchy
sequence in C. Since C is complete, {h,(x,t)} converges for
any x € Iy and t € T. Thus, considering (b), we can define a
functionh: I xT — Cby

h(x,t) = nlLIIgohn (x,t), (x€el, teT). (18)
Since ¢ is bounded on I, x T, (17) implies that {hn|10><T}
converges uniformly to hl; .r in the usual topology of C.
Hence, h is continuous and |h| is bounded on I, x T' with an
upper bound Me(x, t); that is, h € X. (It has not been proved
yet that {h,} converges to hin (X, d).)

If we let m increase to infinity, it follows from (17) that

Ve>0, AN, €N, ¥n>N,, Vx € I,, Vt € T:
(19)
|h (x,t) = h, (x, t)| <ep(x,t).

By considering (13), we get
Ve>0, AN, €N, Vn>N,:d(hh,) <e  (20)

This implies that the Cauchy sequence {h,} converges to h in
(X, d). Hence, (X, d) is complete.
We now define an operator A : X — X by

1 J~X+Ct
— h(r,ty)dr (xel,, teT),
A ) — 126 e (r.to)dr  (x €1, )
0 (otherwise)

(21)

for all h € X. Then, according to the fundamental theorem of
calculus, Ah is continuous on I, x T. Furthermore, it follows
from (12), (c), and (21) that

x+ct

1
|mmmMSZjﬂwu%mh

X

1 x+ct
<— J Mo (1,t,)dr 22)
2¢ Jx—ct

< MLo (x,t) < Mo (x,t)

for any x € I, and t € T. Hence, we conclude that Ah € X.

We assert that A is strictly contractive on X. Given any
f,9 € X, let Cyy € [0,00] be an arbitrary constant with
d(f,g) < Cy,. Thatis,

|f (x,t) — g (x, t)| < Cfg(p (x,t) (23)

forall x € I, and t € T. Then, it follows from (12), (21), and
(23) that

[(Af) (x,t) = (Ag) (1)

1 x+ct
A GO R L,
<ir+d|f(rt)— (me)ldr (@4
=2l o) =g \Tly

C x+ct
<2 J ¢ (1.ty)dr

x—ct

< LCpe (x, 1)

forall x € I and t € T. That is, d(Af, Ag) < LCy,. Hence,
we may conclude that d(Af, Ag) < Ld(f, g) forany f,g € X
and we note that 0 < L < 1.

We prove that the distance between the first two succes-
sive approximations of A is finite. Let /i, € X be given. By (b),
(c), and (13) and from the fact that Ah, € X, we have

|[(Ahg) (x,8) = By (x, £)] < [(Ahg) (x, )] + |Bg (x, 1)

25)
< 2Meo (x,t)
for any x € I, and t € T. Thus, (13) implies that
d (Ahy, hy) < 2M < co. (26)

Therefore, it follows from Theorem 1(a) that there exists a
uy € X such that A"hy — u, in (X, d) and Auy = u,.

In view of (c) and (13), it is obvious that {f € X |
d(hy, f) < oo} = X, where h; was chosen with the property
(26). Now, Theorem 1(b) implies that u, is the unique element
of X which satisfies (Aug)(x,t) = uy(x,t) for any x € I, and
teT.

Finally, Theorem 1(c), together with (13) and (14), implies
that

1

1-L @)

d (u,uy) < d (Au,u) <

1-L°

since (14) means that d(Au,u) < 1. In view of (13), we can
conclude that (16) holds for all x € I, and t € T. O

Remark 3. Even though condition (12) seems to be strict, the
condition can be satisfied provided that a and b are chosen so
that |b — al is small enough and c is a large number.
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