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The aim of this paper is to extend the work of Sun et al. (2012) to a more general case for a wider range of function classes of f and
g. Our results include the case of the previous work, which are essential improvement of the work of Sun et al. (2012), especially.

1. Introduction

Fractional calculus can give a more vivid and accurate
description of problems in various fields of sciences than
the traditional calculus [1-3]. Recently many complicated
dynamic phenomena were modeled by fractional order cal-
culus system and have received more and more attention; see
[4-16].

In recent work [12], Sun et al. studied the existence and
uniqueness of solutions for a coupled system of multiterm
nonlinear fractional differential equations with an initial
value condition

-~ =f(ty®),2Py1),.... 27y @),

D 'x(0)=0, i=12,...,n,
@
-Dyt)=g(t,x(1),D"x(t),..., Dx (1)),
Dy (0)=0, j=1,2,...,m,
wheret € (0,1, 0 > B, > B, > -+ > By > 0,0 > p; >
P> >py>0n =[a]l+1,n =[c]+1fora,o ¢ N
andn; = a,ny, = ofora,o € N, B,p, < 1foranyq €
{1,2,..., N}, 9D is the standard Riemann-Liouville derivative,
and f,g : [0,1] x RN — R are given functions. In order
to obtain the existence and uniqueness of solutions of (1), the
following growth conditions are introduced in [12].

(H1) There exist two nonnegative functions a(t),b(t) €
L'[0, 1] such that

|f (8 %0, x5 ...

<a(t)+colxo|™ +cxy [+ + e xn ™,

’xN)|
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|G (t, x0> x5 ..., xp)|
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where ¢, d; >0,0<y,,0, <1fori=0,1,2,...,N.
(H2) The functions f and g satisfy
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,xn)| < d0|x0|9° + dllxllel Tt lexN|9N’
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where ¢;,d; >0,y,,0, > 1fori=0,1,2,...,N.

However, there are many functions which cannot satisfy
conditions (HI) and (H2); for example,

t 1
— +
6.08 25.26

g (t,xg,x;) = [x, +€"]. (4)

Hence the results of [12] are limited only to a small subset of
functions which satisfy (H1) and (H2). This paper thus aims to



extend the work of Sun et al. [12] to a more general case with
more general conditions on f and g. Our major contributions
of this paper include three aspects.

(1) We extend the function classes to more general case;
that is, the power growth assumptions (H1) and (H2)
are replaced by a very general assumption where
the functions ¢ (|xgl, |x;1,..., lxx]) and yw (Ix,l, 1%, ],
.. |xyl) are only required to be nondecreasing
function classes (see (Al)), which implies that the
function classes are extended to more general case
and also include the case of [12] as a special case. In
mathematics and applied science, this generalization
is important and interesting.

(2) In [12], the weight functions considered constants
> €15+ - -»Cy- But in physics, the influence of weight
functions for the whole system is important, so in
this work, we improve the weight functions to general
Lebesgue integral functions b(t),d(t) € L'[0,1],
which is also an essential improvement.

(3) In this paper, the nonlinearities f and g are allowed
to be exponential growth. However, in [12], the non-
linearities f and g are only allowed to be power
growth. It is known that in most cases exponential
growth is faster than power growth. From this aspect,
this is also a major contribution of this paper.

The remaining part of the paper is organized as follows.
In Section 2, some preliminary results including definitions,
notations, and lemmas are given. Section 3 presents the main
results and the proof of the results. In addition, an example is
given to illustrate the application of the main results.

2. Preliminaries and Lemmas
Definition 1 (see [1-3]). The fractional integral of order « > 0

of a function x : (a,+00) — R is given by

x (t) = ﬁ j (t = ) x (s) ds, )

provided that the right-hand side is pointwisely defined on
(a, +00).

Definition 2 (see [1-3]). The Riemann-Liouville fractional
derivative of order « > 0 of a function x: (a,+00) — R is

given by
<_>
I'(n—a)\dt

where n = [a] + 1, [«] denotes the integer part of the number
«,and t > a, provided that the right-hand side is defined on
(a, +00).

Dx(t) = jt (t-s)"x(s)ds, (6)

a

Lemma 3 (see [1]). Assume that x € L'[0, 1] with a fractional
derivative of order a > 0; then

I*Dx(t) =x () + ot + ot P4+t (7)

where¢; € Ryi=1,2,...,n,n=[a] + 1.
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Lemma 4 (see [12]). Supposethath € L'[0, 1]. Then the initial
value problem

Dx(t)=h(t), «a>0,teclab],

(8)
Dx@a)=b, k=12,...n
has a unique solution
i b; 1 (Y h(s)
=N gy | 2
x(® ].;F(a—j+1)(t %) +F(¢x)L TR
€

wheren = [a] + 1 for a« ¢ Nanda = n for « € N.

Let I = [0,1] and let C(I) be the space of all continuous
functions defined on I. We define the space

XxY={(xy)|(xy)eCDxC),
(2Px(t), 2Py (1) eCD) (10)
x C(I),j=12,...,N}

endowed with the norm [|(x, ¥)llyy = max{lxlx, Iyly},
where

N
x| x = max |x (£)| + Y max |D ix ()],
Il = max |x (£) ,-:zlref| o]

(11)
N
Iylly = max ly ()] + ];ntlgx |9’3fy(t)| .
Then X x Y is a Banach space with norm [|(x, )|l .y

By Lemma 4, system (1) is equivalent to the following
coupled system of integral equations:

x (t)

1 t o
= mjo (t-s) lf(s,y(s),gﬁly(s)"."gﬁzvy(s))ds,

y ()

= ') L(t $)7 g (s,x(s), D x(s),..., D™x(s))ds.
(12)

Define an operator T: X XY — X xY

T (x,y) (1)
= (Tyx (1), T,y (1))

< f (550, D y(s),.... DMy (s))ds,
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1 ! o-1
e Jy =9

><g(s,x(s),.@‘olx(s),...,.QZPNx(s))ds).

(13)

It is obvious that a fixed point of operator T is the solution of
coupled system (1).

3. Main Result

Theorem 5. Let f,g : [0,1] x R"*"' — R be continuous.

Assume that

(AI) there exist nonnegative functions a,b,c,d € L'[0, 1]
and nonnegative nondecreasing functions ¢,y with
respect to each variable x;,i = 0,1,2,..., N, such that

|f (£ x00 %15 .o xn)| < a @) + b @) (|x0] > |x1]5- - |[xn]) >
lg (8, xg, x15 .., xp)| < c (@) +d @Oy (|x0] > |x1]>- - [xn]) 5
(14)
(A2) there exists a constant R, > max{k,, 1} such that
R, -k
¢ (RpsRys ..., Ry) < %
Zl 15)
R. —
¥ (Ry,Rys...,Ry) < °l L,
2
where
k, = Lr(t— ) a(s)ld
| = max @ s a(s)|ds
N

+

—s) Ia(S)IdS>,

e h

_ 1 a-1
kz—ﬂtld< ()ja 97 b (5)]ds

Do p) b

_ ; _ o-1
L —ntlealx< © L (t—35)°"|c(s)|ds
N
+ S —
JZ{F(G

1_[; ) Lt (t-s)7 P IC(S)IdS>,

J

— )P b (s)] ds> ,

I'(0)
2( BJ)J

Then the coupled system (1) has a solution.

L =max<—j (t = 9° 1d ()] ds

—s)° P d (9)] ds> .

(16)

Proof. Define a closed ball of Banach space X x Y

B={(xy) e XxY: (6 )|y R} (1)

We will prove that T : B — B. In fact, for any (x, y) € B, by
(A1), we have

|T1x(t)|
=‘ 1

Bn
) D y(s))ds

J (t-s9)" f(s,y(s),@ﬁly(s),...,

1 a—1
F( )J (t—9)"" la(s)|ds

Ry, Ry,..., R
¢ (R, F(Z“) o)j (t— 9% b (s)|ds,
| PP T x (1)
=@ f (ty®), 2Py @),.... 2™y (1))
=[P f (Ly ), 2Py ),.... 2"y )
S
I (a-p)
><Jt(t—s)“_pf_lf(s,y(s),gﬁly(s),...,gﬂ‘\’y(s))ds
0
N S
T(a-py)

X J t (t=)*P " a(s)|ds
0

+ M’”)R‘))j (t =) P b (s)| ds.

r (oc - pj
(18)

Thus it follows from (18) and (A2) that

N
Tl = ntleaIx|T1x )]+ Zntlealx | 2P T x (1)
j=1 (19)

<k, + k¢ (Ry, Ry, ..., R)) < Ry

In the same way, we also have

N
1Tyl = max T,y (1) + ];n?gx |97,y (t)|

(20)

<l + Ly (Ry, Ry, ..., Ry) < R,.
Consequently, [T x[y < Ry and [T,yl, < R, and then
1Tl xxy < R, for any (x, y) € B; thatis, T: B — B.

By [12], we know that the operator T is completely
continuous. Therefore, the Schauder fixed point theorem
implies that coupled system (1) has a solution in B. The proof
is completed. O



From Theorem 5, we easily obtain the following corollar-
ies.
Corollary 6. Let f,g : [0,1] x RN*' — R be continuous.
Assume that

(Al) there exist nonnegative functions c,d € L'[0,1] and
nonnegative nondecreasing functions ¢, y with respect
to each variable x;, i =0,1,2,..., N, such that

|f (£ %00 %155 x0)| <@ b (o] 5 x|+ |xn]) >
(21)
lg (8, xg, x15. . x00)| < d @O v (x5 %155 [xn]) 5
(A2) there exists a positive constant R, such that
R
¢ (Rys Ry ..., Ry) < k—‘)
2
(22)
Ry
¥ (Ry,Rp»-.., Ry) < =2,

—

2

where

—

— g el
ky = rrtlealx<7 L t—9)""|b(s)|ds

~

N t
Z (oc o ) J S)a—pj—l b (s)] ds) s
Jj=1 J

tel (o) Jo

I, = max ( L f (t -7 |d (s)] s

3 t (t —s)° Pt |d(s)|ds>.
2( /3,)J

(23)

Then the coupled system (1) has a solution.

RNH

Corollary 7. Let f,g : — R be continuous.

Assume that

[0,1] x

(A™1) there exist nonnegative functions a,c € L'[0, 1] such
that

,xy)| <a(t),

|f (£ x5 ..

lg (t, xg, x5 ...

(24)
x| <c().

Then the coupled system (1) has a solution.
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Proof. In fact, let us choose R, = max {k;,;}, where

Ky = max (r(l )j (t -5 a(s)lds

Li(a-p)

Jt (t-s) P a(s)|ds

o= PJ)
(25)
1 o-1
I, = rrtleaIx<T J (t—9)"""|c(s)|ds
N t
DX [ =9t enas ),
FI(o ﬁ;)
and construct a closed ball of Banach space X x Y
={(x,y) € X XY : (% ¥)| xuy < Ro}- (26)
The rest of proof is similar to Theorem 5. O

Remark 8. The condition (Al) is weaker than (H1) and (H2).
Clearly, ¢ (Ixgl Ix15-. .5 lxnl) and v (Ixls x4, .. o5 [xn])
include ¢lxp|"™ + ¢lx;|" + -+ + eylxyl™ and d0|x0|9°+
dylx, % 4+ dylxn]®, 6,7, # 1 as special cases. Moreover
(Al) also includes the case 6; = 1 or/and y; = 1, but (H1) and
(H2) do not be allowed.

Remark 9. In Corollary 7, for the special case a,c € C[0, 1],
clearly f, g : [0, 1]xRN*" — R are continuous and bounded.
This leads to the Corollary 3.1 of [12]. Therefore, Corollary 3.1
of [12] is only a special case of Corollary 7.

In the following, we focus on the uniqueness of the solu-
tion of the system (1).
Theorem 10. Let f,g : [0,1] x RN*' — R be continuous.
Assume that

(BI) there exist nonnegative functions a,c € L'[0,1] and
nonnegative nondecreasing functions ¢,y with respect
to each variable x;, i =0,1,2,..., N, such that

|f (tsugsys . sing) = f (£ Vg5 vis s V)|

<a )¢ (jug—vol [y = vi|s- oo lun —vl),
(27)
lg (tuguys .. un) = g (8o vis - V)|
Sb(t)l//(|u0—v0|,|u1 _Vll""’luN_VNl);
(B2) forany s > 0,
b (s,s,...,8) <5, Y (ss,...,s) <s, (28)

and max {kz,lf} < 1, where
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k, = max (F(l )J (t—s)*'a(s)ds

N t
Ve b “‘”“_”_l”“)ds>’
Jj=1 J

t
I, = max(— J (t—s)"""c(s)ds

(29)

—

tel (0) Jo

St o)
—9)7 File(s)ds |.
Ar(o @)

Then coupled system (1) has a unique solution.

Proof. We prove that the operator T : X XY — X xY is
contraction. To do this, let (x;, ¥,), (x5, ¥,) € X xY; we have

lTlx2 t) - Tyx, (t)|

1 a—1
‘F((x)J' =)

xf(s,yz(s),g'g‘yz(s),...,

1 ‘ a1
‘@L (=)

<f (5.1 (5), D"y, (5),...

gﬁNyz (s))ds

9’3’”)11 (5)) ds

1 ! a—1
e Jy 0
%6 (|92 (-3 O], [2P 25 - DP 3 ()],
|9ﬁN)’2 (s) - gﬁNyl (S)|) ds
1 ! a—1
e Jy 0
¢("y2 -l Hgﬁlyz - 9ﬁl)’l" TEEN
|2, - 2" 5]) as
1 ! a—1
@
x¢ (132 = 2l 2 = 21llys - 192 = mlly) ds
1 ! a—1
< i |, €9 a@ sl

|DPIT,x, (1) - DOIT, x, (t)]

= 'Ia_pj (f (t’ Y2 (8)s 9[;1)’2 t)s.es gﬁNyz (f))
~fEn®©,2P9,0),... 97y, ®)),
<L
I(a-p)

t
X j (t—s)* P!
0

<|f (3,0, D%y, (t),..., 2"y, (1))
—f (1 ), D"y, (1),..., 2Py, (V)] ds

L

I(a-p)

! _ (x—pj—l
X L (=) a(s)

<

X‘/’(”J’z —}’1",“951)/2 —Qﬁ‘ylu,...,
|27y, - 2™ 1) ds

I(a-p)

Lo

<

=9 as)

X ¢ (”J’z - "Y) “)’2 -N ”y’ s "}’2 - J’l”y) ds
1 f p
<s—— | ¢=9" T a)ds|y, - n|y-
e ASRIEECL P
(30)
Thus it follows from (30) and (B2) that
||T1x2 -Tyx ||x
= max |T1x2 t) - T,x, (t)|
tel
N
p; _
+ ertlealx |DPi (T, () - Tyx; (1))
<L Jt (t—s)*"a(s)ds
"\ T(a) Jo
N
! —j (t=9""a(s)ds |- nl
Li(ap) b )i,
<kifly, = »lly-
(31)



Similarly, we can get

lTl)’z ) -Tyn (t)l

1 o-
_J (t =) c(s)dslx, = x|

I'(o0)
1251y, (1) - DP1T, 3, 1)
1 ! o-B;-1
< — - i d - ,
< F(cf—ﬂj) L (t-ys) c(s) s”x2 x1||X
||T1)’2 - T1y1||Y

= max Ty, (6) = Ty, ()

N
+ Y max |97 (T, (1) =Ty ()]
j=1

1 ! o-1
< <% L (t—-95)""c(s)ds

3 Jt g > ” "
E —5)7 Pl (s)ds Xy = X1 ||y
j=1 ( BJ)

< ll||x2 - x1||X.

(32)
Hence, for the Euclidean distance d on R, we get
d (T (%2, 3),T (x1>J’1))
= \/"Tle - T1x1||§( + "Tl)/z -Tin "i
< VRl - xl + Blys -T2 )

< \/max k2, 12}\/"362 X1||X+ |y, - Tl”Y

= ymax {ki, }}d (x5, 1) » (%1, 7)) -
Thus T is a contraction since \/max{k?, 12} < 1.

By Banach contraction principle, T has a unique fixed
point, which is a solution of the coupled system (1). The proof
is completed. O

An Example. Consider the existence of solutions for the
following coupled system of multiterm nonlinear fractional
differential equations:

1 @)
t t 4
() = 6.08 2526[y() ]
D> x(0)=0, i=12,...,4,
10000 _ 0.5
Y=o [t 12,02 (1) + (2" x (1)) ]
2**7y0)=0, j=1,2,...,5,

(34)
where t € (0, 1].
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Let

—— [x, +€™],

f(t xO’xl) 0
6.08 25.26 (35)

1/2 0.2 2 05

g(txgx) =t "xy” +t7x,7,

and choose
t 1

> b (t) =
6.08 25.26

c(t)=0

10000 [t,l/z + tz]
5501 ’

a(t) =

¢ (x0, %)) = X0+ €™,
(36)

d(t) =

v (%0, %)) = xo +x(1)5'

Then
f(txg.x;) <a(®) +b )¢ (x0.%,)>
g(t,xg,x;) <c(t)+d )y (xgx1);

(37)

consequently, (Al) holds.
In the following, we check the condition (Al). Since

t )25 t 2
k, = max L J (-9 Sds + ! J (t-9 S ds
r'(3.5) )0 6.08 ra)Jo 6.08

=0.01,
1 t t— 2.5 1 t t— 2
k, = max J (£=5) ds + J (=) ds
r(3.5) Jo 2526 T(3) Jo 2526
=0.01,
I, =0,
~ 10000
> 5501

ax (L Jt (t—s)*? (5_1/2 + 52) ds
r@42) Jo
1 ! _
+ m J;) (t —5)2'4 (S 12 + 52)d3> = 1,

(38)
take R, = 5; we have
¢ (Ry,Ry) = Ry +e™0 =5+¢°
R,-k, 5-0.01
=15344 < =0 1 = = 499,
k, 0.01
39
02 05 _ 02 0.5 (39)
V(RpRy) =R,"+Ry”=5"+5

Ry-1
=3.6158 < *—1 =5,
L
which implies that (A2) is satisfied. Hence, by Theorem 5, the
coupled system of fractional differential equation (34) has a
solution.
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Remark 11. In the coupled system of fractional differential
equation (34), the nonlinear function f involves exponential
growth, but the results of [12] are only allowed to be power
growth; that is, (34) cannot be solved by using the results of
[12]. So the results obtained in this paper give a significant
improvement of the previous work in [12].
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