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By taking a counterexample, we prove that the multistep iteration process is faster than the Mann and Ishikawa iteration processes

for Zamfirescu operators.

1. Introduction

Let C be a nonempty convex subset of a normed space E, and
let T:C — C beamapping.
(a) For arbitrary x,, € C, the sequence {x,} defined by
Xpt1 = (1 - bn) X, + bnTxn’ n =0, (Mn)
where {b,} is a sequence in [0, 1], is known as the Mann
iteration process [1].
(b) For arbitrary x,, € C, the sequence {x,} defined by

Xp+1 = (1 - bn) X, + bnTyn’

(1)

Yy = (1 - b,:) x, +bTx,, n=0,
where {b,} and {b,'l} are sequences in [0, 1], is known as the

Ishikawa iteration process [2].
(c) For arbitrary x, € C, the sequence {x,,} defined by

Xpe1 = (1 - bn) X, + bnTyrll’
y; = (1 - b;) X, + b,iTy:’l, (RS,)

et = (1= ) x, + BT, n20,

where {b,} and {bil}, i=1,2,...,p—2 (p = 2), are sequences
in [0,1] and denoted by (RS,), is known as the multistep
iteration process [3].

Definition 1 (see [4]). Suppose that {a,} and {b,} are two real
convergent sequences with limits a and b, respectively. Then,
{a,} is said to converge faster than {b,} if

lim =4
b,-b

n— oo

= 0. 6

Definition 2 (see [4]). Let {u,} and {v,} be two fixed-point
iteration procedures which, both, converge to the same fixed
point p, say, with error estimates,

|v, - pll <b, n>0, (2)

"”n - P“ < ay,

where lima, = 0 = limb,. If {a,} converges faster than {b,},
then {u,} is said to converge faster than {v,}.

Theorem 3 (see [5]). Let (X,d) be a complete metric space,
andlet T : X — X be a mapping for which there exist real
numbers a, b, and c satisfyinga € (0,1) andb, ¢ € (0,1/2) such
that, for each pair x, y € X, at least one of the following is true:

(z1) d(Tx,Ty) < ad(x, y),



(22) d(Tx,Ty) < bld(x,Tx) +d(y, Ty)],
(23) d(Tx,Ty) < cld(x,Ty) + d(y, Tx)].

Then, T has a unique fixed point p, and the Picard iteration
{x,} defined by

xn+1 = Txn; nz Os (3)

converges to p for any x, € X.

Remark 4. An operator T, which satisfies the contraction
conditions (z1)-(z3) of Theorem 3, will be called a Zam-
firescu operator [4, 6,7].

In [6, 7], Berinde introduced a new class of operators on
anormed space E satisfying

[Tx - Ty|| <&|x-y|+LITx - x|, (4)

foranyx,y € E,0<d <1,and L > 0.

He proved that this class is wider than the class of
Zamfirescu operators.

The following results are proved in [6, 7].

Theorem 5 (see [7]). Let C be a nonempty closed convex subset
of a normed space E. Let T : C — C be an operator satisfying
(4). Let {x,} be defined through the iterative process (M,,) and
xg € C.IfF(T)#0 and Y, b, = 0o, then {x,} converges
strongly to the unique fixed point of T.

Theorem 6 (see [6]). Let C be a nonempty closed convex subset
of an arbitrary Banach space E, and let T : C — C be an
operator satisfying (4). Let {x,} be defined through the iterative
process (I,) and x, € C, where {b,} and {b} are sequences of
positive numbers in [0,1] with {b,} satisfying ¥ .°( b, = 0.
Then, {x,} converges strongly to the fixed point of T.

The following result can be found in [8].

Theorem 7. Let C be a closed convex subset of an arbitrary
Banach space E. Let the Mann and Ishikawa iteration processes
with real sequences {b,} and {b'} satisfy 0 < b,, b < 1, and
Yoob, = co. Then, (M,) and (I,) converge strongly to the
unique fixed point of T. Let T : C — C be a Zamfirescu
operator, and, moreover, the Mann iteration process converges
faster than the Ishikawa iteration process to the fixed point of
T.

In [4], Berinde proved the following result.

Theorem 8. Let C be a closed convex subset of an arbitrary
Banach space E, and let T : C — C be a Zamfirescu operator.
Let {y,} be defined by (M,,) and y, € C with a sequence {b,}
in [0, 1] satisfying Y2, b, = co. Then, {y,} converges strongly
to the fixed point of T, and, moreover, the Picard iteration {x,,}
converges faster than the Mann iteration.

Remark 9. In [9], Qing and Rhoades by taking a counterex-
ample showed that the Mann iteration process converges
more slowly than the Ishikawa iteration process for Zam-
firescu operators.
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In this paper, we establish a general theorem to approxi-
mate fixed points of quasi-contractive operators in a Banach
space through the multistep iteration process. Our result gen-
eralizes and improves upon, among others, the corresponding
results of Babu and Vara Prasad [8] and Berinde [4, 6, 7].

We also prove that the Mann iteration process and the
Ishikawa iteration process converge more slowly than the
multistep iteration process for Zamfirescu operators.

2. Main Results

We now prove our main results.

Theorem 10. Let C be a nonempty closed convex subset of an
arbitrary Banach space E, and let T : C — C be an operator
satisfying (4). Let {x,,} be defined through the iterative process
(RS,) and x, € C, where {b,} and (b}, i = 1,2,...,p-2 (p =
2), are sequences in [0, 1] with Y72 b, = co. If F(T) #0, then
F(T) is a singleton, and the sequence {x,} converges strongly to
the fixed point of T.

Proof. Assume that F(T)#0 and w € F(T). Then, using
(RS,,), we have

i1 = wl = (1 - B) x, + B,T, ~ w]
=[-8 (o - w) 48, (19, - w)| )
< (1), ~wl + b 753 ]
Now, for x = wand y = y,, (4) gives
R ©
By substituting (6) in (5), we obtain
s~ 0l < (1=8,) v, — ] + 88, |~ w]. @)
In a similar fashion, again by using (RS,,), we can get
ot -] = (1=t - wl 88 i -], ®)
wherei=1,2,...,p -2 (p>2)and
i - w] < (- -98 ) -wl. - ©

It can be easily seen that, fori = 1,2,...
have

,p—2(p = 2),we

s -l < (1-8)) [, = wl] + 08} 2 - w],

2 —w] < (1-827) i, - wl + 8877 327~ w]

p-1
yn - U)" :

(10)

yf_z - w" < (1 - b;f_z) ||xn - w|| + (Sb,f_z
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Substituting (9) in (10) gives us
Iy —w] < (1= =862 (1+6627")) |x, —w]. (1)

It may be noted that, for § € [0,1) and {#,} € [0,1], the
following inequality is always true:

1<1+6n,<1+6. (12)

From (11) and (12), we get

! P (RIRTT TP

By repeating the same procedure, finally from (7) and (10), we
yield

[%pe1 —w|| < [1=(1-8)b,] ||x, - w]- (14)
By (14), we inductively obtain
[ %1 — w] SH[I—(I—@)bk] o —w|, n>0. @5)

k=0

Using the fact that 0 < § < 1,0 < b, < 1,and Y2 b, = 00, it
results that

lim [T[1-(1-8)b] =0, (16)
n OOk:()
which, by (15), implies that
Jim fx,,,, - w] =0. (17)

Consequently, x, — w € F, and this completes the proof.
O

Now, by a counterexample, we prove that the multistep
iteration process is faster than the Mann and Ishikawa
iteration processes for Zamfirescu operators.

Example 11. Suppose that T : [0,1] — [0,1] is defined by
Tx = (1/2)xb, =0 =bl"" =4, i=12,...,p-1(p >
2),and n = 1,2,...,15 b, = 4//n = bP7' = b, i =
L,2,...,p—1(p = 2),and n > 16. It is clear that T is a
Zamfirescu operator with a unique fixed point 0 and that all
of the conditions of Theorem 10 are satisfied. Also, M,, = x, =
I,=RS,, n=1,2,...,15. Suppose that x; # 0. For the Mann
and Ishikawa iteration processes, we have

M, =(1-b,) x, +b,Tx,

)
(1 4 ) N 4 1
=(1- X, + ——x
n) " Am2""

3
In = (1 - bn) Xyt bnT((l - br,t)x" + b?,lTx”)
(- A )me AL (12 2)
= T x, Jn2 7 X,
(1-%-7)
={l1-—--]x,
n n
T (1_i_é>x
- _1:l6 \/; ! -
Rsn = (1 - bn) Xp T bnTyrll’
yh=(1-8))x, + 6Ty,
yfl’_l = (1 - bfl’_l) X, + bfl’_lTxn, n=0,
(18)
wherei=1,2,...,p -2 (p > 2) implies that
]
R n — 1 = n
=AY i
(19)
1(0-5(2))
== - — X
i=16 j=1 Vi ’
Now, consider
RS, - o’ B [T (1 - Zle (2/\/;)]) *o
M, -0 H?:m (1 - (2/\/;)) Xo
_ H?:m (1 - Zle (2/\/;)])
[ (1= (2/9))
(20)

It is easy to see that

< nlingoﬁ (1 - %) (21)

Hence,

- 0. (22)



Thus, the Mann iteration process converges more slowly than
the multistep iteration process to the fixed point 0 of T'.
Similarly,

RS, - 0‘ B Hzn:m (1 - Zle (Z/W)j) Xo
I,-0 [T (1 - (2/ l) - (4/i)) o
B [Tis (1 B Z?ﬂ (2/\ﬁ)j)
[T (1 B (2/ i) B (4/i))
(23)
_ Z - s (2/ \/Z)k
i=16 1- (2/ \/;) - (4/0)
I ) Z£:3 (Z/W)ki\ﬁ
- i=16 B m
with
o Y, (2/\/i)ki\ﬁ
o< tim [ (1 Ty
” 1
< i -
nangolzm( ) =
= lim e
n—o00
=0,
implies that
lim Rli”__o()’ =0. (25)

Thus, the Ishikawa iteration process converges more slowly
than the multistep iteration process to the fixed point 0 of T'.
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