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This paper is concerned with the existence of solutions for the discrete second-order boundary
value problem A2u(t — 1) + Mu(t) + g(Au(®)) = f(t), t € {1,2,...,T}, u(0) = u(T +1) = 0, where

T > lisaninteger, f: {1,...,T} — R, g: R — Risbounded and continuous, and ., is the first
eigenvalue of the eigenvalue problem Au(t — 1) + Au(t) =0,t € T, u(0) = u(T +1) = 0.

1. Introduction

Letg:R — Randp: [0,5r] — R be continuous. The nonlinear two-point boundary value
problem of ordinary differential equation

u'(t)y+ult)+g) =pt), te(0,x),
u(0) = u(xr) =0,

(1.1)

is very important in applications. Let us mention the problems arising in viscosity, nonlinear
oscillations, electric circuits, and so forth. The term g(u') may be regarded as a nonlinear
damping term in resonance problems and its appears, for example, in Rayleigh’s equation
(which is closely connected with a theory of oscillation of violin string), in oscillations of a
simple pendulum under the action of viscous damping, in dry (Coulomb) friction (which
occurs when the surfaces of two solids are contact and relative motion without lubrication),
and in some cases of van der Pol oscillator, see [1-4] and the references therein.
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Since the pioneer work of Landesman and Lazer [5], the problems of the type

u"(t) +u(t) + g(u) = f(t), te(,x),
u(0) = u(xr) =0,

(1.2)

(where g is independent of u') have been extensively studied in the past forty years, see
Iannacci and Nkashama [6] and the references therein.

It has been remarked (see [7, 8]) that conditions of the Landesmen-Lazer type are not
appropriated to yield the existence of solutions to (1.1). Thus, it is usually much more difficult
to deal with (1.1) than to deal with (1.2), see Kannan et al. [7], Cafiada and Drabek [8], Habets
and Sanchez [9], Drébek et al. [10], and Del Toro and Roca [11].

In [8], Cafiada and Drabek used the well-known Lyapunov-Schmidt method and the
Schauder fixed point theorem to find a necessary and sufficient condition for the existence of
solutions of (1.1). To wit, they proved

Theorem A (See [8, Theorem 3.1]). Let p : [0,or] — R be continuous and let

p(t) = s\/gsint +pt), seR, J‘” p(t)sintdt = 0. (1.3)

0

Let g : R — R be continuous and bounded with g(-o0) = g(+o0) and g(¢&) < g(+o0) for¢ € R,
where

g(-o0) = lim g(s), g(+oo) := lim g(s). (1.4)

Then for any p € C[0,or] with fgr p(t)sintdt = 0, there exists a real number g5 <
21/2/mg(+o0) such that (1.1) has at least one solution u € C?[0, o] if and only if

s € [g,;, 2\/§g(+oo)>. (1.5)

It is the purpose of this paper to establish the similar results for the discrete analogue of (1.1)
of the form

Au(t—1) + Mu(t) + g(Aut)) = f(t), teT,
1.6
u(0) =u(T+1) =0, (10

where T > 1is an integer, T := {1,..., T}, g: R — Risbounded and continuous, f : T — R,
A is the first eigenvalue of the linear eigenvalue problem

A’u(t-1)+Au(t) =0, teT,
(1.7)
u(0) =u(T+1) =0.
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Finally, it is worth remarking that the existence of solutions for nonlinear problem

APu(t—1) + Mu(t) + g(u(t)) = f(t), teT,
1.8
u(0) =u(T+1) =0, (9

which is a discrete analogue of (1.2), has been studied by Rodriguez [12] and Ma [13]. For
other recent results on the existence of solutions of discrete problems, see [14-21] and the
reference therein.

The rest of this paper is arranged as follows. In Section 2, we give some preliminaries
and develop the methods of lower and upper solutions for the more generalized problems,
that is, the case of the nonlinearity g = g(t, u, Au); in Section 3, we state our main result and
provide the proof.

2. Preliminaries

Recall that T = {1,2,...,T}. Let T = {0,1,...,T+1}. Let X ;= {u |u:T — R}, Y == {u | u:
T — R} be equipped with the norm

lull = maxfu()l,—lully = maxju(k)l, (2.1)

respectively. It is easy to see that (X, || - ||x) and (Y, || - ||y) are Banach spaces.
Assume that go : T x R? — Ris a continuous function, bounded by a constant M > 0:

|go(t:n,8)| <M (2.2)
for t € T and (7,¢) € R?. Consider the following problem:

A%u(t - 1) + Du(t) + go(t,u(t), Au(t)) = f(t), teT, (2.3)

u(0) =u(T +1) =0. (2.4)
Definition 2.1. If x € X satisfies

A%x(t—1) + Mx(t) > f(t) — go(t, x(t), Ax(t)), teT,

(2.5)
x(0)<0, x(T+1)<0,
then one says x(t) is a lower solution of (2.3), (2.4). If y € X satisfies
Ay(t-1)+ by () < f(H) - oty (1), Ay(D), tET, 26

y(0) 20, y(T+1)2=0,

then one says y(t) is an upper solution of (2.3), (2.4).
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Theorem 2.2. Suppose that x(t), y(t) are the lower and upper solutions of (2.3), (2.4), respectively,
and x(t) < y(t), t € T. Then BVP (2.3) and (2.4) have at least one solution u(t) satisfies

x(t) Su(t) <y(t). (2.7)
Proof. Define the functionp : T xR — R by
x(8),  u(t) <x(t),
pltu(t)) = yult), x(t) <u(t) <y(b), (2.8)
y(6), u(t)>y).

Set f*(t,u,v) = f(t) — go(t,u,v) — \qju. Consider the auxiliary problems:

Au(t-1) = fr(t,p(tu), Ap(t,u)), teT,
u(0) =u(T+1) =0.

(2.9)

From (2.8) and the boundness of gy, we know f*(t, p(t,u), Ap(t,u)) is bounded. So, by the
Schauder fixed point theorem, (2.9) has a solution u € X.

Now, we only prove u(t) < y(t), the other case u(t) > x(t) is similar.

Set z(t) = u(t)—y(t). Suppose that z(t) > 0, for t € {tx+1,t9+2,...,to+p}, and z(ty) <0,
z(ty+p+1) <0, wherety € {0,1,...,T},pe {1,2,...,T}.

On the other hand, by the definition of upper solution, for t € {to+1,tx+2,...,to +p},

APy(t=1) < f*(ty(t), Ay(h))
= f(t) =y (t) - go(t, y(t), Ay(t))

2.10
= f(t) = hp(t,u) - go(t, p(t, u(t)), Ap(t, u(t))) (210
= A%u(t-1).
Then
A2Z(t—1)20, tE{i’0+1,t0+2,...,t0+p},
(2.11)

z(tp) <0, z(ty+p+1) <0.

Now, by the convexity of z on {ty+1, to+2,...,to+p}, weget z(t) <0, t € {to+1,to+2,..., to+p},
thatis, u(t) < y(t),t € {to+ 1,40 +2,...,to + p}. This contradicts u(t) > y(t), t € {to+1,t +
2,...,tg+p}. Thus, u(t) <y(t), t € T. O

Lemma 2.3. See 3L, sin®(rt/(T + 1)) = (T +1) /2.

Proof. Let w = cos(2or /(T + 1)) +isin(2xr /(T +1)). Then w’*! = 1and (1 - w)(1 + w +
w?+---+w’) =0.Since 1 - w#0, we have 3, cos(2xrt/(T +1)) = —1. This together with the
fact that Zthl sin?(ort/(T+1)) = ZL (1-cos(2xt/(T +1)))/2 implies the assertion holds. [
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Now, let ¢ (t) := \/2/(T + 1) sin(ort/(T + 1)), t € T, denote the positive eigenfunction
corresponding to the first eigenvalue A; = 4sin?(or/2(T + 1)) of (1.7). Then by Lemma 2.3,
S gi(t) =1.

Since ¢ (t) is located on \/2/(T + 1) sint, t € [0, o], by the direct computation, we can
obtain the following result.

Lemma 2.4. If T is an odd number, then

Ay (t) >0, forte{O, [%]}’ Agr(t) <0, forte{lg +1, ..., T}, (2.12)

if T is an even number, then Ay (T/2) =0,
T T
Agi(t) >0, forte{O, 5—1}, Ay (t) <0, forte{5+1, el T}. (2.13)

Define the operator L : D(L) C X — Y by
Lu(t) = A%u(t - 1) + Mu(t), (2.14)

where D(L) = {u € X | u(0) = u(T +1) =0}.
Define N : X — Y by

(Nu)(t) = f(t) — go(t, u(t), Au(t)). (2.15)

Then (2.3), (2.4) is equivalent to the operator equation Lu = Nu.

In Theorem 2.2, we established the methods of lower and upper solutions under well
order. Now, we can also develop the methods of lower and upper solutions for (2.3), (2.4)
when x(t) < y(t) is not necessary, its proofs are based on the following lemma, that is, the
connectivity properties of the solution sets of parameterized families of compact vector fields,
they are a direct consequence of Mawhin [22, Lemma 2.3].

Lemma 2.5 (see [22, Lemma 2.3]). Let E be a Banach space and C C E a nonempty, bounded, closed
convex subset. Suppose that T : [a,b] x C — C is completely continuous. Then the set

S={(Lx)|T\x)=x, Aelab]} (2.16)

contains to be a closed connected subset X which connects {a} x C to {b} x C.

Theorem 2.6. Assume that x(t), y(t) are the lower solution and the upper solution of (2.3), (2.4),
respectively. Then (2.3) and (2.4) have at least one solution.

Proof. Define the projections P: X — X, Q:Y — Rby

T T
(Pu)(t) = [Zu(t)qn(t)]qn(t), (Qy) (&) = Dy (®). (2.17)
t=1 t=1
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Then ImP = KerL, KerQ = ImL, and X = (KerP® KerL),Y = (ImL ® Im Q). Now, the
operator equation Lu = Nu is equivalent to the alternative system

u—-Pu=K({I-Q)Nu,
(2.18)
ONu=0,

where K is the inverse of mapping L : (D(L) N Ker P) — Im L.
Writing u € D(L) in the form u(t) = cg (t) + w(t), c € R, Zthl g1 (Hw(t) =0, (2.3) and
(2.4) are equivalent to the system

w=K(I-QN(cg1 () +w), (2.19)

QN (cy1 (1) +w) = 0. (2.20)

Since X is finite dimensional, it is easy to see that K(I — Q)N is completely continuous, by the
Schauder fixed point theorem and the fact N (cgs () + w(t)) is bounded, we get that for any
fixedc e R, W(c) := {w € XNKerP | (c,w) satisfies (2.19)} #0 and W (c) is bounded. Then
there exist positive constants a > 7 such that —7¢; < w < Ty forallw € W(c), (a—T)¢1 > x(t)
and —(a — 7)¢ < y(t). Let

T
y(e,w) = DN (cyi(t) +w(t)) g (t) (2.21)
t=1

for all (c,w) € R x W(c). Observe that Lemma 2.5 is applicable. Hence there exists a
connected subset of {(c,w) € R x (X N Ker P) | (c,w) satisfies (2.19)}, Z,(¢1), which
connected {-a} x W(-a) and {a} x W(a). Since y : Z,(¢1) — Ris continuous, I := y(Z.(¢1))
is an interval. If 0 € I, then (2.3) and (2.4) have a solution. If I C (0, o), then every cyg; + w
with (¢, w) € 2,(¢1) is an upper solution. Indeed, it is obvious that

L(cgi(t) +w(t)) = N(cgr(t) +w(t)) = -y(c,w) <0, teT,

(cgpr +w)(0) = (cgpr +w)(T +1) = 0. (2.22)

By construction, ag; + w with (a,w) € Z,(¢1) satisfies x(t) < ag + w. Hence, from
Theorem 2.2, (2.3) and (2.4) have a solution. A similar argument applies if I C (-0, 0). O

Theorem 2.7. Suppose that f satisfies
ft)=spi(t) + f(H), seR, (2.23)

where f satisfies

T ~
> ftg(t) =0. (2.24)
t=1



Abstract and Applied Analysis 7

Then, there exists a nonempty, connected, and bounded set | 7c R such that (2.3) and (2.4) have at
least one solution u € X if and only if s € J.

Proof. As the proof of Theorem 2.6, (2.3) and (2.4) are equivalent to the system (2.19), (2.20).
Since N is bounded, applying the Schauder fixed point theorem we obtain that for any fixed
¢ € R, there exits at least one w, € X such that (2.19) holds.

Now, (2.20) becomes

T
Zgo (t, cgp1 () + we(t), cAgr (t) + Awe () )1 () = s. (2.25)
t=1

Hence, for a given f, ST, f(H)gn(t) = 0, (2.3), (2.4) with f(£) = cgi(t) + f(t) has at least
one solution if and only if s belongs to the range of the (multivalued, in general) function

1"]7 ‘R — FJ;(R),

T
['7(c) = > go(t, e (t) + we(t), cAg () + Awe () g (£), (2.26)
t=1

where w, € {w € D(L) : w is a solution of (2.19) for fixed c}. But ]f = l"f(R) is a connected
set. In fact, let s; and s, belong to ]f and s; < sp. Then (2.3), (2.4) with f1 = s + f and

fo =541 + f has solutions u; and uy, respectively. If we consider (2.3), (2.4) with f = sg + f ,
where s € [s1,s2], then u; is an upper solution and u; is a lower solution to this problem.
By Theorem 2.6, there exists at least one solution, that is, s belongs to J 7 Moreover, since g is
bounded, the range of I'z is bounded. O

3. Main Results

In this section, we deal with (1.6). First, let us make the following assumptions:

(H1) g : R — Ris a bounded and continuous function and satisfies g(+o0) = g(—o0)
and g(¢) < g(+o0) forany ¢ € R,

(H2) f : T — R satisfies

~ T ~
f =sg®) +f(t), seR, D fg(t) =0. (3.1)
t=1

Theorem 3.1. Suppose that (H1), (H2) hold. Then there exists a real number gz g7 <
V2/(T +1)g(+o0) Zthl sin(ort/(T + 1)), such that (1.6) has at least one solution u € X if and

only if
[ 2 Lo oot
RS |:gf, mg(+oo)§ sin T+1 > . (32)
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Proof. Note that ¢ (t) = \/2/(T + 1) sin(ort/ (T +1)). Due to the consideration in the the proof
of Theorem 2.7. It is sufficient to show that for a given f with 37, f(£)¢s (t) = 0, we have

2 I ot
[7(R) = [gf,\/mg(m); smT+1>. (3.3)

The (possibly multivalued) function I't has the following form:

Tx(c) = ii (cAg () + Aw (t))sin”—t (3.4)
ROENT a1 &8 eEn ¢ T+1’ '

where ¢ € R and w, verify (2.19). From the boundedness of ¢ and (2.19), there exists a
constant D > 0 (independent of ¢) such that ||w.||x < D for any ¢ € R, furthermore,

A <2D.
enax. |[Aw,(t)| < (3.5)

Now, we divide the proof into two cases.

Case 1. T is an odd number. By Lemma 2.4, we obtain that

Ai 2| o sin =2 C%WQH4)+MUm sin =2
= T+1  2(T+1) — 2(T+1) ¢ T+1
[T/2]
- A|=2— sin T (2t +1) R
" & g<2C T+17"2T+1) 2T+ ch<t)> T
T
A|=2— sin T r(2t+1) -
+ 2¢ sin cos + Aw(t) ) sin ——
t_[T%]+1g< T+1 2(T+1) 2(T+1) o )> T+1

— [TE/Z] (£o0) sin t + TE (Foo) sin Tt
28 T+1 &4 & T+1
= s=[T/2]+1

(3.6)

as ¢ — +oo. Due to g(+o0) = g(—o0), we get

T'z(c) — Lg(+oo)isin t . (3.7)
f T+1 ST T+1

The assumption g(¢) < g(+o0), ¢ € R, and (3.5) yields

TA(c) < 4| =2—g(+ )i in - (3.8)
RSN LAt T '

for any c € R.
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Case 2. T is an even number. By Lemma 2.4, we know that

Ay <€> = \/EA sin 2(;1-3;1) = 2\/35111 2(T]:— ) cos ﬂ'(22(77:/f ;)1) =0. (3.9)
Hence,

gg <2c\/§sin 2(TJ: ) cos yzrgt:-ll)) + ch(t)> sin Tyitl

= (Tg_lg <20\/Z sin 2(Tn-|- ) cos ergt_:ll)) + ch(t)> sin Tjitl

+ t_(Tij:)Hg <2c\/zsin 2(Ty:- ) cos th_:ll)) + ch(t)> sin TJ:-tl

ex(am (2))

By (3.5) and the assumption g(¢) < g(+w), ¢ € R, we know that for any ¢ € R, g(Aw.(T/
2)) < g(+). Thus, for any c € R,

T(c) < A= o(+ )i' 7t (3.11)
RSN T8 T et T '

It is sufficient to prove that this infimum is achieved. Let us denote

(3.10)

87 = InfT'7(c). (3.12)

Suppose that {s,} C I'z(R) satisfies s, — gz and {c,} is the corresponding minimizing se-
quence, that is, u, () = ¢c,\/2/(T + 1) sin(ort/(T + 1)) + w,, (t), are the solution of (1.1), with
the right-hand sides f,,(t) = s,\/2/(T + 1) sin(art/(T + 1)) + f(¢).

We claim that {c,} is bounded. In fact, if c, — o0 asn — oo, then we can get two
contradictions in the following two cases.

Case 1. If T is an odd number, then by (2.20),

2 & 2 T (2t +1) at
2 i A t i = 1
T+1§g< o\ TSN o) S ar ey AW JsingTg = (B13)
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letting n — oo in (3.13), we get

2 xt
T+1 Zg(+oo sin —— T+1-8F (3.14)

From (H1), we arrive for any ¢ € R, g(¢) < g(+o0), which together with (3.14) implies

. I Jr(2t+1) ot
T+1 Zg( N g+ 27+ * C(t)> 718 (1Y

This contradicts (3.12).

that

Case 2. If T is an even number, then by (2.20) and Ags (T/2) = 0, we get

2 T2 2 a r(2t+1) ot
-1/ 2 i Aw, (1) ) si
=N TH1 ; g\ 2o\ TN ey S 2ra ) T A%e® ) sint
2 L 2 T Tt +1) .ot
= 2 i Aw, (¢
T+1t:(§;mg< T T ST wC"()> ST
2 Aw <T)>sin il
T+18\"%=\2 2T+1)

This implies that

2 T2 2 I ot
>4 = ;
g2\757 X g(+°°)sm:r 1\ 7, 2 stre)sing

t=1 t=(T/2)+1

+ 2 f (Aw <T>>sinI—T
T+ 18 A%l 2 2T+ 1)

On the other hand, by (3.12) and (H1), we get that for any fixed n € N,

2 T2 2 P  7(@t+1) ot
=< i +A t in ——
SF=\T+1 ; g\ 2o\ T sy S Ty AWl JsingT

2 L 2 T T@2t+1) art
- 2c sin cos (1) ) sin
T+1t_(T%Hg< N1 a1 a1 T8 T+1

+ 2 inf <A’w <T>>sin 7T
T+ lunexs\"%a\ 2 2T+1)

(3.16)

(3.17)
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2 T2 art 2 L art
< V _— Z g(+00) sin +\ — Z g(+00) sin
T+1 o T+1 T+1t:(T/2)+1 T+1
+ 2 inf <Aw <T>> sin Ll
T+ lunexs\"%a\ 2 2T+1)

Now, we obtain a contradiction. Thus, ¢, is bounded.
Since X is finite dimensional and w,, is bounded, we obtain that ¢, — ¢, w.,, — w,
(at least for a subsequence), and u(t) = c/2/(T + 1) sin(ort/(T + 1)) + w,(t) is a solution of
(1.1) with f(t) = gf\/Z/(T + 1) sin(ort/(T + 1)) + f(t). Hence, the infimum is achieved in c.
O

(3.18)
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