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Interval-valued univex functions are introduced for differentiable programming problems. Optimality and duality results are
derived for a class of generalized convex optimization problems with interval-valued univex functions.

1. Introduction

Imposing the uncertainty upon the optimization problems is
an interesting research topic. The uncertainty may be inter-
preted as randomness, fuzziness, or interval-valued fuzziness.
The randomness occurring in the optimization problems
is categorized as the stochastic optimization problems, and
the imprecision (fuzziness) occurring in the optimization
problems is categorized as the fuzzy optimization problems.
In order to perfectly match the real situations, interval-
valued optimization problems may provide an alternative
choice for considering the uncertainty into the optimization
problems. That is to say, the coeflicients in the interval-valued
optimization problems are assumed as closed intervals. Many
approaches for interval-valued optimization problems have
been explored in considerable details; see, for example, [1-
3]. Recently, Wu has extended the concept of convexity for
real-valued functions to LU-convexity for interval-valued
functions, then he has established the Karush-Tucker con-
ditions [4-6] for an optimization problem with interval-
valued objective functions under the assumption of LU-
convexity. Similar to the concept of nondominated solution
in vector optimization problems, Wu has proposed a solu-
tion concept in optimization problems with interval-valued
objective functions based on a partial ordering on the set of
all closed intervals, then the interval-valued Wolfe duality
theory [7] and Lagrangian duality theory [8] for interval-
valued optimization problems have been proposed. Recently,

Wu [9] has studied the duality theory for interval-valued
linear programming problems.

In 1981, Hanson [10] introduced the concept of invexity
and established Karush-Tucker type sufficient optimality con-
ditions for a nonlinear programming problem. In [11], Kaul
et al. considered a differentiable multiobjective program-
ming problem involving generalized type I functions. They
investigated Karush-Tucker type necessary and sufficient
conditions and obtained duality results under generalized
type I functions. The class of B-vex functions has been
introduced by Bector and Singh [12] as a generalization
of convex functions, and duality results are established
for vector valued B-invex programming in [13]. Bector et
al. [14] introduced the concept of univex functions as a
generalization of B-vex functions introduced by Bector et al.
[15]. Combining the concepts of type I and univex functions,
Rueda et al. [16] gave optimality conditions and duality results
for several mathematical programming problems. Aghezzaf
and Hachimi [17] introduced classes of generalized type I
functions for a differentiable multiobjective programming
problem and derived some Mond-Weir type duality results
under the above generalized type I assumptions. Gulati et al.
[18] introduced the concept of (F, o, p, d)-V-type I functions
and also studied sufficiency optimality conditions and duality
multiobjective programming problems.

This paper aims at extending the Karush-Tucker opti-
mality conditions to nonconvex optimization problem with
interval-valued functions. First, we extend the concept of



univexity for a real-valued function to an interval-valued
function and present the concept of interval-valued univex
functions. Then, the Karush-Tucker optimality conditions are
proposed for an interval-valued function under the assump-
tion of interval-valued univexity.

2. Preliminaries

Let one denotes by & the class of all closed intervals in R.
A = [a%,aY] € .F denotes a closed interval, where a* and
a” mean the lower and upper bounds of A, respectively. For
every a € R, we denote a = [a,a].

Definition 1. Let A = [af,aY] and B = [b', Y] be in .7; one
has
(i) A+B={a+b:ac Aandb € B} = [a" +b",a" +b"];

(ii) —A ={-a:ac A} = [-aY, -a];

(ili) Ax B ={ab:a € Aand b € B} = [ming, max,,],
where min, = min{a’b",a"b",a"b", a"b"} and
max,, = max{aLbL, atbY, av vk, anU}.

Then, we can see that

A-B=A+(-B)=[a"-t",a" -b"],

[ka",ka"| if k=0, (1)

kA=1{ka:ae A} = {[kaU kaL] i k<0

where k is a real number.

By using Hausdorff metric, Neumaier [19] has proposed
Hausdorff metric between the two closed intervals A and B as
follows:

dy (A, B) =max{'aL—bL',|aU—bU|}. 2)

Definition 2. Let A = [a¥,aY] and B = [b%, bY] be two closed
intervals in R. One writes A < B if and only if a* < b" and
a’ <bY, A < Bifand only if A < Band A # B, that is, the
following (al), (a2), or (a3) is satisfied:
(al) a* < bt and a¥ < VY;
(a2) a* < b" and a¥ < bY;
(a3) a* < bt and a¥ < Y.
Definition 3 (see [20]). Let A = [a*,aY] and B = [b, Y] be
two closed intervals, the gH-difference of A and B is defined
by
[a%.a"] 0, [0,67]
= [min (aL bt aY - bU) , max (aL b4 aY - bU)] .
3)
For example, [1, 3le,400,3] = [0,1], [0,3]94[1,3] =
[-1,0]. Anda - b = [a,ale,[b,b] = [a—b,a-b] =a-b.
Proposition 4. (i) For every A,B € .5, Ao B always exists
and Ao B e J.
(ii) Ao, B < 0 ifand only if A < B.
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3. Interval-Valued Univex Functions

Definition 5 (interval-valued function). The function f :
Q — 7 is called an interval-valued function, where Q € R".
Then, f(x) = f(x;,...,x,) is a closed interval in R for each
x € R", and f(x) can be also written as f(x) = [fL(x), fU(x)],
where f L(x) and f Y(x) are two real-valued functions defined
on R” and satisfy f“(x) < fY(x) for every x € Q.

Definition 6 (continuity of an interval-valued function). The
function f: Q € R" — ¥ is said to be continuous at x € Q)
itboth f L(x) and f Y(x) are continuous functions of x.

The concept of gH-derivative of a function f : (a,b) —
7 is defined in [19].

Definition 7. Let x,, € (a,b) and h be such that x, + h € (a,b),
then the gH-derivative of a function f: (a,b) — 7 atx, is
defined as

f(x) = ;lino [f (%o +h)e, f (xo)] . (4)

If f'(x,) € 7 exists, then we say that f is generalized
Hukuhara differentiable (gH-differentiable, for short) at x,,.
Moreover, [21] also proved the following theorem.

Theorem 8. Let f : (a,b) — 7 be such that f(x) =
[fL(x),fU(x)]. The function f(x) is gH-differentiable if and
only if fX(x) and fY(x) are differentiable real-valued func-
tions. Furthermore,

£ @) = [min{(£1) 0, () 0},
max {(fL), (x), (fU)I (x)H .

(5)

Definition 9 (gradient of an interval-valued function). Let
f(x) be an interval-valued function defined on Q, where
Q is an open subset of R". Let D, (i = 1,2,...,n) stand
for the partial differentiation with respect to the ith variable
x;. Assume that fL(x) and fU(x) have continuous partial
derivatives so that D, fL(x) and D, fU(x) are continuous.
Fori=1,2,...,n, define

D, f (%) = [min (D, f* (x),D, f’ (%)),

(6)
max (DxifL (x) ,DxifU (X))] .
We will say that f(x) is differentiable at x, and we write
Vf ) = (D f (), Dy f ()., D f (). ()

We call Vf(x) the gradient of the interval-valued univex
function at x.
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Example 10. Let f : R* — .7 defined by f(x) = [x] + x5,
262+ 2x5 + 3] So ff(x) = &} + x5 and fU(x) = 247 +
2x5 +3.D, fH(x) = 2x,, D, f"(x) = 2x,, D, fY(x) = 4x,,
szfU(x) = 4x,. Thus,

[2x1,4x,] if x, >0,

Dxlf(x) = {

[4x,,2x,] if x, <0,

(8)
[2x,,4x,] if x, >0,
D =
] () [4x,,2x,] if x, <0.
Thus,
(([2x),4x, ], [2x,, 4%,])" if x; 2 0,x, >0,
’ ([2x,,4x,], [4x,,2x,])" if x, >0,x, <0,
V (X) = <
([4x,,2x,], [2%5,4x,])" if x; <0,x, >0,
[ ([4x,,2x,], [4x,,4%,])"  if x, < 0,x, <O0.
©))
Further,
((2x,,2x,)" if x, 20,x, >0,
> (2x,,4x,)" if x, 20,x, <0,
V' f(x) = 1
(4x,,2x,)" if x, <0,x, >0,
[ (4x,,4x,)" if x, <0,x, <0.
(10)
(4%, 4x,)" if x, >0,x, >0,
. (4x,,2x,)" if x; >0,x, <0,
V X) = <
(2x,,4x,)" if x, <0,x, >0,
[(2x),4%,)" if x; <0,x, < 0.

Remark 11. Tf f* = fY, then Vf(x) of interval-valued func-
tions is the extension of Vf(x), where f: QO — R.

The concept of convexity plays an important role in the
optimization theory. In recent years, the concept of convexity
has been generalized in several directions by using novel
and innovative techniques. An important generalization of
convex functions is the introduction of univex functions,
which was introduced by Bector et al. [15].

Let K be a nonempty open set in R”, and let f : K — R,
7:KxK - R, ®:R — Randb:KxK x[0,1] — R,
b = b(x,y, A). If the function f is differentiable, then b does
not depend on A; see [12] or [15].

Definition 12. A differentiable real-valued function f is said
to be univex at y € K with respect to #, ®,bif forall x € K

bxy)@[f®-fy)] =7 (xy)Vf(y).

Let K be a nonempty open setin R”, andlet f : K — .7
be an interval-valued function,#7: KxK — R", ®: 7 —
J,andb: K xKx[0,1] — R', b=b(xy,A).

Definition 13 (interval-valued univex function). A differen-
tiable interval-valued function f is said to be univexaty € K
with respect to 1, @, b if for all x € K

b(xy)@[f®e,f(y)]=r(xy)V(y). 12

Remark 14. (i) An interval-valued univex function is the
extension of a univex function by f* = fU.

(ii)) @ : F — F could be deduced from ¢p : R — R by
D(A) :={y:3Ixc A, ¢(x) =y, y €R}.

Example 15. Consider the real-valued function ¢, given by
¢, (x) = x+1, x € R, then we can obtain d)l([aL,aU]) =
[a" +1,a” +1]. If ¢,(x) = |x|, x € R. Then

]

[, -a!]

if at>o0,

o, ([aL, aU]) _ if aV <o,

[0, max (—aL, aU)] if at <0, 4" >0.

(13)

Example 16. Let f(x) = [x%,2x*+3],x € R b=1, n(x,y) =
x -y, ® = @,, then f(x) is univex with respect to b, #, and
.

Example 17. Let f(x) = [x*,x° +1], x € R,

y2
if >,
b(x)y):{x_yl x>y

2, 2 :
X+ y rxy if x>,
ﬂ(x’y)_{x—y if x<y.

Let®: F — .7 be defined by o([at,a"]) = 3[at, aY], then
f(x) is univex with respect to b, and ®.
4. Optimality Criteria

Let f(x),g;(x),...,g,(x) be differentiable interval-valued
functions defined on a nonempty open set X < R"
Throughout this paper we consider the following primal
problem (P):

min  f (x)
st. g(x) <0,

(P)

i=1,2,...,m.

LetP:={x e X:g(x)<0,i=1,2,...,m}. Wesay x" is
an optimal solution of (P) if f(x) = f(x*) for all P-feasible x.
In this section, we obtain sufficient optimality conditions for
a feasible solution x* to be efficient or properly efficient for
(P) in the form of the following theorems.



Theorem 18. Let x* be P-feasible. Suppose that
(i) there exist n, g, by, ©;, b, i =1,2,..., m such that

by (x) @ [£ (90,1 ()] = (6 x) Vf (), (19)

b (xx") @ [g,(x")] = 1/ (xx7) Vg; (x")  (16)

for all feasible x;
(ii) there existy* = (1, Y2+ > V) € R such that
+) 7Vg(x") =0, (17)
y >0. (18)
Further, suppose that
Dy (A) =0 = A >0, (19)
A<0= ®,(A) >0, (20)
by (x,x") >0, b (x,x") >0 (21)

for all feasible x. Then, x* is an optimal solution of (P).
Proof. Let x be P-feasible. Then,
g; (x) 0. (22)

From (20), we conclude that

; [g; ()] = 0. (23)
Thus,

®f [g: (0] 2 0,

o/ [g;(x)] 2 0.
By (15) and Definition 2, we have

b (. x") 0y [f W8, £ ()]} = I (o x) v (x)},

{bo(x,x) [f(x)egf(x )]} { (x,x") Vf (x* )} .
(25)

(24)

From (17),

1 (ox)VF () +1f (1x) Y Vg ()

i=1

0. (26)

It follows from Definition 2 that

{rf ox) vr )+ {nf (xx)Y 5V <x*)} -0,

(xx') 3 3% (x*)} ~o

i=1
(27)

{f (ox") vF ()} + {zf
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It is equivalent to

I (ex) VF () = —{nf (xx) Y 3199 (x*>} :
i=1 ) (28)

{ (o x")vf (")} = —{nt (X)x*)iyivg (x*)} :

From (16), we have

{8 (o x") @, [g, ) 2 (. x7) Vg ()]
v (29)
{=b (% x") @ [g; )} = { (xx") Vg, (x")} .
From Definition 1, we have
{5 (o x) @ [, Y 2 o (o x7) Vg ()]
v (30)
~{b, (%) @, [g; ()} = fr (x,x7) Vg, (x7)} .
Thus,
b (e x") @y [£ )0, ()]}
> {if (xx) f ()}
= —{nt (x.x’ )i%vg( )}
> 3 (0 (ox) 0, [g ()]
1;1 31)
zZ{b (xx") @, [g; (x")]}"
>0,
oo (e x") @y [f ) 0, ()]}
{b (x,x") @, [f(x)egf(x )]}
> 0.
So,
by (x,x") @, [ f (x),f (x)] = 0. (32)
From (21), it follows that
P, [f®e,f (x")] =0 (33)
By (19),
f®e,f(x")=o0. (34)
From Proposition 4, it follows that
f® = fx). (35)

Therefore, x* is an optimal solution of (P). O
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Theorem 19. Let x* be P-feasible. Suppose that
(i) there exist 5, @y, by, ©;, b, i =1,2,...,m such that

7 (xx")Vf (x*) 2 0 = b, (x,x") D, [f X e,f (x*)] >0,

(36)
b, (xx7) @ [g; (x")] < 0= (x.x) Vg; (x) <0
(37)
for all feasible x;
(ii) there existy* = (¥1, V55 +.» ¥,n)' € R™ such that
Vi (x)+ ) yiVg(x") =0, (38)
i=1
y =0. (39)
Further, suppose that
Dy (A) =0 = A >0, (40)
A<0= @, (A) >0, (41)
by (x,x") > 0, b (x,x") >0 (42)

for all feasible x. Then, X" is an optimal solution of (P).

Proof. Let x be P-feasible. Then, g;(x*) < 0, from (41), we
obtain that

®; [g; (x*)] = 0. (43)
So,
b (x,x") @; [g; (x7)] < 0. (44)
By (37),
17t (x,x")Vg; (x*) < 0. (45)
Thus,
=Yy (%x") Vg (x) = 0. (46)
i=1
Then, we have
m U
- {Z v (%,x") Vg, (X*)}
i=1
m L
= {—th (xx") Vg, (X*)} >0,
! (47)

- {imt (xx") Vg, (X*)}

- {—iy,nf(x,x*w(x*)} >0,

From (38) and Definition 2, it follows that

b )9 )+ o () 3 96|

0,

i (ox) vF ()} + ‘|’7t (xx7) i%vg (X*)} =0.

i=1

It is equivalent to

{ (ex) v () = —{ff (xx) Y 5V (x*)} ,

I (ox) v ()} = —{nf (x,x*)iy,-w(xw} .

i=1

Therefore,
' (ex) VF (<)) 20,
{nt (x,x") Vf (X*)}U > 0.

From Definition 2, we obtain that
7 (x,x") Vf (x*) = 0.
By (36),
by (%, x7) @ [f x)e,f (X*)] z 0.
Then, from (40) and (42), we have
f®e,f(x")=o0.
From Proposition 4, it follows that
f&)=f().

Therefore, x* is an optimal solution of (P).

5. Duality
Consider the following:

f ()

max
st. Vf(a)+ Zyngi (u) =0,
i
yiVg; (u) = 0
y; 2 0.

(48)

(50)

(51)

(52)

(53)

(54)

(D)

Theorem 20 (weak duality). Let x be P-feasible, and let (u,y)
be D-feasible. Assume that there exist n, Oy, by, ©;, b, i =

[ (A

1,2,...,m such that
by (%) Dy [ f (®) 0, f ()] = 1 (x,0) Vf (u),

-b, (x,u) ®; [g; ()] = 7 (x,u) Vg, (w)

(55)



at w;

Dy (A) > 0= A >0,

(56)
b, (x,u) >0, b (x,u) >0
and ¥", bi(x,u) y;0,(g;(un)) > 0. Then, f(x) = f(u).
Proof. It is similar to the proof of Theorem 18. O

Theorem 21 (weak duality). Let x be P-feasible, and let (u,y)
be D-feasible. Assume that there exist 1, @, by, @, b, such that

7' (5 u) Vf (1) = 0= b (x,u) @ [ f (x) 6, f ()] >0,

(57)
-b, (x,u) O, iyig,- (u)] 0= iyir/t (x,u)Vg; (u) <0
. . (58)

at u;
Dy (A) = 0= A >0, (59)
A»0= ®, (A) =0, (60)
by(x,u) >0, b (x,u)>0. (61)

Then, f(x) = f(u).

Proof. Since (u,y) is D-feasible, then yithi(u) > 0, from (60)
and (61),

b (W@, | ) yig (u)] <0. (62)
i=1
Then, we have
Z)’iﬂt (x,u) Vg; (u) < 0. (63)

i=1

Thus,

=Y yi' (x0) Vg, (u) > 0,

i=1

m U
- {Z i (x,u) Vg, (u)}

i=1

m L
= {— Z yi' (x,u) Vg, (u)} >0, (64)

i=1

m L
- {Z v (x,u) Vg, (u)}

i=1

m U
- ‘[—Zyiqt(x,u)Vgi(u)} > 0.
i=1
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Since (u,y) is D-feasible we can obtain that,

Vf (u) + Zyl-Vg,- (uw) = 0. (65)

i=1
So,
' (% u) Vf (W) +7 (x,u) ) yVg,(w)=0.  (66)
i=1

By Definition 2, it follows that

m L
{17: (x,u) Vf (u)}L + {ﬂt (x,u) Z yiVg; (u)]» =0,
i=1

- v (67)
[ cwvF @} + {nt (x, ) Z yiVy; (u)} =0.
Therefore,
m L
I xwvf ]’ = —{nt (xu) Y 7,99, (u)} >0,
- v (68)
{f e wf W) = —‘{ﬂt (x, ) Zl Vg, (u)} > 0.
Then,
r]t (x,u) Vf (u) = 0. (69)
By (57),
by (%, 0) O, [ f (x) 6, f (w)] = 0. (70)
From (59) and (61),
Fx)e,f (u)=0. (71)
thus,
fx) = f(w). (72)
O

Theorem 22 (strong duality). If x* is P-optimal and a con-
straint qualification is satisfied at x*, then there exists y* =
(V1> Vs - > V)’ € R™ such that (x*,y") is D-feasible and the
values of the objective functions for (P) and (D) are equal at
x" and (x*,y"), respectively. Furthermore, if for all P-feasible x
and D-feasible (u,y), the hypotheses of Theorem 19 are satisfied,
then (x*,y") is D-optimal.

Proof. Since a constraint qualification is satisfied at x*, there
exists y* € R™ such that the following Kuhn-Tucker condi-
tions are satisfied:

V() + Y9, () = 0

i)’ivfh (x") =0, 73)
i=1

y; 2 0.
Therefore, (x*,y") is D-feasible.
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Suppose that (x*,y") is not D-optimal. Then, there exists
a D-feasible (u,y) such that f(u) > f(x*). This contradicts
Theorem 20. Therefore, (x*,y") is D-optimal. O
6. Numerical Example
Consider the following example:
minimize f (x) = [x; —sin (x,) + 1, x; — sin (x;) + 3]
subject to g, (x)

= [sin (x;) — 4sin (x,) - 2,

sin(x,) —4sin(x,)] < 0,
g, (x) = [2sin(x;) + 7sin (x,) + x; = 7,
2sin (x;) + 7 sin (x,) + x; — 6]
<0,
3] <0,

g3 (x) = [2x, +2x, — 5,2x, +2x, —

[
gs (%) = [4x] +4x5 - 12,4x] + 4x5 - 9] < 0,

gs (x) = [-sin(x;) - 1,—sin (x;)] <0,
gs () = [—sin(x,) — 1, —sin (x,)] < 0.
(74)

Note that the interval-valued objective function is univex
with respectto b = 1, (x,u) =x —u, o([at,a"]) = [at, dY],
and every g; (i = 1,2,...,6) is univex with respect to b = 1,

o(la, ")) = [a" o]
SIN X, —SInu SIn x, —SInu
rl(x,u)=< L Sin sinx, 2), (75)
cosu, cosu,

where x = (x;,x,)" and u = (u;,u,)".
It is easy to see that the problem satisfies the assumptions
of Theorem 18. Then,

(1, cos x,)" + pay (cos x;, -4 cos x,)"

+iy(2cosx, + 1,7 cos x,) + ps(2,2)7
(76)
+ 11y (8,,8%,)" + pig(— cos x,,0)"

0,07

+ (0, — cos xZ)T =

After some algebraic calculations, we obtain that x* =
(0,sin"'(6/7))T andu* = (0,1/7,0,0,10/7,0)". Therefore, x*
is a solution.

Acknowledgments

This work is supported by the National Natural Science Foun-
dation of China (Grant no. 60974082), and the Science Plan
Foundation of the Education Bureau of Shaanxi Province
(nos. 11JK1051, 2013JK1098, 2013JK1130, and 2013]JK1182).

References

[1] C.Jiang, X. Han, G. R. Liu, and G. P. Liu, “A nonlinear inter-
val number programming method for uncertain optimization
problems,” European Journal of Operational Research, vol. 188,
no. 1, pp. 1-13, 2008.

[2] S. Chanas and D. Kuchta, “Multiobjective programming in
optimization of interval objective functions—a generalized
approach,” European Journal of Operational Research, vol. 94,
no. 3, pp. 594-598, 1996.

[3] S.-T. Liu, “Posynomial geometric programming with interval
exponents and coeflicients,” European Journal of Operational
Research, vol. 186, no. 1, pp. 7-27, 2008.

[4] H.-C. Wu, “The Karush-Kuhn-Tucker optimality conditions
in an optimization problem with interval-valued objective
function,” European Journal of Operational Research, vol. 176,
no. 1, pp. 46-59, 2007,

[5] H.-C. Wu, “The Karush-Kuhn-Tucker optimality conditions
in multiobjective programming problems with interval-valued
objective functions,” European Journal of Operational Research,
vol. 196, no. 1, pp. 49-60, 2009.

[6] H.-C. Wu, “On interval-valued nonlinear programming prob-
lems,” Journal of Mathematical Analysis and Applications, vol.
338, no. 1, pp. 299-316, 2008.

[7] H. C. Wu, “Wolfe duality for interval-valued optimization,”
Journal of Optimization Theory and Applications, vol. 138, no.
3, pp. 497-509, 2008.

[8] H. C. Wu, “Duality theory for optimization problems with
interval-valued objective functions,” Journal of Optimization
Theory and Applications, vol. 144, no. 3, pp. 615-628, 2010.

[9] H.-C. Wu, “Duality theory in interval-valued linear program-
ming problems,” Journal of Optimization Theory and Applica-
tions, vol. 150, no. 2, pp. 298-316, 2011.

[10] M. A. Hanson, “On sufficiency of the Kuhn-Tucker conditions,”
Journal of Mathematical Analysis and Applications, vol. 80, no.
2, pp. 545-550, 1981.

[11] R. N. Kaul, S. K. Suneja, and M. K. Srivastava, “Optimality
criteria and duality in multiple-objective optimization involv-
ing generalized invexity,” Journal of Optimization Theory and
Applications, vol. 80, no. 3, pp. 465-482, 1994.

[12] C. R. Bector and C. Singh, “B-vex functions,” Journal of
Optimization Theory and Applications, vol. 71, no. 2, pp. 237-
253,1991.

[13] C. R. Bector, M. K. Bector, A. Gill, and C. Singh, “Duality for
vector valued B-invex programming,” in Generalized Convexity
Proceedings, S. Komlosi, T. Rapcsak, and S. Schaible, Eds., pp.
358-373, Springer, Berlin, Germany, 1992.

[14] C. R. Bector, M. K. Bector, A. Gill, and C. Singh, “Univex sets,
functions and univex nonlinear programming,” in Generalized
Convexity Proceedings, S. Komlosi, T. Rapcsak, and S. Schaible,
Eds., pp. 3-18, Springer, Berlin, Germany, 1992.

[15] C. R. Bector, S. K. Suneja, and S. Gupta, “Univex functions
and Univex nonlinear programming;” in Proceedings of the
Administrative Sciences Association of Canada, pp. 115-124,1992.

[16] N. G. Rueda, M. A. Hanson, and C. Singh, “Optimality and
duality with generalized convexity,” Journal of Optimization
Theory and Applications, vol. 86, no. 2, pp. 491-500, 1995.

(17] B. Aghezzaf and M. Hachimi, “Generalized invexity and duality
in multiobjective programming problems,” Journal of Global
Optimization, vol. 18, no. 1, pp. 91-101, 2000.



8 Journal of Applied Mathematics

[18] T.R. Gulati, I. Ahmad, and D. Agarwal, “Sufficiency and duality
in multiobjective programming under generalized type I func-
tions,” Journal of Optimization Theory and Applications, vol. 135,
no. 3, pp. 411-427, 2007.

[19] A. Neumaier, Interval Methods for Systems of Equations, Cam-
bridge University Press, Cambridge, UK, 1990.

[20] L. Stefanini, “A generalization of Hukuhara difference for inter-
val and fuzzy arithmetic,” in Soft Methods for Handling Variabil-
ity and Imprecision, D. Dubois, M. A. Lubiano et al., Eds., vol.
48 of Series on Advances in Soft Computing, Springer, Berlin,
Germany, 2008.

[21] L. Stefanini and B. Bede, “Generalized Hukuhara differentiabil-
ity of interval-valued functions and interval differential equa-
tions,” Nonlinear Analysis: Theory, Methods and Applications A,
vol. 71, no. 3-4, pp. 1311-1328, 2009.



