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We consider the stochastic optimal control problems under G-expectation. Based on the theory of backward stochastic differential
equations driven by G-Brownian motion, which was introduced in Hu et al. (2012), we can investigate the more general stochastic
optimal control problems under G-expectation than that were constructed in Zhang (2011). Then we obtain a generalized dynamic
programming principle, and the value function is proved to be a viscosity solution of a fully nonlinear second-order partial

differential equation.

1. Introduction

Nonlinear BSDEs in the framework of linear expectation
were introduced by Pardoux and Peng [1] in 1990. Then,
a lot of researches were studied by many authors, and
they provided various applications of BSDEs in stochastic
control, finance, stochastic differential games, and second-
order partial differential equations theory; see [2-9].

The notion of sublinear expectation space was intro-
duced by Peng [10-12], which is a generalization of classical
probability space. The G-expectation, a type of sublinear
expectation, has played an important role in the researches
of sublinear expectation space recently. It can be regarded as
a counterpart of the Wiener probability space in the linear
case. Within this G-expectation framework, the G-Brownian
motion is the canonical process. Besides, the notions of the G-
martingales and the Ito integral with respect to G-Brownian
motion were also derived. There are some new structures
in these notions and some new applications in the financial
models with volatility uncertainty; see Peng [12, 13].

In the G-expectation framework, thanks to a series of
studies [14-17], the complete representation theorem for
G-martingales has been obtained by Peng et al. [18]. Due to
this contribution, a natural formulation of BSDEs driven by

G-Brownian motion was found by Hu et al. [19]. In addition,
the existence and uniqueness of the solution to the BSDEs
driven by G-Brownian motion have been proved. They
also have given the comparison theorem, Feynman-Kac
formula and Girsanov transformation for BSDEs driven
by G-Brownian motion in [20]. So the complete theory of
BSDEs driven by G-Brownian motion has been established.

An important application of BSDEs is that we can define
the recursive utility functions from BSDEs, which can index
scaling risks in the study of economics and finance [21-
24]. Based on these results, a type of significant stochastic
optimal control problems under linear expectation with a
BSDE as cost function was studied [2, 4, 7-9]. Under G-
expectation, the similar problems will be useful in the future
studies of finance models with volatility uncertainty. So we
arise a natural question: can we construct the similar results
in G-expectation framework? In [25, 26], Zhang have given
the study about the stochastic control problems under G-
expectation based on the preliminary theory of BSDEs driven
by G-Brownian motion. When the complete results about
BSDEs driven by G-Brownian motion were established in
[19, 20], we tried to prove the complete results of stochastic
optimization theory of BSDEs driven by G-Brownian motion
in this paper.



In this paper, we investigate the stochastic optimal control
problems with a BSDE driven by G-Brownian motion con-
structed in [19, 20] as cost function. Based on the results in
[19, 20], we obtain the dynamic programming principle under
G-expectation. Besides, the value function is proved to be a
viscosity solution of a fully nonlinear second-order partial
differential equation.

The rest of the paper is organized as follows. In Section 2,
we recall the G-expectation framework and adapt it according
to our objective. Besides, we give the related properties
of forward and backward stochastic differential equations
driven by G-Brownian motion, which will be needed in the
sequel sections. In Section 3, the stochastic optimal control
problems with a BSDE driven by G-Brownian motion as
cost function are investigated and a dynamic programming
principle under G-expectation is obtained. In Section 4, The
value function is proved to be a viscosity solution of a fully
nonlinear second-order partial differential equation.

2. Preliminaries

In this section, we recall the G-expectation framework
established by Peng [10-12, 27]. Besides, we give some
results about forward and backward stochastic differential
equations driven by G-Brownian motion, which we need in
the following sections. Some details can be found in [19, 20].

2.1. G-Expectation and G-Martingales

Definition 1. Let Q) be a given set, and let # be a linear space
of real valued functions defined on Q; namely, ¢ € % for
each constant c and |X| € #Z if X € #. The space Z can
be considered as the space of random variables. A sublinear
expectation E is a functional E : # — R satisfying the
following properties: for all X,Y € 7, we have

(i) monotonicity: E[X] > E[Y]if X > Y;
(ii) constant preservation: E[c] = ¢, for c € R;
(iii) subadditivity: E[X + Y] < E[X] + E[Y];
(iv) positive homogeneity: E[AX] = AE[X], for A > 0.

The triple (Q,%,E) is called a sublinear expectation
space.

Definition 2 (G-normal distribution). A d-dimensional ran-
dom vector X = (X,,...,X ) on a sublinear expectation
space (Q, %, E) is called G-normally distributed if for each
a,b = 0, we have

X +bX Va2 1 12X, 1)

where X is an independent copy of X; that is, X and X are
identically distributed, and X is independent of X. Here, the
letter G denotes the function

G(A) = %[E (AX,X)]:S; — R, (2)

where S; denotes the collection of all d x d symmetric
matrices.
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Proposition 3. Let X be G-normal distributed. The distribu-
tion of X is characterized by

u(t,x)=E [go (x + \/ZX)] , Q€ Cb,Lip (Rd). (3)

In particular, E[¢(X)] = u(1,0), where u is the unique viscosity
solution of the following parabolic PDE defined on [0, c0) x R?:

u-G (Dzu) =0, uly=¢, (4)
where G is defined by (2).

Remark 4. Tt is easy to check that G is a monotonic sublinear
function defined on S(d) and G(A) = (1/2)E[(AX,X)] <
(1/2IAIE[IX*] = (1/2)|Al° implies that there exists a
bounded, convex, and closed subset I' ¢ S} such that

G(A) = %S)/Lel? Tr (yA), (5)

where S denotes the collection of nonnegative elements in
S,. If there exist some 8 > 0 such that G(A) — G(B) >
pBtr[A — B] for any A > B, we call the G-normal distribution
nondegenerate, which is the case we consider throughout this

paper.

Definition 5. Let Q = Cg([O, T1]), that is, the space of all
R?-valued continuous paths (w;);epo,r) With @y = 0. The
corresponding canonical process is B,(w) = w,, t € [0,T]. P,
is wiener measure. F = {F7},., is the filtration generated by
B. Welet # := L,,(Qr) be alinear space of random variables
for each fixed T > 0, where Lip(QT) = {(p(Btl, ... ,Btn) n>
L.ty €[0,TLg € Cyp, (R™)).

(i) The G-expectation E is a sublinear expectation defined
by

E[X)=E[p(Vt —tofp- s\l 0E)] (6)

for each X = ¢(B, - B,,B, — B,,...,B, — B, ), where
(&)™, are identically distributed d-dimensional G-normally
distributed random vectors in a sublinear expectation space
(Q, #, E) such that ,, | is independent of (£,,...,&;) for each
i=1,2..,n-1(Q%,E) is called G-expectation space
and the canonical process {B;};c[or] in the sublinear space
(Q, #,E) is called a G-Brownian motion.

(ii) The conditional G-expectation E, of X € L;,(Qy) is
defined by

-B,,...,B,

2 1

Etj [(P (Btl - B, B,

Bl

(7)
~By,....B, - B, ),

=y (B,1
where y(x,,..

5xj) = ElgCeps. g ([t =t
V=),

We denote by L2(Q;), p > 1, the completion
of G-expectation space L;,(Qr) under the norm
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IXN,6 = (E[|IXIPD)YP. For all t € [0,T], E[] and E,[]
are continuous mappings on L;,(Q7) endowed with the
norm | - [l 5. Therefore, it can be extended continuously to

LE(Qx).

Definition 6. A process {M, },5, is called a G-martingale if for
eacht € [0,T], M, € Lg(Qt), and for each s € [0, t], we have
E [M,] = M,.

Now we introduce the It6 integral and quadratic variation
process with respect to G-Brownian motion in G-expectation
space.

Definition 7. Let p > 1 be fixed. For a given partition my =
{ty>-..,tn} of [0, T], we denote Mg’O(O, T) as the collection of
the following type of simple processes:

N-1

(@) = Y & (@) 1y ) (1), (8)
k=0

where &, € Lip(th), k = 0,1,2,...,N — 1. We denote
Mg(O, T) the completion of Mé’O(O, T) under the norm

~ T
I Dageory = {ELfy |- 1Pde1}.

Definition 8. For each € Mé’O(O, T), we define
1(n) = J ndB, = Zf (B, -B,) 9)

The mapping I : MZ°(0,T) — L% (Qy) is continuous and
thus can be continuously extended to Mé(O, T).

Definition 9. The quadratic variation process of G-Brownian
motion is defined by

t
(B), =B/ -2 j B,dB,, (10)
0

which is a continuous, nondecreasing process.

Definition 10. We now define the integral of a process # €
M(l;(O, T)) with respect to (B) as follows:

T
Qor (’7) = L 1n.d(B),

N-1

= ZEJ (<B>tj+l - <B>tj) :

j=0

ML, @

- LIG (QT)

The mapping is continuous and can be extended to M,(0, T)
uniquely.

Then, we detail some results about the quasianalysis
theory constructed in [27].

Theorem 11. There exists a weakly compact probability mea-
sures family P on (Q, B(Q)) such that

mm:?ygm,vxu@mﬁ, (12)

P is called a set of probability measures that represents E.

Definition 12. We define the capacity associated to &, which
is a weakly compact family of probability measure that
represents E, as follows:

C(A) :=supP(A),

AeRB (QT) 5 (13)
PePp

¢is also called the capacity induced by E.

Let (Q°, #° = {9?}, Z,P%) beafiltered probability space,
and let {W,} be a d-dimensional Brownian motion under PO,
[27] proved that Py = {Py o X' | X, = [, hdW,,h €
LZgO([O, T]; 1“1/2)} represents G-expectation E, where T'/? .=

{yl/2 | y € T} and T is the set in the representation of G(-) of
the formula (5).

Definition 13. (i) Let ¢ be the capacity induced by E. A set
A ¢ Qis polar if ¢(A) = 0. A property holds “quasi-surely”
(g.s. for short) if it holds outside a polar set.

(ii) Let X and Y be two random variables; we say that X
isaversionof Yif X =Y g.s.

Let Iyl = [E(QyIM]"? for y € Cy(Qy). The
completion of Cy,(Q;) and Lip(QT) under | - || G 18 the same,
and we denote them by L%(QT).

2.2. Forward and Backward Stochastic Differential Equations
Driven by G-Brownian Motion. We consider the following
stochastic differential equations driven by d dimensional G-
Brownian motion (G-SDE):

Xt=X0+j b(s, X,)ds + Z J hi; (s, X,)d(B',B’)

d t )
+ZJ%@&W%
j=1-0
(14)

where t € [0,T], the initial condition X, € R" is a given
constant, b, h;;,0; are given functions satisfying b(-, x), and

hij( %), 0;(,x) € Mg(0,T;R") for each x € R" and the
Lipschitz condition, that is, |p(t, x) — ¢(t,x")| < K|x - x|,
foreacht € [0,T], x, x' € R", ¢ = b, hjj, and 0, respectively.

The solution is a process X € Mg(0, T;R") satisfying the G-
SDE (14).

Theorem 14 (see [12]). There exists a unique solution X €
ME(0, T; R™) of the stochastic differential equation (14).

Now, we give the results about BSDEs driven
by G-Brownian motion in the G-expectation space



(Qp Lu(Qp), E) with Qp = Cy([0,T],R?) and
o = EA[Bf] > —E[—Bf] = ¢ > 0. We consider the following
type of G-BSDEs (we always use Einstein convention):

J)ds+ ZJ i (s, ,Zs)d<Bi,Bj>s

T
Y, =&+ J f(s
4 i,j=1
T
- L stBs - (KT - Kt) >
(15)
where f(t,w, y, z),g,.j(t, w, ¥,2) :[0,T] xQTleled - R

satisfy the following properties: there exist some 3 > 1 such
that

(H1) forany y, z, f(+, ¥,2), g;; (- ¥, 2) € M@(o, T);
(H2) for some L > 0,

[ (b 2) - £ (o)

d
+ Z |gij (tw, y,2) - g;; (t’“”yl’zl)| (16)

ij=1
SL(|y—y"+|z—z'|).

For simplicity, we denote by &(0,T) the collection of

processes (Y, Z,K) such that Y € SE(0,T), Z € HE(0,T);

K is a decreasing G-martingale w1th K, = 0and K; €

LE(Qr). Here, S5(0,T) is the completion of S%(O, T) =
{h(t’Btl/\t)m’BtnAt) : tl""’tn € [0, T],h € Cb,LiP(R"H)} under

Iy = {El[sup,jo.pm P 1}P HE(0,T) is the comple-
. ~ T
tion of M&(0, ) under | - llz = {E[([, Inl*ds)?? 132

, and

Definition 15. Let & € Lé(QT) with B > 1; f and g;; satisty
(HI1) and (H2). A triplet of processes (Y, Z,K) is called a
solution of (15) if for some 1 < & < f3 the following properties
hold:

(a) (Y, Z,K) € 85(0,T);

(b)

Y, =&+ LTf ) ds + Z J i (s, ,ZS)d<B",Bj>S

i,j=1

T
- j 7.dB. - (Ky - K)).
t 17)

Theorem 16 (see [19]). Assume that & € LZ(QT) and f, g
satisfy (H1) and (H2) for some 3 > 1. Then, (15) has a unique
solution (Y, Z,K). Moreover, for any 1 < a < [3, we have

Y € S%(0,T), Z € HA(0, T; RY), and Ky € L%(Qy).
We have the following estimates.

Proposition 17 (see [19]). Let & € Lg(QT), and f, gij satisfy
(H1) and (H2) for some 3 > 1. For some 1 < o < f,
(Y, Z,K) € 85(0,T) is solution of equation (15). Then
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(i) There exists a constant C,, := C(«,T,G,L) > 0 such

that

vl < CE[ler+ [ pefras].
o (1)
<C, <IE[ sup |Yt|a]
te(0,T]
(e ]) (2 [([) )
E[IK, ] <, {E Ls[l;g]w] N [(LThgdsﬂ},

(18)

where b = £(5,0,0)| + Y7 _, 1g;(5,0, 0)1.

(ii) For any given o < &' < B, there exists a constant Cy o
depending ona, o', T, G, L such that

E[ sup |Yt|a]
te[0,T]

< Cor «IE[ sup E, [|f|“]]

te[0.T]
T [24
+ (E sup E, (J hgds>
te[0,T) 0
—~ -~ T a’ ]
+E| sup E, <J. hgds> .
te[0.T] 0

. (19)

A afa

P'roposition 18 (see [20]). Let & € L/é(QT), i=1,2,and fi,
gy; satisfy (H1) and (H2) for some B > 1. For some 1 < a < 3,
(Y, Z', K" € ©¢(0,T) are solutions of (15) correspondmg to
g, f, and gij. SetY, = Y ~Y, Z, = Z! - 72}, and K, =
K} - K}.

(i) There exists a constant C, = C(a, T,G,L) > 0 such

that

7 <ol [+ | " “as). 20)
t

where& = £' — &% h, = If (s, Y2, 2 - f(s, Y2, Z2)| +
Zijzl |gilj(sr Ysza Z?) - gizj(si Y527 Zf)l'
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(ii) For any given & with « < & < P, there exists a
constant C, o depending ona, o', T, G, L such that

Theorem 19 (see [20]). Let (Y7, Zi, Ki)th’ i = 1,2, be the
solutions of the following G-BSDEs:

Tgi (s,Y.,Z2) d(B),

(22)

Yl gy JTﬁ(s,Yj,Zi)ds+J
t

t

- L Z.dB, - (Ky - K}),
where &' € Lﬁc(QT), fi» g; satisfy (H1) and (H2) with > 1. If
828 fi2 f912 gy then Y} 2 Y}

Theorem 20 (see [20]). Let (Y}, Z},K}),er, i = 1,2, be the
solutions of the following G-BSDEs:

Yi-g s j Fi(sYLZ)ds+ J 9. (s Y, Z1) d(B),
t t
(23)
- J Z.dB, - (K - K}) + Vy -V},
t
where & € L(Qy), fv g satisfy (H1) and (H2), (V})r are
RCLL processes such that E[sup,[o ) IVIIF] < cowith B > 1. If

' 28, f, 2 fr g1 = gp, and V! =V is an increasing process,
then Y} > Y].

3. A DPP for Stochastic Optimal Control
Problems under G-Expectation

Now we introduce the setting for stochastic optimal control
problems under G-expectation. We suppose that the control
state space V is a compact metric space. Let the set of
admissible control processes % for the player be a set of V-
valued stochastic processes in Mé([t, T);R™), t € [0,T]. For
a given admissible control v(-) € %, the corresponding orbit,
which regards ¢ as the initial time and & € L,(Q;; R") as the

initial state, is defined by the solution of the following type of
G-SDE:

d
dXi’E;U - b (S, X?f;v)vs) ds + Z hij (s, XE’E;U,US) d<Bi,Bj>s

ij=1

+Yo;(s Xt’&“,us)dBﬁ, seltT], X5 = ¢,

(24)

where b, hy;, 0; : [0,T] X R” x % — R" are deterministic

functions and satisfy the following conditions (H3):
(A1) hjj = hj; for 1 < i, j < d;
(A2) For every fixed (x,v) € R" x %, b(-, x,v), hl-j(-, X, ),
(Tj(~, X, V) are continuous in ¢;

(A3) There exists a constant L > 0, for any t € [0,T7], x,
x" € R",v,v' € % such that

d
|b (t,x,v)—b (t, x’,v’)' + Z |hij (t, x,v) — h,-j (t, x',v’)|

i,j=1
d
! !
+ Z 'aj (t, x,0) —0; (t,x ) )'
j=1

sL('x—x"+|v—v"). 05
5

From the assumption (H3), we can get global linear
growth conditions for b, hyj, 0;; that is, there exists C > 0
such that, for t € [0,T], x € R", v € %, |b(t,x,v)| +
ijzl Ihij(t,x,v)l + ijl Iaj(t,x,v)l < C(1 + |x| + |v)).
Obviously, under the above assumptions, for any v(-) € %,
G-SDE (24) has a unique solution. Moreover, we have the
following estimates.

Proposition 21. Let &, & ¢ L%(Qt;R”) with p > 2, v(-),
V() e tel0,T],andd € [0,T —t]; then we have

p] § C<|E—‘f"P+JH6 Efo, - U;|Pdr>,
t

E x5l ] <c(i+P),

t+4

=1 t,&50 &0
E, HXt+6 - Xt+6

E, [ sup 'XZ’E;U - £|p] <C (1 + |E|p) 812,
se[t,t+8]

(26)
where C depends on L, G, p,n,T.

Proof. The proof is similar to the proof of Proposition 4.1 in
[20]. O

Now we give bounded functions @ : R" — R, f: [0,T] x
R'XRXRIx% - R, g;: [0,T]xR"x RxRx % - R
that satisfy the following conditions: (H4)



(@) gij=gjiforl <i,j<d.

(ii) For every fixed (x,y,z,v) € R" xR x R" x %,
fGx, 2, v) and gi]-(-,x, ¥,2,v) are continuous in t,
1<i,j<d.

(iii) There exist a constant L > 0, for ¢ € [0,T], x, x € R,
¥,y €R, 2,z € R v,v' € %, such that

|<D(x) - d)(x')' < L(|x —x’|),

'f (t.x,y,2,0) - f(t, x',y',z',v')'

d ! ! ! ! (27)
+ Z 'gij (t,x, y,2,0) — Gij (t,x >V H2 50V )l

ij=1

SL(|x—x"+|y—y"+'z—z'|+|v—v'|).

From (H4), we have that ®, f, and g;; also satisty global
linear growth condition in x; that is, there exists C > 0, such
thatforall0<t<T,ve % x € R",

|© (x)] + | f (£,%,0,0,0)| + |g,.j (t, x, 0, o,u)|
(28)
<C(1+ x| +v]).

Foranyv € % and & € L, (Q,,R"), the mappings f(s, x, y,
z,0) = f(s, Xﬁ’f;“, ¥:2,v5) and gy(s, x, 3, 2,0) = g;;(s, xh,
¥,2,0,), where (s, ,z) € [0, T]xRx R satisty the conditions
of Theorem 16 on the interval [t, T]. Therefore, there exists a
unique solution for the following G-BSDE:

0 (X)X 2 )

r
S

T
— J Z;)E;vdBr _ (K;:{,U _ K_:)E;U)

N

d
e 3 [ gy (et 20, a )

7‘)
N

ij=1
(29)

where X*% is introduced by (24).

Proposition 22. For each &, & € L‘g(Qt; R") with p > 2 and
v(), V' () € U, we have

'Ytt,f;;v _ Ytt,f';v

<cle-¢].

|Ytt,f;v

<ci+g), 30)

1/2

' T >
'Ytt’&” - Ytt’&" < C(L Et.v (r) - (r)|2dr) ,

where C depends on L, G, n, and T.

Proof. The proof is similar to the Proposition 4.2 in [20]. [
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Given a control process v(-) € %, we introduce an associ-
ated cost functional

J(tx0) =Y, (t,x) € [0,T] x R, ©))

where the process Y/*" is defined by G-BSDE (29). Similar to
the proof of Theorem 4.4 in [20], we have that for t € [0, T],
§ € Lg(Q,R"),

] (t,&v) == YA, (32)

But we are more interested in the case when & = x.
Now we define the value function as follows:

u(t,x):= sup J(txv).
v(-)eU (33)

Proposition 23. u(t, x) is a deterministic function of (t, x).

Proof. For a partition of [t,s]:t =t, <t; <---<ty=sp=
2,t <s < T, wedenote LiP(QZ) = {p(B;, = B,...,B, —B,):
n> Lt € [Lshe € Gy RT™), ME™ (6,5 R) by
the collection of simple processes #(r) = ZkN:Bl Eiclit ) (1)
where &, € LiP(Qik;R”), k=0,1,2,...,N-1,and Mg’t(t, s;
R") by the completion of Mg’o’t(t, s;R™) under the norm
Il gz gery = (ELJ; In(r)IPdr]}!'?. Use the similar method
in Lemma 43 of [27]; we can prove that v € Mé(t, s;R™) is
a V-valued process; there exists {u = Zf\:]l 1Aiui}N€N; u e
Mé’t(t, s;R") isa V-valued process, A; is a partition of B(Q),)
such that 4 — v under probability measure P € P,,.
When v(s) € Mé’t(t, s; R™), we note that J(t, x;v) is a deter-
ministic function of (£, x) because b, h;;, 0}, @, f, and g;; are
deterministic functions, and B, := B,,, — B, is a G-Brownian

motion. So we need to construct a sequence of admissible
controls {v'(-)} of the form

z

7=y, (34)

-.
Il
—

J(t, %7 () = u(t, x), where v (-) € MZ'(t,
s;R") is a V-valued processes and {Aij};\il is a partition of
B(Q,). Firstly, there exists {vk}k21 C %, such that u(t,x) =

supy., J(t, x; vk). Then we define v,v' € %,

satisfying lim;

1— 00

0, se€[0,t];
(vVv’)s= v, s€(tT],on {](t,x;v)z](t,x;v')};

v;, s€ (t,T], on {](t,x;v) < ](t,x;v')}.

(35)

Therefore,
](t,x;vVv')2](t,x;v)v](t,x;v'). (36)
Set o' = o' vol, T = TV, i > 2 Sout,x) =

lim, , ., J(t, x; 7). Without loss of generality, suppose E[ (u(t,
x) = J(t, x; T)k))z] < 1/k,k > 1. We denote

N-1

_k _

Vg = Z Ui (8) 1 gk (37)
k=0 !
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Mét(t, s;R™) is a V-valued process and
{AI;}OS]SM_1 is a partition of ZB(Q,). Then we can suppose

fork > 1, E[LT|
we have

where v, €

5’: - ﬁflzds] < 1/Ck. From Proposition 22,

['] t, x; )—](t,x;ﬁk)ﬂ < CE[J Uf —vf 2ds] < %
(38)
Therefore, E[|u(t, x) - J(t, x; Ek)lz] < 4/k. Then, we have
N1
](t,x; ) ZlAk](tvak)<u(t X). (39)
j=0

Now, we suppose that

Jex0) < max J(6x50) =T (bx5T74)- (a0)

Because E[|J(t, x;0°) — u(t, x)|’] — 0, we have
u(t,x) = kh—{lgo] (t, X; Uj’,k) , QS. (41)
Hence, E[u(t, x)] = u(t, x). We have finished the proof. [

Lemma 24. Foranyt € [0,T], x, x' € R", we have

|u(t,x)—u(t,x')| sC|x—x", (42)
[u(t,x)| <C(1+|x]). (43)

Proof. By Proposition 22, we have for v(-) € %,

[J & xv()] <C1+|x[),

/ ’ (44)
|](t,x;v(-)) - ](t,x ;v(-))' < C|x— X '
Then, Ve > 0, there exist v(-), v'(-) € % such that
Jt,xv() <u(t,x) <]t xv() +e
(45)

](t, x50 (-)) < u(t, x') < ](t, x50 (-)) +¢&
Now, we have
C+xD=sJtxsv() <ult,x)<J({txv()) +e

<C@A+|x])+e

(46)
So, we get (43). Similarly, we obtain
J(txs0' () =T (650" () -
<u(t,x)—u(tx') (47)

<JtxvE) -] (Lx50() +e
Then,
-C 'x— x" —e< 'u(t,x) —u(t,x')' < C'x— x'| + e (48)

Thus, we have proved (42). O

Lemma 25. Foranyt € [0,T],{ € L? c(Q;R"™), and { is F OVB
measurable; we have Yu(- ) €U,

u(t,¢) = Y (49)
Conversely, Ve > 0, there exists a v(-) € U, such that
u(t,) <Y v (50)

Proof. We already know that u(f,x) is continuous with
respect to x and Y} £ is continuous with respect to ({,v(+)).
We want to prove (49) and only need to discuss the simple
random variables { of the form

N
= Y145, (51)
i1
and v(-) of the form
N .
=Y 1,0 (). (52)
i=1

Here,i = 1,2,...,N,x; € R", v € MZ'(t,;R"), and {4},
is a B(Q,)-partition. Then, from the same technique used in
the proof of Theorem 4.4 in [20], we have

t(” ZIA Y <ZlAu (£, x; —u< Zle>
i=1 i=1 (53)
=u(t0).
So we have proved (49). Now we prove (50) in a similar way.
We first construct a random variable 7 € L2,(Q,; R"),

N
n=yxily, (54)
i=1

where (A,»),i’l is a B(Q,)-partition and x; € R", such that
|7 — | < €/3C. Then, we have

&

'Ytt,n;v _ Yt v 3

(55)
w60 —ultn) < <

for v(-) € %. Now, we choose a control v'(-) € Mé’t(t, s;R™),

such that u(t, x;) < Yf’xi;“i + &/3. Set v(:) = Zf\:]l vi(-)lAi.
Finally, we get
f Lrs s 1,15
DA A i P
N
> -+ ZY:" "1y,
i=1
N
€ €
2_§+z<u(t’xi)_5>lA,~ (56)

2¢

:_% +u(t,y) 2 —e+u(tQ).

So, we have (50). O



Now, we give a type of DPP for our stochastic optimal
control problems. Firstly, we define a family of backward
semigroups associated with the G-BSDE (29). Given the
initial data (¢, x), a positive number § < T — ¢, and a random
variable 1 € LE(Q; R) with p > 1, we set

Gerrs ] = Y™, (57)

where (Y?*"),_.,,s is the solution of the following G-BSDE
with the time horizon t + &:

t+6
t 1,3 1,%; 1,%;
x50 71"'[ f(T,X xU,Y xv)eru)vr)dr

r r
N

J'H(S 1,50 ( txv txv)
- | Zzt*dB, - - KP®

N

txv t,X;0 txu
9ij (r, Y7L Z)

W) (B, B),

(58)

+§y

i,j=1"7$

Obviously, for the solution Y**" of G-BSDE (29), we have

txv[q)( txv)] Gi;:.l:s thv ) (59)

t+8

Then, we can obtain the DPP for our stochastic optimal
control problems as follows.

Theorem 26. The value function u(t,x) has the following
proposition: for every 0 < 8 < T —t, we have

u(t) = sup Gy [u(t+8.X:)]- (0)
Proof. We have
t,X;
u(t,x) = sup G5’ [ (X;lx;v)] = sup Giito [ :chm U] :
V() U v(-)e%
(61)

Obviously, X% is 7,5 measurable. So, by Lemma 25 and

Theorem 19, we have

u(t, x) < Sup Gt t+6 [u (t +9, Xt+5 )] (62)

Besides, for € > 0, there exists an admissible control v(-) € %
such that

6 t,X;U;f
u(t +8,X00) <y, 7t (63)

Then,
u(t,x) > sup Gfﬁ% u (t +0, Xﬁf(sv) - 8]
v(-)e

(64)

> sup G/7 [u (t +90, Xﬁf;)] - Ce.
v()eU

Because € can be arbitrarily small, we get (60). O
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Proposition 27. u(t, x) is 1/2-Holder continuous in t.

Proof. For any given (¢,x) € [0,T] xR"and § > 0 (t + 9 <
T), from Theorem 26, we know that for € > 0, there exists a
v(+) € % such that

G [ (t+8 th“)] +e2u(tx)

tt+0 t+0

(65)

> Gy [u (£ + 0. X075

Then, we need to prove
ult,x)—u(t+38,x)< cs'’? (resp., > —CSI/Z) . (66)

We only check the first inequality in (66). The second can be
proved similarly. We have Ve > 0,

u(t,x) —u(t+8,x)<Iy+1I; +e (67)
where
txv t,x50 txv
G [”(t+8 Xits )] Grrs Ut +6,X)],
(68)
1§ =G [u(t+8,x)] - u(t+8,x).
From Proposition 21, we have
~ o 2
E, [|X§;5 - | ] <C(1+xP)s. (69)
By Proposition 22 and Lemma 24, we deduce that
_ 1/2
|I§| < [CEt “u t+ S, Xifav) u(t+6, x)'ZH
(70)

< [cE, [|xe -+f]] " < ce

Based on the definition of Gtt 5> we get

S

t+6
I; = E, [u (t+8,x)+ j f (s, xRy ez US) ds
t

. i Jms ( XU yh gt )d(B BJ>
i,j t gl] o ’
,j=1

t+8
—J Z0dB, - (K™ = K™) | —u(t +8,x)
t

S N N

t+8
5 1,%; 1,3 1,3
-, I f (s X070, 2050, ) ds
t

t X3 t,.
+Z J gl] (S, xu’Yva)Z X350

i,j=1

v,)d(B.B'),

<C'8'?

t+6 1/2
(1+E“ X e+ ] )
t

(71)
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By Proposition 22, we can prove the following inequality
easily by the similar method in Proposition 3.5 of [11]

R t+6 2 1/2
Et“t |z§";“| ds] <C1+|x]). (72)

So we have Ié < C'8"2. Hence, by (67) we have

u(t,x)—u(t+3,x) <C'8" te. (73)

Lete — 0; we obtain the first inequality of (66). The proof is
completed. O

4. Value Function and Viscosity Solution
of Fully Nonlinear Second-Order Partial
Differential Equation

In this section, we consider the following fully nonlinear
second-order partial differential equation

ou+F (Diu, D,u,u, x, t) =0, (tx)e€[0,T]xR",
(74)
u(T,x) =0 (x),

where

F (Diu, D.u,u, x, t)

= sup {G (H (Diu, D,u,u, x,t, v)) +(b(t,x,v),D,u)
veV

+ f(t,x,u, (o, (t,x),D,u),
.o {0y (t,x), D,u) ,v)},
H;; (Diu, D,u,u, x,t, v)
= <Diu -0; (t,x,0), o; (t, x, v)>
+2 <Dxu, h,-j (t, x, v)>
+2g;; (6% u, (0, (t,%,0), D,u),

oo, {04 (t,x,v),Du),v).
(75)

Remark 28. The definition and uniqueness of the viscosity
solution of above second-order partial differential equation
can be found in Appendix C in Peng [12]. So, we only need to
prove that u(t, x) is a viscosity solution of (74). Besides, from
the result of Section 3, we can have that u(t, x) is continuous
in [0, T] x R".

Definition 29. A real-valued continuous function u(t,x) €
C([0,T] x R"), u(T,x) < ®(x), for any x € R", is called
a viscosity subsolution (super-solution) of (74); if for all
functions ¢ € C*([0,T] x R™) satisfy ¢ > u and ¢(t,x) =
u(t, x) at fixed (t, x) € [0,T) x R", we have

o, (t,x)+F (Digo (t,x), Dy (t,x), @ (t, x), x, t)
(76)
>0(<0).

Theorem 30. Under the assumptions (H3) and (H4), the value
function u(t, x) defined by (33) is a viscosity solution of (74).

In order to prove the Theorem, we need three lemmas.
Firstly, we set

F, (r,x,y,2,0)

= (b (r,x,v), D (r, %)) + 0,9 (£, x)
+f(rxy+e(rx),
z+ ({0, (t,x,0), D0 (1, %)),
ooy (6, %,0), D0 (1, X)) ,0),
F/ (r,x, ,2,0)
= (D, (r,x), by (r, x,0))
+2 (D20 (100, 0, %,0),0, . 5,0)

+g; (nx,y+e(rx),
zZ+ ((Gl (t>xxv):Dx(P (r)x)> >

coos {04 (r,x,0), D (1,X))) ).
(77)

Then, we consider a G-BSDE defined on the interval [t,t +
0] (0<6<T-1):

t+0
Yy = J F, (r, Xyl zbv oy )dr

r 27 r >%r >2%r
s

t+6 . ) .
U
+ J Z1°dB, - (K/,s - K.)
N
t+6

d
-y L B (r, X7, v, 2,°,0,) d(B,B') ,
ij=1

(78)

where v(-) € % and X“* is defined by (24).

Lemma 31. Fors € [t,t + 8], we have
G o (=) o (X))
which is the solution of (78).

Proof. From the definition of G}, we know that

Gizﬁ%[(p(Xifgv,t + 8)] is the solution of G-BSDE (29)
t,x;U

on [t,t + &] with terminal condition ¢(X;75", t + 8). Applying
Itd’s formula to (p(Xi’x;“, s), we can obtain the result. O
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Now we construct a simple G-BSDE by replacing the
driving process X" by its deterministic initial value x as
follows:

t+6
Y2 = J Fl(erZU z> ,U)dr

S
S
t+6

d
3 [ ezt aB ), @

i j—1 s
t+
- J z2'dB, - (K.,s - K7).
N
Lemma 32. We have the following estimate, for v(-) € %,
v - v2| < cs’, (81)
where C is independent of the control processes v(-).

Proof. By Proposition 21, we have the estimate for p > 2

Et[ sup 'Xt“ x| ]<C(1+|x|p)8p/2 (82)

s€[t,t+8]

By Proposition 18, we get for fixed p > 2and 2 < p < 3,

v -y < E[ sup |V, - Yf”’z]
selt,t+6]
N _ t+8 py%/P
o8l s a ([ 5]
selt,t+9] t
N N t+6 I3
+E[ sup Es[(J. F,dr) ” ,
se[t,t+] t
(83)
where

' D' Gl G/ ,v) F(erZUZr ,U)

(-
+ 3 (e

—F’](r X, YZU va, ,) .

txv Y2v Zr ,U)

(84)
It is easy to prove that
F <Clx™ - x]. (85)
Then, we can deduce that IYtl’” - Yf’”l <C8, O
Lemma 33. We have
sup YU =Y° (1), (86)
v()e%
where Y, (-) is the solution of the following ODE:
—dY. = F’(s,x,Y,,0)ds, se[tt+d], )
Y5 =0,

t+6
where Fo(r, X, ¥,2) = sup,iFi (1, x, y,2,0) + 2G[(F£j(r, X,

A v))fszll}-
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Proof. By Theorem 16, we know that the G-BSDE (80) have a
unique solution (Y, Z, K). Hence, there exists a process

d
‘/SZ,U _ Z J;S F2 (r) ’qu ZZv )d<Bl,B]>r
1 (88)

J 2G<( F/ (r XY, 2P ,v))dj l)dr.

Here, V', s € [t,t + 8] is a decreasing and continuous
process by [28]. Besides, it satisfies E[supse[t H(;]IVZ’“I‘B] <00

obviously. So, Y- is the solution of the following G-BSDE:

S

t+8
Y2 = I [F (rx Y, 22 0,)
426 (B (w2, 22%0,)) | | dr - (89)

t+6
- | zran, - (K- K+ V-V

S

where v(-) € . In addition, we have

t+6
Y = J F° (r,x,YrO,Zf)dT’
;L (90)
+0 0 0 0
—J ZdB ( 40 Ks)"'(vtﬂ?_vs)’

N

where (Z,K,V) = 0. By the comparison of Theorem 20 and
the definition of F°, we have for v(-) € %,

Y2 <Y), seltt+d]. (91)

On the other hand, there exists a measurable function v’ (r, x,
y,2): [t T] x R" x R x RY x R — V such that

F'(r,x,3,2) = F, (1, %, 3,2,0")
d ] (92)

+2G [(F;] (r, x, ¥, 0, v')).

ij=1]"

Then, we have v'(r, x,Y?, Z°) € %, and Y} is the solution of
the following G-BSDE:

t+6
Y = J Fy (r,x Y0, 200 dr
S

d  t+6 o
+ ) J E) (r.xY),2),0)d(B,B')  (93)
ij=17$

t+8
-] zam - (- k2).

S
where Z° =0
7,0 4

d s

K=Y J F) (r.x,Y.,0,0")d(B,B')

jzc(( (0.0, )ar

sup,( )E%Y . Now, we have proved the lemma. [

(94)

So, Yt
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Then, we give the proof of Theorem 30:

Proof. We set ¢ € C>*([0,T] x R") and o(t, x) = u(t, x) for
fixed (t, x) € [0, T] x R". From Theorem 26, we know

¢ (tx)=u(t,x) = fl)l}()”G:;:_% [u(X;5.t+96)]. (95)
v(+)€?
By ¢ > u (¢ < u) and the definition of G,

??% (G5 [u (X5t +0)] -9 (1)} 20(0).  (g¢)
BIS

Then, form Lemma 31,

sup Ytl’v >0(<0). (97)
v(-)e¥

Besides, from Lemma 32,

sup Ytz’v > C63/2 (S C63/2) . (98)
v(-)e¥

Finally, Lemma 33 implies
YO (1) = C8° (< c8’?). (99)

So, F°(r, x,0,0) > 0 (< 0) and from the definition of viscosity
solution of (74), we know u(t, x) is a viscosity solution of (74).
O
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