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We deal with nonlocal boundary value problems of fractional equations of Volterra type involving Riemann-Liouville derivative.
Firstly, by defining a weighted norm and using the Banach fixed point theorem, we show the existence and uniqueness of solutions.
Then, we obtain the existence of extremal solutions by use of the monotone iterative technique. Finally, an example illustrates the

results.

1. Introduction

Fractional differential equations arise in many engineering
and scientific disciplines as the mathematical modeling of
systems and processes in the fields of physics, chemistry,
aerodynamics, and so forth. There has been a significant
theoretical development in fractional differential equations
in recent years (see [1-18]). Monotone iterative technique is
a useful tool for analyzing fractional differential equations.

In [3], Jankowski considered the existence of the solutions
of the following problem:

qu(t)=f<t,x(t),th(t,s)x(s)ds>, 0<g<l,
0

te@r1], ¥
xX(0)=r,

where f € C([0,T] x R*R), %(0) = t'"9x(t)|,_, by using
the Banach fixed point theorem and monotone iterative
technique.

Motivated by [3], in this paper we investigate the follow-
ing nonlocal boundary value problem:

D (0) = f <t,x o, Lt k() x (5) ds)

2)

=Fx(t), O0<a<l, te(0,T],

x(0) = g(x),

where f € C([0,T] x R%,R), g:C,_,([0,T]) — Risa conti-
nuous functional, J = [0, T],X(0) = tlf"‘x(t)ltzo, and k(t,s) €
C(A,R);here A={(t,s) e Jx]J:0<s<t<T}

Firstly, the nonlocal condition can be more useful
than the standard initial condition to describe many phys-
ical and chemical phenomena. In contrast to the case
for initial value problems, not much attention has been
paid to the nonlocal fractional boundary value problems.
Some recent results on the existence and uniqueness of
nonlocal fractional boundary value problems can be found
in [1, 2,12, 14, 18]. However, discussion on nonlocal boundary
value problems of fractional equations of Volterra type
involving Riemann-Liouville derivative is rare. Secondly,
in [3], in order to discuss the existence and uniqueness
of problem (1), Jankowski divided g € (0,1) into two
situations to discuss; one is 0 < g < 1/2 with an add-
itional condition and the other is 1/2 < g < 1. In this
paper, we unify the two situations without using the
additional condition. Thirdly, for the study of differential
equation, monotone iterative technique is a useful tool
(see [9, 10, 16, 17]). We know that it is important to build
a comparison result when we use the monotone iterative
technique. We transform the differential equation into inte-
gral equation and use the integral equation to build the
comparison result which is different from [3]. It makes the
calculation easier and is suitable for the more complicated
forms of equations.



The paper is organized as follows. In Section 2, we present
some useful definitions and fundamental facts of fractional
calculus theory. In Section 3, by applying Banach fixed point
theorem, we prove the existence and uniqueness of solution
for problem (2). In Section 4, by the utility of the monotone
iterative technique, we prove that (2) has extremal solutions.
At last, we give an example to illustrate our main results.

2. Preliminaries

Let C,_,(J,R) = {x € C((0,T],R) : t'™*x(t) € C(J,R)} with
the norm IIxIICH = maxtejltlf“ef)“x(t)l, where A is a fixed
positive constant which will be fixed in Section 3. Obviously,
the space C;_,(J,R) is a Banach space. Now, let us recall
the following definitions from fractional calculus. For more
details, one can see [5, 11].

Definition 1. For « > 0, the integral
I“f(t) = b Jt t—9s)"f(s)ds (3)
I'(x) Jo

is called the Riemann-Liouville fractional integral of order c.

Definition 2. The Riemann-Liouville derivative of order a(n—
1 < a < n) can be written as

D= () (@)

(4)
t>0.

_ 1 _n ! ¢ n—oa—1 d
—rm_deL(—ﬂ F(s)ds,

Lemma 3 (see [5]). Letn—1 < o < n. If f(t) € L(0,T) and
Dg." f(t) € AC"[0, T, then one has the following equality:

n a—i
t

IO fO=fO- Y[ 0) o

i=1

©)

3. Existence and Uniqueness of Solutions

In what follows, to discuss the existence and uniqueness of
solutions of nonlocal boundary value problems for fractional
equations of Volterra type involving Riemann-Liouville
derivative, we suppose the following.

(H1) There exist nonnegative constants L,, L,,and W such
that |k(t, s)| < W, for all (¢,s) € A, and

|f (tvi,v)) = f (bup )| < Ly vy =] + Ly v, — ],

Vt €], Vv, vy, u;,u, €R.

(6)

(H2) There exists a nonnegative constant L5 € (0, 1) such
that

lg (1) = g ()| < Lafluy o], VteT,

Yuy,u, € C_, ().

7)
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Lemma 4. Let (HI) hold. x € C,_,(]) and x is a solution of
the following problem:

t
D*x(t) = f (t,x(t) , L k(t,s) x(s) ds) = Fx (1), @

x(0) = g(x),

ifand only if x(t) is a solution of the following integral equation:

x(t)=g@)t“ " + ﬁ Lt (t—s)* 'Fx(s)ds. (9)

Proof. Assume that x(t) satisfies (8). From the first equation
of (8) and Lemma 3, we have

1-« a—1
I« (t)|t:0t

=T

+ Iy, Fx (t)
(10)

=gt + ﬁ Lt (t = s)* 'Fx (s) ds.

Conversely, assume that x(t) satisfies (9). Applying the
operator D* to both sides of (9), we have

D%x (t) = Fx (t). 1)
In addition, by calculation, we can conclude X(0) = e
x(t)|;o = g(x). The proof is completed. O

Theorem 5. Let (H1), (H2) hold, f € C(J x R:R), and k €
C(A, R). Then problem (2) has a unique solution.

Proof. Define the operator N : C,_,(J) — C,_,(J) by

_ a—1 L ! _ el
Nx(t)=gx)t" + @ Jo (t—s)" "Fx(s)ds. (12)

It is easy to check that the operator N is well defined on
C,_o(J). Next we show that N is a contradiction operator on
C,_(]). For convenience, let

1
= am(-1y)
1/p
> Ll Tpoc—p+1 F(P‘X —pt 1)2
I'(a) I (2pa—2p+2)
+ LZW Tpoc+1F(P‘X_P+1)r(p“+1) e
ol () I (2pa—p+2) ’
(13)
and choose
1 1 1 q
1<p<1_“, p+q—1, A>pl, (14)

where A is a positive constant defined in the norm of the space

Cra()).
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Then, for any x, y € C,_,(J), we have from (H1), (H2),
and the Holder inequality

[N - Ny O, .

= tg[q&)g] |t17[x€7/\t [(Nx) (t) - (Ny) (t)]|

< maxe M |g(x) - g ()|

t€[0,T]

1 1-a _—At Jt a—1
max —— — Fx(s)—F d
te[o,T]F(oc)t ¢ 0 (t=) l ()~ Fy (S)I s

< Lyfx -yl
+ max Ltlf"‘e%t jt (t—s)** |x (s) = y ()| ds
telo,T1T (&) 0

LW .-
+ max 22—t M
te(0,T1 T (o)

t s
X J (t —s)** J |x (1) = y (v)| dr ds
0 0
< Laflx -y,

Ll l-a —At Jt a-1 _a—1 As
+ max t e t—98)"s" eMds|x -
tel0.T1T () 0 (t-9) - ||c1,a

LW e x (! _
max 20 fl-a, MJ (t — )" 1s"‘e)\sds"x -¥|c
tefo,T] ol (cx) 0 o

< Lslx=yle,,

Ly A ! 1 a-1\P P
+ max ——t' "%~ t(J ((t— §)* s ) ds)
te[o,11T (&) 0

£ 1/q
(], as) e

L t I/P
ax 2W tlfzxeﬂ\t<J- ((t _ S)ocflsoc)Pds>

+ m
tef0,T]al (o) 0
£ 1/q
X <L e squ) [lx - y”CH
< Lyflx -y, ,

L 1 _ I/P
+ max —+ e_M(tp“_p“j (1 —n)P“ Pnp“_pdn>
te0,T1T (&) 0

x (AZW”’C e,

1/p
L2W —At( pa+l Jl pa-p_ pa )
2 My 1 - d
) . (1=m)™ Tn"dn

e/lt
el

" (Aq)

3
L
< L3“x_ y"CI_a + r((lx
1/p
T(pa—-p+1)°
« Tpoc—p+1 (p(X p+ ) 1 "x_y”C
T(2pa-2p+2) | (19"
LW [pan D(pa=p+ DT (pa+ )]
ol («) I (2pa—p+2)
R
PN - lea
(Aq)"
2 ql/p
<1L +i Tpoc—p+1 F(P‘X_P'i'l) 1
17 T F(2pa-2p+2) | (Ag)"
LW [pn T(pa—p+ DT (pa+ 1)1
ol («) I (2pa—p+2)
x— =yl
(Aq)l/q Cia’
(%)

According to A > p7 and the Banach fixed point theorem, the
problem (2) has a unique solution. The proof is completed.
O

Remark 6. Theorem 5 is an essential improvement of [3,
Theorem 1].

4. The Monotone Iterative Technique for
Problem (2)

In this section, the monotone iterative technique is presented
and constructed for problem (2). This method leads to a
simple and yet efficient linear iterative algorithm. It yields
two sequences of iterations that converge monotonically from
above and below, respectively, to a solution of the problem.

Let M, N € C(J). We may assume [M(t)| < M, [N(t)] <
N, forallt € J,o0 € C,_,(J). Then, according to Lemma 4
and Theorem 5, the following linear problem

Dx(t) - M (t)x(t) = N (t) J:k(t,s)x(s)ds:a(t),
te(0,T], 0<a<l,

%(0) = £ %x(t)]_ = g (x)
(15)

has a unique solution which satisfies
x(t)= g0t

1 ‘ a-1
+ m J-O (t—S)



X (M (s) x(s)

+ N (s) J:k(s, ) x (1) dT + 0(5)) ds.

(16)

Lemma 7. Let 0 < o« < 1, M,N € C(J), IM(t)] < M,,
IN(t)| < N,. Suppose that

M,T°T («)
I' 2a)

N,WT*'T ()

I'Qa+1) <1 a7

and p € C,_,(]) satisfies the problem

p@t) < o)t

1 ‘ A
+ m -L (t S)

x (M () p(s)

N

+N®J

0

k(s,7) p (1) dT) ds.

p(0) <0,
(18)

Then p(t) <0 forallt € (0,T].

Proof. Suppose that the inequality p(t) < 0, for all t € (0,7,
is not true. Therefore, there exists at least a £, € (0,T] such
that e ™+ t1™%p(t,) > 0. Without loss of generality, we assume
e Mt p(t,) = max{e Mt ™ p(t) : t € (0,T]} = p, > 0.

We obtain that

e—/\ttl—vcp (t)
—Af 1-a

T ()
X Lt (t—s)*"!

<ep(0)+

X (M () p(s)+N(s) L k(s,7)p (1) dT) ds

At l-a ot
<&t J (t - 5)*"
I'(@) Jo

X <M (s)p(s)

+ N (s) J: k(s,7)p (1) d‘l’) ds
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—At 1-a ot
e "Mt _
< —IJ (t —s)* 1

I'(«) 0
x Sa—lehse—lssl—a |P (S)| ds
Y -
e IN W Jt (t—s)*"
T (x)

x <J A lp ()] d‘l’) ds.
0

(19)
Lett = t,; we have
(1)
My pl=
I' ()
t,
x Jo (t, — )" s teMe M p (s)| ds
N, We ™M1
I' (a)
& a-1
X t,—S
,[0 ( ) (20)
x (J ¥ e e lp ()| dr) ds
0
M t};a L. 1 o—
B
N, Wil (. wl
@y T,
o MiT°T () N,WTT ()
Pr T 20) rea+1) /)P
So
o o+1
M TT () N,WT T () 51, 1)

I'(2x) I'u+1)

This is a contradiction. Hence p(t) < 0 for all ¢ € (0, T]. The
proof is completed. 0

Definition 8. We say that x, € C,_,(J) is called a lower
solution of problem (2) if

x (t) < X, (0) "

L Jt (t - 5)* ' Fx, (s) ds,

I'(x) Jo te(0,T], (22)

% (0) < g(x)-
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We say that y, € C,_,(J) is called an upper solution of
problem (2) if

Yo (£) = 7, (0) %7

1t o
+mL (t—s)'Fy,(s)ds, te(0,T], (23)

Y0 (0) = g () -

In the following discussion, we need the following
assumptions.

(H3) Assume that g : C,_,(J) — R is a nondecreasing
continuous function, f(t,f;,5,) € C,_,(J) for all

toe Loxg < B < v [ikts)xp(s)ds <

B, < Jot k(t,s)yy(s)ds. x, and y, are lower and upper
solutions of problem (2), respectively, and x;, < y,.

(H4) Consider

ftvivy) = f(tupuy) 2 M) (v, —uy)

+N@) (v, —uy),

(24)

where x, < u; < v < yo,fot k(t,s)xy(s)ds < u, <
v, < [y k(t, $)yp(s)ds. M, N € C(J).

Let [xy, yo] = {2 € Cp_o(J) : xo(t) < 2(t) < yo(£), % (0) <
z(0) < 7,(0)}.

Theorem 9. Let inequality (17), (H2)-(H4) hold. Then there
exist monotone sequences {x,},{y,} C [xq, y,] which converge
uniformly to the extremal solutions of (2) in [x,, y,], respec-
tively.

Proof. This proof consists of the following three steps.

Step 1. Construct the sequences {x,}, {y,}.

For any 1 € [x,, y,], we consider the following linear
problem:

D (£) — M () x (t)

- N (t) Lt k(t,s)x(s)ds

=f <f)’7(l‘) , Ltk(t, $)n(s) ds)

- M(t)n(t)

(25)

- N(t) Ltk(t,s)q(s) ds, te(0,T],

x(0)=g(n).

5
By Theorem 5, (25) has a unique solution which satisfies
x(t) = x(0) "
1 ! a-1
+ m JO (t - S)
X [f <s,17(s), L k(s,T)n(T)d‘r)
~ M (s) (1(s) = x(s))
_ ’ k (s,
N (s) Jo (s, 1)
x(n(r) - x (1)) dT] ds,
x(0)=g(n).
(26)

Define an operator A : [x, ;] — [x, Y] by x = An. It is
easy to check that the operator A is well defined on [x,, y,].
Let#,,7, € [xo, yol with 7, < 77,.

Setting p(t) = z,(t) — z,(t), z,(t) = An,(t),and z,(t) =
An, (1), by (26), we obtain

p(t)=p o)

1 ! a—1
+ m JO (t— S)

X [f <s, m (s),Lsk(s, )1, (1) dT)

-f (S’ 1, (s)s LS k (s, 7)1, (1) dr)

= M(s) (1, () = 2, (5))
+ M (s) (1 (5) = 2, (5))

-~ N(s) Jo k(s,7)(n, (r) -z, (1)) dr
+ N (s) Jo k(s,7)(n, (r)-2, (1)) d7 | ds
< p)*!
+ L‘x Jt (t—s)*"
X (M (s)p(s)

+ N (s) r k(s,7)p(7) dT) ds.
0
(27)



Besides,
p0)=7%(0) -

=g(m) -

Z,(0)

g(n) <0

By Lemma 7, we know p(tf) < 0, ¢ € (0,T]. It means that
A is nondecreasing. Obviously, we can easily get that A is a
continuous map. Let x,, = Ax,_;, ¥, = Ay,_,n=1,2,....

(28)

Step 2. The sequences {t"x,}, {t'*y,} converge uniformly
to t'*x*, t'"*y*, respectively.
In fact, x,,, v, satisfy the following relation:
Xg<x <0 <x, <<y, <<y < . (29)

Setting p(t) = x,(t) — x,(t) and x,(t) is a lower solution of
problem (2):

p(t) < % (0) "

1 ! el
+ W) J;) (t S)

x f (s, X (8)» J: k(s,7) x4 (1) dT> ds

- % (0!
CT(a) j t=9"
X [f (s, X (8)» L k(s,7) x4 (1) dT>

=M (5) (x (s) = %, (5))
- N (s) L k(s,T)

x (xo (1) = x, (1)) dr] ds

— 13(0) tocfl
1 ‘ a—1
+ m J-O (f - S)
X <M () p(s)
+ N (s) r k(s,7)p(7) dT) ds

0

(30)
Besides,
P (0) = %, (0) - X, (0)
(31)
< g(x0) = g(x0) = 0.

By Lemma 7, we can obtain that x, < x; for allt € (0,T].
Similarly, we can show that y;, < y, forallt € (0, T]. Applying
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the operator A to both sides of x, < x;, y; < ¥y, and x; < ¥,
we can easily get (29). Obviously, the sequences {tl_"‘xn},
{t'*y,} are uniformly bounded and equicontinuous. Then
by using the Ascoli-Arzela criterion, we can conclude that
the sequences {tlf"‘xn}, {r y,} converge uniformly on (0, T']
with lim, | ' %x, = 7%, lim,_ t'" %y, = t'%y"
uniformly on (0, T.

Step 3. x*, y* are extremal solutions of (1).

x*, y* are solutions of (1) on [x,, ¥,], because of the
continuity of operator A. Let z € [x,, ¥,] be any solution of
(1). That is,

z(t) = Z(0)t* 1+mj (t — s)* ' Fz (s)ds,

Z(0)

(32)
=g(2).

Suppose that there exists a positive integer n such that x,,(t) <
z(t) < y,(t) on (0, T]. Let p(t) = x,,,,(t) — z(t); we have

p(t) =%, (0"

r( )J (t — 5!
X [f(s, x, (), Lsk(s, T) x, (T) dT)
= M (s) (x,, (8) = x4 (5))

- N (s) LS k(s,T)

X (x, (1) = x4, (1)) dT] ds

—Z(0)t*!

IR S PP
F(oc),[o(t )

x f (s, z(s), Jos k(s, 1)z (1) dT> ds

1 ! a1
S L (t—s)
X (M () p(s)

FN(s) J k(s,7) p(0) dr) ds,
0
P(0)=%,,,(00-2(0)=g(x,)-g(z) <0.
(33)

By Lemma 7, we know that p(¢) < 0 on (0, T], which implies
X, () < z(t) on (0,T]. Similarly, we obtain that z(¢) <
Vi1 () on (0, T]. Since xy(t) < z(t) < y,(t) on (0,T], by
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induction we get that x,(f) < z(t) < y,(t) on (0,T] for
every n. Therefore, x*(t) < z(t) < y*(¢) on (0, T] by taking
n — oo. Thus, we completed this proof. O

5. An Example

Example 1. Consider the following problem:

t
DVx(t)=t+ 6—10x(t) ;L J tsx(s)ds, te(0,1],

30 Jo

FO) =g =Lx(n), 0<n<l
(34)

Obviously, T = 1, « = 1/2, k(t,s) = ts, and f(t,v;,v,) =
t+ (1/60)v; + (1/30)v,.

Letw=1,L, =1/60,L, =1/30,and L, = 1/12.

It is easy to check that

|k (t,s)] <1,

L (6vv) = f (bt )] € = vy =1+ 5 [y = ]
60

30
1
|9 (1) =g (x,)] < E"xl - x2"cl_a'
(35)

So, (H1) and (H2) are satisfied. By the choice of p =
3/2,q = 3, wecan get that A > p’> and p = (4/(11x
3')){(1/20T(1/2))[T(1/4)* /T(1/2)1* +(1/150(1/2))[T(1/4)
T (7/4)]2/ 3. According to Theorem 5, the problem (34) has a
unique solution.

Consider the same equation as (34), taking x,(t) = 0,
yo(t) = t7/* + 6, and then we have 7,(0) = 1.

Moreover,

v =t"+6

-1/2 L ! el
>t +1"((x)J0(t s)
L/ ip
X[s+%(s +6) (36)

1 (° _
+—J- ST(T 1/2+6)dl’]ds,
30 Jo

1/2 11

~ n
0)=1>—+—,
Yo (0) 12+

0<ny<l
2 n

On the other hand, it is easy to check that (H3) holds. And let
M(t) = 1/(t — 1), N(t) = cost/30, and then we have

1
ftvim) = f(tu,u,) > -1 (v, —uy)
(37)
cost

+Y("2‘”2)’

IN

t
where x, < u; < v < _[0 k(t,s)x,(s)ds < u,

Iot k(t,s)y,(s)ds. So (H4) is satistied. Obviously, M, = 1/30,
N, =1, and then we can get

v, <

M, T°T («) .
I'2x)

NWT*'T (@) 317"/

FQa+1) 60 <l (38)

Inequality (17) holds. All conditions of Theorem 9 are sati-
sfied, so problem (34) has extremal solutions.
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