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We study the spectrum structure of discrete second-order Neumann boundary value problems (NBVPs) with sign-changing
weight. We apply the properties of characteristic determinant of the NBVPs to show that the spectrum consists of real and simple
eigenvalues; the number of positive eigenvalues is equal to the number of positive elements in the weight function, and the number
of negative eigenvalues is equal to the number of negative elements in the weight function. We also show that the eigenfunction
corresponding to the jth positive/negative eigenvalue changes its sign exactly j — 1 times.

1. Introduction

Letn > 2 be an integer, T = {1,2,...,n}. Let us consider the
discrete second-order linear Neumann eigenvalue problem

Alpt-DAu(t-1)]+Am(t)u(t) =0,

¢))
teT,
u(0) =u(l), umn)=un+1), (2)
where T = {1,2,...,n}, p : {0,1,...,n} — [0,00) and m :

T — R satsifies

(A0) p(j) >0,je{l,...,n—1}, p(0) = p(n) = 0;

(A1) m(t) #+0 on T and m changes its sign on T, that is,
there exists a proper subset T, ¢ T, such that
m(t) >0, tel;

m(t) <0, teT\T, (3

Let n™ be the number of elements in T, and let n~ be the
number of elements in T \ T,. Then

n+n =n (4)

When the weight function m(t) is of one sign, Atkinson
[1] and Jirari [2] studied the eigenvalue of the second-order
problem

Alp(t-1)Ay(t—-1]-q@®) y () +Am(t) y (t) =0,

teT,
(5)

y(0)—ay(1) =yn+1)-Byn) =0, (6)

and obtained that (5), (6) have n real eigenvalues, which can
be orderedas A; < A, <--- < A,.Hereq(t) > 0and o, 8 €
[0,1] is constant. It can be seen that if we take gq(t) = 0, @ =
B =1, then (5), (6) will convert to (1), (2).

However, these two results do not give any information
on the sign-changing of the eigenfunction of (5), (6).

In 1991, Kelley and Peterson [3] considered the linear
eigenvalue problems (5), (6) with « = § = 0, where p(t) > 0
on {0, 1,...n}, q(t) is defined and real valued on T and m(t) >
0 on T. They obtained that (5), (6) have exactly n real and
simple eigenvalues Ay, k € T which satisfies

Ay <A, <o <A, ()

and the eigenfunction corresponding to A, changes its sign
exactly k — 1 times.



Furthermore, when m(t) = 1, Agarwal et al. [4] general-
ized the above results to the dynamic equations with Sturm-
Liouville boundary condition. Moreover, under the assump-
tion that the weight functions are of one sign, for further
important results in linear Hamiltonian difference systems,
including the oscillation properties of solutions, one can see
Shi and Chen [5], Bohner [6], and the references therein. The
spectrum results for the continuous case have been studied
and used to deal with several nonlinear problems; see, for
example, [7-13] and the references therein.

However, there are few results on the spectrum of discrete
second-order linear eigenvalue problems when m(t) changes
its sign on T. In 2007, Ji and Yang [14, 15] studied the structure
of the eigenvalues of (5), (6) with m(t) changing its sign, and
they obtained the number of positive eigenvalues equal to
the number of positive elements in the weight function, and
the number of negative eigenvalues equals to the number of
negative elements in the weight function. It is worth remaking
that they provided no information on the distribution of
these eigenvalues of (1), (2) and no information on the sign-
changing of the corresponding eigenfunctions.

Naturally, there are two interesting questions: (a) how to
distribute of the eigenvalues of (1), (2) and (b) how the sign-
changing of the corresponding eigenfunctions occur.

It is the purpose of this paper to establish the structure of
eigenvalues and the oscillatory properties of the correspond-
ing eigenfunctions of (1), (2).

The main result of our paper is the following theorem.

Theorem 1. Suppose that (A0), (Al) hold. Then one has the
following.

() If Y1, m(t) > 0, then (1), (2) have n real and simple
eigenvalues, which can be ordered as follows:

A <A, <n<A <A <0=A] <Ay < <AL

(8)

Moreover, for k € {1,...,n"}, the eigenfunction vy,
corresponding to the eigenvalue A, has exactly k — 1
simple generalized zeros; for k € {1,...,n"}, the eigen-
function y; corresponding to the eigenvalue A} has
exactly k — 1 simple generalized zeros.

p(1) -p(1) 0
-p(1) p()+p(2) -p(2)
' 0 -p(2) pR)+p@3) -
0 0 0
0 0 0
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(ii) IfZ:':l m(t) < 0, then (1), (2) have n real and simple
eigenvalues, which can be ordered as follows:

A <A, < <A <A =0< A <Ay << Al

nte

€)

Moreover, for k € {1,...,n"}, the eigenfunction v,
corresponding to the eigenvalue A, has exactly k —
1 simple generalized zeros; for k € {1,...,n"}, the
eigenfunction y;. corresponding to the eigenvalue )
has exactly k — 1 simple generalized zeros.

(i) If Y, m(t) = 0, then A = 0 is an eigenvalue of (1), (2)
and other n — 2 eigenvalues are real and simple, which
can be ordered as follows:

(10)

Moreover, for k € {2,...,n"}, the eigenfunction v,
corresponding to the eigenvalue A, has exactly k — 1
simple generalized zeros; for k € {2,...,n"}, the eigen-
function ;. corresponding to the eigenvalue A; has
exactly k — 1 simple generalized zeros.

Ao <A < <A <A =0=A] <A) < <AL

n

Remark 2. Tt is worth remarking that the number of sign
changing of eigenfunction is given in Theorem 1. Thus, this
result is a generalization of the main results in [15].

Remark 3. Applying Theorem 1 and the well-known Rabi-
nowitz global bifurcation theorem, it is easy to obtain exis-
tence results of sign-changing solutions for the nonlinear
analogue of (1)-(2); see Ma and Gao [12, 16] for some related
results.

The rest of the paper is devoted to proving Theorem 1. To
do this, we make use of the law of inertia for quadratic forms
and some techniques form oscillation matrices [17].

2. Proof of the Main Result

Letc(t) = p(t = 1) + p(t) fort = 2,...,n—1,c(1) = p(1),
c(n) = p(n—1). Then (1), (2) can be written as a linear pencil
problem as follows:

Ju = ADu, (11)
where
0 0 0
0 0 0
0 0 0

e mp(m=2) p(n=2)+pn-1) —p(n-1)

0 -p(n-1) p(n-1)
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m; 0
0 m,
p=| &
0 0
0 0

Let J; denote the jth principal submatrix of ] and D; the jth
principal submatrix of D. It is easy to verify that J; is positive
definite fori = 1,...,n — 1, ] is positive semidefinite and

det ] = 0. 13)

In fact, for any real vector X = (x;,X,...,%,_;) € R",

it follows that
n-2 5
xJ, X = Zp (8) (g — %)+ pn—1)x>, 20.  (14)
s=1

From (A0), p(s) > 0,s € {1,2,...,n—1}. Ifx]n_le = 0, then
X;=x;, for1 <i<m-1landx, ; =0,leading to x = 0. So,
J,.—1 is positive definite. By the same method, with obvious
changes, we can conclude that J; is also positive definite for
j=L2,...,n-2.

For any real vectory = (y;, ¥5,...,%,) € R", we have
yiy' = Z?;ll ()(¥sr1 — ¥5)* = 0. Thus, J is positive semi-
definite.

For j = 1,2,...,n, let Q;(A) denote the jth principal
subdeterminant of ] — AD and suppose that Qj(A) = 1; then
Q,(A) = det(J — AD), and

QW) =1
Q (N) = c(1) - Am (1);
QM) =(c(f)=Am(j)QiL M) - p* (- 1)Qjs (M),
j=23...,n-1

Q, () = (c(m) -~ Am (M) Q,.; M) - p* (n-1)Q,, V),
(15)
where c(j) = p(j - 1)+ p(j), j=2,...,n—1,¢(0) = p(1) and
c(n) = p(n—-1).

As we know, to find the eigenvalues of (1), (2) is equivalent
to find the roots of Q,,(A). Thus, it is necessary to discuss some
properties of the sequence (15).

For j e {1,...,n}, let j+ be the number of the elements in
{m(i) | m@i) > 0 for somi € {1,..., j}}, and j~ the number of
the elements in {m(i) | m(i) < 0 for somei € {1,..., j}}.

Lemma 4. For j € {1,...,n}, one has

lim (-1 Q; () = +co,
R (16)
Alim (-1 Q; () = +o0.

3
0 0
m, ; O
0 m,
(12)

Proof. For j € {l,...,n}, it is evident that Qj(/\) is a
polynomial of degree precisely j, and

QW =mO)--m() Y +o(V"). a7
O

Lemma 5. The roots of Qj()t) are real, j = 1,2,...,n
Moreover, Qj(A) =0(j=1,2,...,n—1) has j* positive roots
and j~ negative roots.

Proof. Since J; is positive definite matrix for j = 1,2,...,n-1
and ] is positive semidefinite matrix, it follows that the roots
onj(/\) arereal, j=1,2,...,n.

For the J;, j = 1,2,...,n — 1, there exists a unique lower
triangular real matrix L such that

L' =7,

, (18)

(this is the well-known Cholesky decomposition; see [18,
Corollary 72.9]). It is easy to check that the matrix
L’le(LT)*1 is real and symmetric, and A is a root OfQj()L) if
and only if 1/A is an eigenvalue of L_IDJ-(LT)_I.

The fact that L™ D j(LT)f1 is real and symmetric indicates
that there exists an orthogonal matrix Q such that

QL'D(17) Q= diag(ay,....a;), (1)

7

where a; > a, > -+ > a; are all eigenvalues ofole(LT)fl.

Let x = (LT)'Qz. It is seen from (19) that
! 2 ! 2
Zaizi = Zm (i) x; (20)
i=1 i=1

are two representations of the real quadratic form x” D ;x. In
view of the law of inertia for quadratic forms [19, Theorem 1,
p. 297], we immediately deduce that the number of positive
and the number of negative elements in the set {a,, .. ., aj} are

j"and j, respectively. O

Lemma 6. Two consecutive polynomials Qj,l()t), Qj()t) have
no common zeros for j = 1,...,n.

Proof. Suppose on the contrary that there exists A = A,
such that Qj_l(/\o) = Qj(/\()) = 0. Then by the recurrence
relation (15), we get Q;_,(A,) = 0. Furthermore, we can get
Qj,3()to) = - = Q(Ay) = Qy(Ay) = 0. However, this
contradicts Qy(A,) = 1. O



Lemma 7. Suppose that A = Aq is a root of Q;(A). Then
Q;1(A)Qj1(Ag) <0 forj=1,...,n—1.

Proof. Since Q;(Ag) = 0, by the Lemma6, we have
Q;-1(Ag) #0. By the recurrence relation (15), Q;;;(Ao) =

—pz(j)Qj_l(/\o), which implies that Qj+1()L0)Qj_1()L0) =

Lemma 8. Assume that (A0), (Al) hold. Then

1) QL(0) = —p(1) -+~ p(n—1) ¥, m(s);

Abstract and Applied Analysis

() IF Y™ m(s) = 0, then Q! (0) < 0.

- pz(i)Qﬁ_l(/\O) < 0. This completes the assertion. O Proof. (1) From (11), we have
, _ d|Ju~ ADul|
QW) = —a
—m(1) 0 0 0
-p(1) pD+p2)-Am(Q2) --- 0 0
0 ~p(2) 0 0
0 0 e pm=2)+pn-1)-Amn-1) -p(n-1)
0 0 ~Pn1 Pn _Amn
p()=Am(1) —p(1) - 0 0
0 —m(2) - 0 0
(21)
0 -p(@2) - 0 0
+ : : .
0 0 e pm=-2)+pm-1)—-Am(n-1) -p(n-1)
0 0 -p(n-1) p(n—1)—Am(n)
p(1)—Am(1) --- 0 0
-p(1) 0 0
0 0 0
+...+
0 P-4 p-1) = Am(n—1) —p(n-1)
0 0 -m (n)
So, by simple computation, it follows that Let
' d|Ju— ADu|
noz— A, = "-)“."_ j 14y e BT
Q, (0) A =AU doree s jua) i €41,2,0n = 1) o)
=-m1)p(1) pQ)---pn—1) with jj < jo <0 < juis < jua} -
-mQ2)p(1)p(2)---pn-1) (22)

__m(n)p(l)p(z)p(n_l)

=—p()pQ2)---pn-1) Y m(s).
s=1

(2) If Y m(s) = 0, then Q,(0) = Q/,(0) = 0. Moreover,
let j;,..., j,_, ben—2 elements in {1,2,...,n — 1} with

J1<j2 < < jnes < Jpa (23)

Let us arrange the elements of A, in the increasing order,

1,2,...,n-3,n-2),(1,2,...,n=-3,n-1),...,
(25)
(2,3,...,n=2,n—1).

It is easy to check that the number of the elementson A, is n—
1. We denote the kth elements in (25) by B,k = 1,2,...,n—-1.

For given B = (ji» j»--+» jus), definea = P; P, ---P; .
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By computing and simplifying, we get that

QW
=Y m@Om(HW,p (ni=Lit+ .. j-1,j+1,...)
i,j=1
Lj

=—2a1[m(1)+m(2)+---+m(n—1)]2
—2a,m)+m@)+--+mmn-2)" -

- 2a, ,[m(1) + m(2)]* - 2a,_ ;m(1)’

n—1 n—k 2
= —ZZak< Zm (s)) ,
k=1 =1
(26)
andhere W, ,(...,i—1,i+1,...,j—1,j+1,...) denote the
principal minor determinant of order n—2 of J —AD, which is
obtained by deleting the elements of i column and i row and

deleting the elements of j column and j row. Thus, from (A0)
and Y m(s) = 0, it follows that

Q) (0) < 0. (27)
O

Lemma 9. For j = 1,...,n — 1, the roots onj()L) = 0 are
simple. Moreover, one has the following.

(i) The largest negative root A, and the smallest positive

root AL of Q;(A) = 0 and the largest negative root
Ai1,1 and the smallest positive root )L;H)l of Qi () =

0 satisfy
(A A50) > (AapAfn)s G=2..m (28)

(ii) For j = 1,...,n—1, the positive roots onj()\) = 0and
Qj,1(A) = 0 separate one another; the negative roots of
Qj(/\) =0 and QjH(/\) = 0 separate one another.

(i) If Y, m(s) #0, then the roots of Q,()) = 0 are simple
and 0 is a simple root; if Y, m(s) = 0, then 0 is a
double roots of Q,(A) = 0 and the other root are simple.

Proof. First, we deal with the case j = 1.
Obviously, Q;(A) = ¢(1) — Am(1). If m(1) > 0, then

ji=L j'=1, j =0,
L (29)
Mm@

Ifm(1) < 0, then
j:l’ ]+:O, J_zl)
(30)

1= c) < 0.
o om(1)

Recall Q,(A) = (c(2) — Am(2))(c(1) — Am(1)) — pz(l). If
m(1) > 0, m(2) > 0, then
=2

ji=2, i =0, (31)

and Q,(A) = 0 has two different roots A3 | and 13, as follows:

AL = <c(1)m(2) re@)m()

eWm@ -c@m) +4p* Wm1)mE)
x(2m(1)m@2)™" >0,

/\;,2 = <c(1)m(2) +c(2)m(1)

e m@)-c@QmO) +4p* WmHm)

x2m(D)m@2)" > o0.

(32)
It is easy to see that 0 < A7, < A7, <AJ,.
If m(1) < 0, m(2) > 0, then
i=2 j=1 j =1 (33)

and Q,(A) = 0 has two different roots /Vzr’l and A}, as follows:

AL = <c(1)m(2) re@m)

~eWm@) - c@QmO) +4p* Wm()m)
x2m1)m@2) " >o,

A, = <c(1)m(2) fe@)m)

HWm@ -c@m) +4p* Wm1)m )

x2m(1)ym2))" <o.

(34)
It is easy to see that A} | < A;, <0 < Aj,.
If m(1) > 0, m(2) < 0, then
ji=2 j'=1 j =1 (35)

and Q,(A) = 0 has two different roots A3 | and A5, as follows:

AL, = <c(1)m(2) re@)m()

eWm@ -c@m) +4p* Mm1)mE)
x 2m(1)m(2))™" >0,

X5, = <c(1)m(2) re@)m)

HcWm@ -c@m)? +4p* Wm1)mE)

x 2m(1)m(2))" <o.
(36)

It is easy to see that A}, < A;, <0 < Aj,.



If m(1) < 0, m(2) < 0, then
ji=2 j'=0, j =2 (37)

and Q,(A) = 0 has two different roots A; | and A, , as follows:

A, = <c(1)m(2) re@)m()

+\/(c(1)m(2) —c(2)m(1))* +4p? (l)m(l)m(z))
x(2m()m@2)"' <o,

A5, = <c(1)m(2) re@)m()

~eWm@ -c@m) +4p> Mm1)m @)

x(2m(1)m(2))™" <o0.
(38)

Itis easy to see that A, , < A}, < A3, < 0. Thus, the assertion
is true for j = 1.

Second, suppose that for j = k (k < n — 3), and the
relations of Q,(A) = 0 and Qi ;(A) = 0 are true, that is, the
following two assertions hold.

Ifm(k+1)>0,then(k+1)" =k*+1,(k+1)” =k and
accordingly,

Mg < Mg <o <Ay <Ay <0, (39)

+
k+1,(k+1)""

(40)

+ + + +
0 <Ay <Apy <o <A <Appe <A

Ifm(k+1)<0,then(k+1)" =k*,(k+1)" =k +1and
accordingly,

Mesr+1 < Ak < Agrpe <0 <Ay <Ay <0, ()
41

+ + + +
0< /\k+1,1 < /\k)l <hee < /\k+1,k+ < /\k)k+.

Now, we consider the case j = k + 1. It is enough to verify
the following four cases.

Casel.m(k+1) > 0and m(k +2) > 0.
In this case, (k +2)" = k" + 2, (k+2)” = k~, we need to
prove that

Mesige < Msap < <Agrg < Aggan <0 (42)

+ + + + +
0< Ak+2,1 < Ak+1,1 << Ak+2,k*+1 < Ak+1,k*+1 < )‘k+2,k++2'
(43)

Case 2.m(k +1) > 0and m(k + 2) < 0.

In this case, (k+2)" = k™ + 1, (k+2)” =k~ + 1, we need
to prove that

/\k+2,k’+1 < /\k+1,k’ < Ak+2,k’ << Ak+1,1 < Ak+2,1 <0,

+ + + +
0< Ak+2,1 < Ak+1,1 << Ak+2,k*+1 < Ak+1,k*+1'
(44)
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Case3. m(k+1) < 0and m(k +2) < 0.

In this case, (k + 2)" = k%, (k +2)” = k” + 2, we need to
prove that

Meszges2 < M1 < Aazpest <o <Agpnn <Agazn <05

+ + + +
0 <Apinn <Ak <o < Ao < Agprpe

(45)

Case4.m(k +1) < 0and m(k +2) > 0.

In this case, (k+2)" = k™ +1,(k+2)” =k~ + 1, we need
to prove that

Ak+2,k*+1 < ’\k+1,k* < ’\k+2,k* << /\k+1,1 < /\k+2,1 <0,

+ + + + +
0< Ak+2,1 < Ak+1,1 << )‘k+2,k* < Ak+1,k* < )‘k+2,k*+1'

(46)

We only deal with Case 1. The other cases could be dealt
via the same method.

First, we show that (42) holds.

Since (k +2)” = (k+ 1) = k7, it follows from Lemma 4
that

(-1)" Q¢ (-00) >0,
§ . (47)
D™ Qe (-00) = (1) Qgyy (-00) > 0.
We only deal with the case that k™ is even. The case k™ is

odd could be treated by the same way.
Thus (47) reduces to

Qk (—OO) > O,
Qk+1 (—OO) > 0.

(48)

Recall (39) as follows:

Mk < Ak <A1 < Ao <ot <Ay <Ay, <0

(49)

and the fact that
Qps1 (A;H,k’) = Qi (/\;H,k’—l) == Qg (/\;+1,1) =0.
(50)

It follows from (47), (48), and (49) that
(—1)ij (A;H,k’—j) <0,

Combining this with (50) and using Lemma 7, it concludes
that

j=0,....,k -1 (51)

(1Y Qs (Mg ;) >0 j=0,k =1 (52)

In particular,
Qk+2 (A;+1,1) <0. (53)

By Lemma 5, Q,,(A) = 0 has exactly k™ zeros in (-00,0).
This together with (52), (53), and the fact that

Qi (0) >0, Qg1 (0) > 0, Qri2(0) >0 (54)
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implies that there exist /\;Jrz’k:j € (/\;H’k:j, /\;H)k:jfl), j=
0,....,k —2,and /\;Jrz)l € (/\;H)l, 0), such that

Quir(Merap—j) =0 j=0,.,k =1 (55)

Therefore, (42) is valid.
Next, we show that (43) is true.
Obviously, m(k + 1) > 0, m(k + 2) > 0 yields

k+2)"=(k+D)"+1=k"+2. (56)

In the following, we only deal with the case that k" is even.
The case k™ is odd could be treated by the same way.

From Lemma 4, we have that

Qy (+00) > 0, Qg1 (+00) <0, Qpyp (+00) > 0.
(57)
Combining this with (40) as
0< AZ+1,1 < Ai,l < /\k+1k* <A Kkt < Ak+1 (k+1)*>
(58)

and using the fact that

Q( Z+1,(k+1)+—j) =0, j=0,...,

it concludes that

(k+1)*" -1, (59)

(_l)ij (AZ+1,(k+1)*—j) >0, j=0,...,(k+1)" -1
(60)
This together with Lemma 7 implies that
D' Quz (Vi) <0 G =0ees (k1) -
(61)
In particular, for j = 0
Qi (M et 1,(k+1)" .)<o. (62)

This together with the third inequality in (57) implies that

Qg2 (Ak+2,(k+1)*+1) =0 (63)

for some gy i1yt 41 € (A} y#>00).

k+1,(k+1)
Using (61) with j = (k+1)" - 1, we get

Qxs2 (AZH,I) <0, (64)
which together with the fact
Qper2 (0) >0 (65)
implies that
Qpsz ()LZ+2,1) =0 (66)

+ +
for some Ay, € (0, A, ).

., (k+1)" =1, there exist A" j €

Now, for j = 1,. ka2, (k42)" -
), such that

"
Ak+1 (k+1)*—j+1

(AT

k+1,(k+1)*" =5

Quez (Mosaesny ) =0 =0k 1" (67)

Therefore, (43) is valid.

Finally, for j = n, the relation Q,(1) = 0and Q,_,(A) =
are also true. From above conclusions, we have Q,_;(A) =
0 has (n — 1)” negative roots and (n — 1)* positive roots
satisfying

An—l,(n—lf < An—l,(n—l)’—l <eee < /\n—l,l

<Ar <At

n— 12 a n-1,(n-1)""

(68)
+
<0<,
If m(n) > 0, wehavethatn" = (n—-1D"+1,n =(n-1)".
By a similar argument and together with the fact Q,(0) = 0
and Lemma 8, it follows that

(i) if Y7y m(s) < 0, then
e

<A < <A <A,

n-Lin-1" < Mun 1
=0<A, <Ay << /\;wfl)+ <Ay s
(69)
(i) if Yo, m(s) > 0, then
Aoty <A <o <A <A, <0
= <A <A, < <A L)t < Apts
(70)
(iii) if Y, m(s) = 0, then
Aty <A <o <Ay <A
=0=A,, <A, <A, (71)
< <Ay < A
Ifm(n) < 0,wehave thatn® = (n-1)",n" = (n-1)"+1. By

a similar method and together with Q,(0) = 0 and Lemma 8,
we get that

(i) if Y, m(s) < 0, then

A - < /\; 1,(n-1)" < <A;—1,1 <)‘:L,1
(72)
+ + + +
=0<A,, <A, < <Ay +<)Ln1(n1)
(ii) if Y7_, m(s) > 0, then
A, _</\nl(n1) --<A;_L1<A;)1<O
= /\;,1 < A;—u < Az,z < F nr < A:z Ln-1)"3
(73)



8
(iii) if Yoy m(s) = 0, then
M <A pnory <o <A <Ay <A,
(74)
+ + + +
=0=A, <A1y < <A <A
Thus the proof is complete. O

Lemma 10. Let w(A) be the number of sign changes in the

sequence (15). Then fori € {1,...,n"},
lim wi)=i-1, lim w() =4,
A= () A=)’ 73)

where A — (a)” means that A — a in (—c0,a) and A — (a)*
means that A — a in (a, 00).

Proof. It is motivated by the proof of Strums Theorem; see
[20, Theorem 1.4.3] and its proof.

The idea of the proof is to follow the changes in w as A
passes through the interval [0, n]. In particular, we will show
that w is a monotonically increasing function and that each
root of Q, and only a root of Q, make w jump by 1.

If Qj(7\) = 0 for some j € {1,...,n — 1}, then for Qi1
Q;>Qj,; we have from Lemma7 that Q;_; and Q;,, have
opposite, but constant signs, since Q;_; and Qj,; cannot
be zero in a sufficiently small neighborhood U(A) and thus
cannot change sign. Hence, whatever the sign of Q ;isin U(X),
it does not change the overall sign change count (to see this,
note that Q;_; and Qj,, have opposite signs, and hence if the
sign sequence before is +——, it is after ++— and the number of
sign changes remains the same. The same for the other cases).
In other word, w(A) stays constant when A passing through a
root onj from some j € {1,...,n—1}.

It is easy to see from Lemma 9 that

sgn Q,, (A5,) = (1" ie{l,..,n"}.  (76)
Next, we show that each root of Q,, and only a root of Q,,
make w jump by 1.
In fact, fori = 1,Q,_,; (A;,l) > 0, which implies that there
exists a neighborhood U(A} ) of A, |, such that

Q1 (M) >0, AeU(AL). (77)
From the definition of A}, ,,
Q,(M)>0, Ae[0,AL)). (78)

The chain of signs switches from “-- + +” to “-- + =7 when
passing through A, |, so w increases by 1.
Fori =2,
+
Q.1 (An,z) <0,

QM) <0, re(Al ).

(79)

Abstract and Applied Analysis

The chain of signs switches from “-- — =" to “-- — +” when
passing through A, ,, so w increases by 1.
Repeating the above argument, we may deduce that

Iim w)=i-1, lim w(A) =i
A=) A=) (50
This completes the proof. O

Lemma 11. Ifu(-, A) satisfies (1), (2) with u(1,A) = 1, then
uk+LA)=p1)---pk)Qr V), k=1,...

,n—1.
(81)

Proof. Let
u=wO),u),u®),...,.um@),um@+1)" (82)
be a solution of (1), (2). Then
(c@)=-Am@)u(1)-p(1)u(2) =0,
—p(Mu@)+(c2)-Am2)u)-p)u(3)=0,

-pm-2)um-2)+(cn-1)-Amm-1)u(n-1)
—-pn-1un) =0,

-pn-Dum-1)+ (c(n) - Amn))u(n) = 0.
(83)

Clearly, (83) is equivalent to
—ple=Dulk=1)+ (ple=1)+ p (k) = Am () u (k)

-pKuk+1)=0, k=1,...,n
(84)
with ©(0) and u(n + 1) determined by (2).
Let
vo=u(0), vy=u(l), w=p)--pk-1u(k),
k=2,...n.
(85)
Then
V1=M(I,A)=1=QO()L), V2=Q1(A)>
Vier = (c (k) =Am () v = p* k=1 vy, (86)
k=23,...n—1.

Obviously, vy,; and Q. (A) satisfy the same recurrence for-
mula (15), and it follows that

Vi1 =Q(AN), k=1,...,n-1, (87)

and accordingly,
QM =pW)p2)---pulk+1L,A), k=1,...,n-1
(88)
O
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Proof of Theorem 1. From Lemmas 5 and 9, we can obtain the
following consequence.

(i) If Y7, m(t) > 0, then (1), (2) has n real and simple
eigenvalues, which can be ordered as follows:

Ay <A <--<A <A <0
(89)
=A] <Ay << AL

(ii) If 7., m(t) < 0, then (1), (2) has n real and simple
eigenvalues, which can be ordered as follows:

Ay <A <o <Ay <A
(90)
=0<A] <Ay << A

(iii) IfZ:‘zl m(t) = 0, then A = 0is an eigenvalue of (1), (2)
and other n -2 eigenvalues are real and simple, which
can be ordered as follows:

Ay <A <o <Ay <A

(1)
=0=A] <A; < <A

Now, we consider the numbers of sign changing of
eigenfunction. From Lemma 11, we may determine that the
number of sign changing of

{u©0),u(),...,un),un+1) (92)
via that of
{Ql (A;,i) s Quy (A:u)} (93)

since (2) implies that #(0)u(1) > 0 and u(n)u(n + 1) > 0.
Let @w(A) be the number of sign changes in the sequence

QW) =1
Q () =c(1) - Am(1);
Qi) =(c() = Am () QM) - p* (- 1) Qi (W),
j=23,...,n-1;
Qi (M) = (c(n—1) = Am(n—1))

X QM) = p*(n-2)Q, s ().
(94)

Using the same method to prove Lemma 10, with obvious
changes, we may obtain that fori € {2,...,(n - 1)},

lim @wQ)=i-1, lim @wQA)=i-1.
A—-Ar +0 A=A -0

n—1,i-1 n—1,

(95)
Thus, fori € {2,...,(n—1)"}, Lemma 9 yields

Ayri <Ay <A, (96)

7, n—1,i"

This together with (95) and the fact that @(A) is nondecreas-
ing in (0, co) implies

@(,\;)i):,j(%):i_l, (97)
and accordingly
w(A)=m(A,)=i-1. (98)

For the case i = 1, since Qj(O) >0forje{01,...,n—1},it
follows that

Al:r%+w (A1) =o. (99)

This together with the facts 0 < A} | < A;_, | and

n

lim @w@A)=0
A= (’\:—1,1)7 (100)
implies that
w(Ay,)=o(A},)=0. (101)

Ifn* = (n—1)%, then it has been done! If n* = (n—-1)" +1,
then by the same method, with obvious changes, we may get
w(A,)=m(A,,.)=n" -1 (102)

Finally, by using the above method, with obvious changes,
we may prove that the number of sign changes y, ;isi—1. [

Remark 12. If one extra term q(t) y(t) is present in (1), then
A = 0 is generally not an eigenvalue of

Alpt=1)Au(t-1D] -q@)ut) +Am ) u(t) =0,
teT,

u(0) =u(l), umn)y=um+1),

(103)

anymore. Recall the fact that A = 0 is essential in Lemma 8
and its proof. Therefore, the spectrum structure of the more
general problem (103) is still open.
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