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New oscillation criteria are established for the second-order nonlinear neutral functional differ-
ential equations of the form (r(t)|z’(t)|"’_1z’(t)) + f(t,x[o(t)]) = 0, t > ty, where z(t) = x(t) +

p(t)x(z(t)), p € C'([to, 0), [0,0)), and & > 1. Our results improve and extend some known results
in the literature. Some examples are also provided to show the importance of these results.

1. Introduction

This paper is concerned with the oscillation problem of the second-order nonlinear functional
differential equation of the following form:

(rolZ O 20) + fExlo®]) =0, t21, (1)

where a > 1is a constant, z(t) = x(t) + p(t)x[7(#)].
Throughout this paper, we will assume the following hypotheses:

(A1) r € C'([tg, ), R),r(t) > 0 for t > to,

(A2) p € C'([to, ), [0,0)),

(A3) T € C?([ty, ), R), T'(t) >0, lim;_ ,,T(t) = o,
(A4) 0 € C([ty,0),R), lim;_,,0(t) =00, TOoO=00T;
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(As) f(t,u) € C([to, 0) xR, R), and there exists a function g € C([t, o), [0, o0)) such that

f(t,u) sgn u>q(t)|u|”, foru#0, t>t. (1.2)

By a solution of (1.1), we mean a function x € C([T%, ), R) for some T, > ty which
has the property that r(#)|2(t)|*'2'(t) € C!([Ty, ), R) and satisfies (1.1) on [Ty, o). As is
customary, a solution of (1.1) is called oscillatory if it has arbitrarily large zeros on [ty, o);
otherwise, it is called nonoscillatory. Equation (1.1) is said to be oscillatory if all of its
nonconstant solutions are oscillatory.

We note that neutral delay differential equations find numerous applications in electric
networks. For instance, they are frequently used for the study of distributed networks
containing lossless transmission lines which rise in high-speed computers where the lossless
transmission lines are used to interconnect switching circuits; see [1]. Therefore, there is
constant interest in obtaining new sufficient conditions for the oscillation or nonoscillation
of the solutions of varietal types of the second-order equations, see, e.g., papers [2-17].

Known oscillation criteria require various restrictions on the coefficients of the studied
neutral differential equations.

Agarwal et al. [2], Chern et al. [3], DZzurina and Stavroulakis [4], Kusano et al. [5, 6],
Mirzov [7], and Sun and Meng [8] observed some similar properties between

(rlx ® ¥ ®) +q@lxlo®]* x[o®)] =0 (1.3)
and the corresponding linear equation
(r()x' (1)) +q(H)x(t) = 0. (1.4)

Liu and Bai [10], Xu and Meng [11, 12], and Dong [13] established some oscillation criteria
for (1.3) with neutral term under the assumption that

< 1
Ito T”(i’)dt = Q0. (15)

Han et al. [14] examined the oscillation of second-order linear neutral differential
equation

(r®)[x® + pOxE®)]') +qWx[o®] =0, t2t, (1.6)
where 7'(t) =19 > 0, 0 < p(t) < po < oo, and obtained some oscillation criteria for (1.6) when

© 1
J‘to St (1.7)
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Han et al. [15] studied the oscillation of (1.6) under the case 0 < p(t) <1 and

Jm —dt < oo. (1.8)

Tripathy [16] considered the nonlinear dynamic equation of the form

N
(r(t)[(x(t)+p(t)x(t—7')) ] ) +q(t)|x(t - 6)] sgnx(t-6) =0, (1.9)

where 0 < p(t) < po < oo, 7 is a the ratios of two positive odd integers, and obtained some
oscillation criteria under the following conditions:

f” <%>Ydt ~ oo (1.10)

Dzurina [17] was concerned with the oscillation behavior of the solutions of the
second-order neutral differential equations as follows

(a) [ + px®)]") + a1 @) =0, (1.11)

where 0 < p(t) < po < oo, 7 is a the ratios of two positive odd integers, and obtained some
new results under the following conditions

jm (%)Ydt - . (1.12)

Our purpose of this paper is to establish some new oscillation criteria for (1.1), and we
will also consider the cases (1.5) and

* 1
fto T’f(t)dt < oo. (113)

To the best of my knowledge, there is no result for the oscillation of (1.1) under the
conditions both 0 < p(t) < po < oo and (1.13).

In this paper, we will use a new inequality to establish some oscillation criteria for
(1.1) for the first time. Some examples will be given to show the importance of these results.
In Sections 3 and 4, for the sake of convenience, we denote that

Q(t) == min{q(t),q[r(®)]},  d.(t) :=max{0,d(t)}, &) := “*’}[iffﬁfﬁ'(” - 77-((;)) '
CAGIN PLON P o] (1) © ds
o(t) = .

o0 ) e o Lm 7a(s)
(1.14)

6(t) =

YD, ) = (
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2. Lemma

In this section, we give the following lemma, which we will use in the proofs of our main
results.

Lemma 2.1. Assume thata >1, a,beR.Ifa>0, b >0, then one has
a"‘+b"’>i(a+b)” (2.1)
— Da-1 : :

Proof. (i) Suppose that a = 0 or b = 0. Then we have (2.1). (ii) Suppose that a > 0, b > 0.
Define the function g by g(x) = x*, x € (0,00). Then ¢"(x) = a(a - 1)x*2 > 0 for x > 0. Thus,
g is a convex function. By the definition of convex function, for A = 1/2, a,b € (0, ), we
have

o(242) 80250 02

that is,
a”+b" > %(a +b)". (2.3)
This completes the proof. O

3. Oscillation Criteria for the Case (1.5)

In this section, we will establish some oscillation criteria for (1.1) under the case (1.5).

Theorem 3.1. Suppose that (1.5) holds, o € C([ty,0),R), o'(t) >0, o(t) <t, and o(t) < T(t)
for t > ty. Furthermore, assume that there exists a function p € C([to, 00), (0, 00)) such that

lim sup t p(s){Q(S) - rlo(©)1p(s) }ds = co. (3.1)

o fo 20{—1 (a+1)“+1(0"(3))u

Then (1.1) is oscillatory.

Proof. Let x be a nonoscillatory solution of (1.1). Without loss of generality, we assume that
there exists t; > ty such that x(t) > 0, x[7(t)] > 0 and x[o(t)] > O for all t > t;. By applying
(1.1), for all sufficiently large t, we obtain that

(rvlZ®172®) +gxlo®] +qlr® 1P lo®]a ol ®)])

pilo(b)]
7'(t)

, (3.2)
(rr @112 e 01" 2 [7(1)]) <0.

+
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Using (2.1) and the definition of z, we conclude that

(rolZ0120) + s="lot] + LS ()2 e 21 01) <0 (33)
In view of (1.1), we obtain that
<r(t) |1 (t) |“‘1z'(t)>' <—q(t)x*[o()] <0, t>H. (3.4)

Thus, r(t)|z'(£)|* 12/ (t) is decreasing function. Now we have two possible cases for z'(t) :
(i) Z'(t) < 0 eventually and (ii) z'(f) > 0 eventually.
(i) Suppose that z'(t) < 0 for t > t, > t;. Then, from (3.4), we get

]2 Z () <rt) |2 ()| 2 (R), t>t, (3.5)

which implies that
t
z(t) < z(h) - /(1) |2 ()] f r /% (s)ds. (3.6)
t

Letting t — oo, by (1.5), we find z(t) — —oo, which is a contradiction.
(ii) Suppose that z'(t) > 0 for t > t, > ;. We define a Riccati substitution

_ o ri(E®)”
w(t) = P(t)—(z[o(t)])a , t>1h. (3.7)
Then w(t) > 0. From (3.4), we have
o s (D A (¢ (3.8)
o] > (g ) 20, -
Differentiating (3.7), we find that
o T (E ()" (r() (= (1))
=P O eon TP Glem)” o)
ot r(t)(Z’(t))“Z“‘l[G(t)]Z’[G(t)]G’(t)'
0 Elo®)™
Therefore, by (3.7), (3.8), and (3.9), we see that
! pl(t) (T(t) (z’(t))u), ao'(t) (a+1)/a
T = T P T P e
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Similarly, we introduce a Riccati substitution

r[r®)]E[z(H)])"
CoOD >t (3.11)

v(t) = p(t)

Then v(t) > 0. From (3.4), we have

1/a
Z[o(t)] > CE(&) 2t ()] (3.12)

Differentiating (3.11), we find that

) 1 n TITO]1(E [T (H])" (rlr®)]E =)D
vt =p " 0 ;

(z[o(H]) (z[o(H)]) (3.13)

(IO ITO) 2 [0 [0 (010" )

(zlot)])™
Therefore, by (3.11), (3.12), and (3.13), we see that
’ P/(t) (r[T(t)](Z,[T(t)])a)’ tXO'I(t) (a+1)/a

U'(t) < mu(t) +p(t) o] " SRy ()] v (). (3.14)

Thus, from (3.10) and (3.14), we have

o Pile®] (ryZENY)  plo®] (rIrOIE TN P ©)
w'(t) + e U(t)Sp(t){ CloO]" + 0 EEIONE +p(t)w(t)
_ ac’(t) (a+1)/a pilo®)] p'(t)
poraom O rw e Y
_Pilo®] ao'(t) (a+1)/a
ZONPTEOEE0) M
(3.15)
It is follows from (3.3) that
) p*lo(®)] | 1 pL(b)
W)+ VB < - Q) + 0 w(t)
_ ao’(t) (a+1)/a p*lo®)] p.(t)
PO R RO R
_ pﬂ [G(t)] lXO'/(t) v(a-*—l)/u(t)'

() ple(t)rt/=[o(t)]
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Integrating the above inequality from ¢, to t, we obtain that

p*lo(®)]
7'(t)

p*lo(tz)]

w(t) - w(t) + =

u(t) -

u(t2)

t
1
<- f SP(9)Q(s)ds

(T, , (3.17)
o . [,;g.)) w9 pl/a(Sfl(Z)[o(s)] “’(MW(S)] @
[ I (B8] - o o
Define
A [pl/a(:)“:l'fi)[ﬁ(t)] ]a/(u+1)w(t), B:= I:F;i((t‘;) ai : [pl/ﬂ(gfllfi)[g(t)] ]—a/(m—l)] a.
(3.18)
Using the following inequality:
“7*1 ABYa _ pAlar)/a < % B@*D/a - for A >0, B >0 are constants, (3.19)
we have
e S

On the other hand, define

aty |7 p ary 17
e [Pl/a(t)rl/u[o(t)]] e [m)“”[P”“(ﬂr““[o(t)l] ] |

(3.21)

So we have

ac'(t) ey < L TIOWIGO)p(0)

¢ (B)u(t) - oVa(yr/ao(b)] T (a+ 1) (o'(£)"

(3.22)
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Thus, from (3.17), we get

p*lo(®)] p*lo(t)]
w(t) —w(t) + 70 u(t) - T (6) u(t2)
t Q(s) rlo(s)] P\ plo(9)] (@G (s)™! 32
S_ftzp(S){ Da-1 - (a+1)a+l(o_,(s))u [( P(S) ) + T'(S) ]}dS/
which contradicts (3.1). This completes the proof. O

When p(t) < po < oo, T'(t) > 79 > 0, where py, Ty are constants, we obtain the following
result.

Theorem 3.2. Suppose that (1.5) holds, p(t) < po < oo, T'(t) > 19 >0, 0 € C([ty,0),R), o'(t) >
0, o(t) <t, o(t) < 7(t) fort > to. Further, assume that there exists a function p € C([to, ), (0, 00))
such that

limsup
t— oo t()

Tp(Qts) 1 i\ rlo)1(p )™, 3.04
[ ot (cx+1)“+1 <1+ TO) (p(s)o’(s))u ]ds = oo. (3.24)

Then (1.1) is oscillatory.

Proof. Let x be a nonoscillatory solution of (1.1). Without loss of generality, we assume that
there exists t; > to such that x(t) > 0, x[7(t)] > 0 and x[o(t)] > 0 for all t > #;. Using (1.1), for
all sufficiently large ¢, we obtain that

(r]2 O] 2®) + aOx"[o(0)] + psalr(O]x* @[ ()])

P (3.25)
0 ! a-1_, !
+ 2 (@12 701 2 [ 0)]) <o0.
By applying (2.1) and the definition of z, we conclude that
12 a-1 ! ! 1 4
(rolZ®1'20) + 5 QM= o]
« (3.26)
pO ! a-1_, !
+ (@12 01 2 1 0)]) <.

The remainder of the proof is similar to that of Theorem 3.1 and hence is omitted. O

Theorem 3.3. Suppose that (1.5) holds, T(t) <t, o(t) > T(t) for t > to. Furthermore, assume that
there exists a function p € C([to, 00), (0, 00)) such that

limsup t p(s){Q(S) - rir()lp(s) }ds = oo. (3.27)

t— oo to 20‘71 (a + 1)a+1(T’(S))a

Then (1.1) is oscillatory.
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Proof. Let x be a nonoscillatory solution of (1.1). Without loss of generality, we assume that
there exists t; > ty such that x(t) > 0, x[7(t)] > 0 and x[o(t)] > O for all t > #;. Proceeding
as in the proof of Theorem 3.1, we get (3.3) and (3.4). In view of (3.4), r(t)|z'(t)|*'Z/(t) is
decreasing function. Now we have two possible cases for z'(t) : (i) z'(t) < 0 eventually and
(ii) Z'(t) > 0 eventually.

(i) Suppose that z'(t) < O for t > t, > t;. Then, similar to the proof of case (i) of
Theorem 3.1, we obtain a contradiction.

(ii) Suppose that z'(t) > 0 for ¢ > t, > ;. We define a Riccati substitution

_ I )"
wlt)=p) e 2t (3.28)
Then w(t) > 0. From (3.4), we have
) rh \"*,
Z[r(t)] > <r[T(t)]> Z'(t). (3.29)
Differentiating (3.28), we find that
ey e T E ()" (rE ) r(t)(2'(1) "z [ ()] [T (D] (t)
“O=POCEenT PO Grent P Clr o)™ |
(3.30)
Therefore, by (3.28), (3.29), and (3.30), we see that
' 40 (r)E®))" at'(t) (a+1)/a
w'(t) < o) w(t) +p(t) T O] pl/“(t)rl/“[r(t)]w (t). (3.31)
Similarly, we introduce a Riccati substitution
_ o rlr®1E [T D"
o) = p() =T t2h (3.32)
Then v(t) > 0. Differentiating (3.32), we find that
) o TITO](E [T(H])" (rlr®M1( 7D
vt =p®° = +p() :
(z[r(®H]) N (z[(M]) (3.33)
 ap(p IO = (1 rO1 0)
(z[T(H)])
Therefore, by (3.32) and (3.33), we see that
iy = PO (rlr )1 [7(H)])")’ B at'(t) (a+1)/a 3.34
R R e 1) T e
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Thus, from (3.31) and (3.33), we have

p*lo(®)]

W' (t) + 0

w(t)

o) < P(f){ (rOE®)Y | plo®] ¢lr®IE (1)) }+ (6)

(z[T(H])" 7'(t) (z[T(H])" p(t)

) p““(g:_si)h(w] W + pf[it()t : %v(t)
B O
(3.35)
It follows from (3.3) that
w )+ EE w0 < - Lpwown +
O gy e 639
B O
Integrating the above inequality from #, to t, we obtain that
wlt) - i) + 7o) - EE o)
< SP()Q(5)ds
o , (3.37)
’ f . [F;)((sS)) ()= pw(:;:fi)h(s)] “’(MW(S)] @
' : e { [,;((;,)) SCIRCE pl/ﬁ(gill(/sa)[f(s)] Ve }ds'

Define

a/(a+1) —a/(a+1)] @
— at'(t) N VACIY: ar' (t)
A= [pl/a(t)rl/a[T(t)]] W(t)/ B = [ P(t) a+1 [Pl/a(t)rl/a[,z.(t)]:l ] .

(3.38)
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Using (3.19), we have

pi(t)

A e 1 rlr®](pL )™
G w (t) < .

_ ) (3.39)
pyatyrt/a [T ()] (a+ 1) (p()T' (1))

w(t)

On the other hand, define

a

ary |7 S 2O
e [m] e e [m“ﬂ[pl/a(twa[r(t)l] ]

(3.40)
So we have
0 (1) 1 r[r®1EG@) " )
) A A PRt R 1) L
Thus, from (3.37), we get
prlo(®)] plo(t)]
w(t) = w(ts) + P o0 - o)
3.42
N - <p@(s>)“”+p“[o(sn(a(s))“” LY
= t2p 2a-1 (d+ 1)a+1(T,(S))a p(S) T'(S) ’
which contradicts (3.27). This completes the proof. O

When p(t) < po < oo, T'(t) > 79 > 0, where py, Ty are constants, we obtain the following
result.

Theorem 3.4. Suppose that (1.5) holds, p(t) < po < oo, T'(t) > 19 > 0, T(t) < t, o(t) > T(t) for
t > to. Furthermore, assume that there exists a function p € C([tg, ), (0, 00)) such that

lim sup
t— oo to

To)Qs) 1 Pi\ T @1 (s)™ ], a3
[ 2a-1 (a+1)* (l ! T0> (Top(5))” ]ds - (49

Then (1.1) is oscillatory.

Proof. Let x be a nonoscillatory solution of (1.1). Without loss of generality, we assume that
there exists t; > ty such that x(t) > 0, x[7(f)] > 0 and x[o(t)] > 0 for all t > #;. Using (1.1)
and the definition of z, we obtain (3.26) for all sufficiently large t. The remainder of the proof
is similar to that of Theorem 3.3 and hence is omitted. O

4. Oscillation Criteria for the Case (1.13)

In this section, we will establish some oscillation criteria for (1.1) under the case (1.13).
In the following, we assume that py, Ty are constants.
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Theorem 4.1. Suppose that (1.13) holds, p(t) < po < oo, T'(t) > 7 > 0, o(f) < t, 0 €
C([to, ), R), o'(t) > 0, o(t) < T(t) for t > ty. Further, assume that there exists a function
p € C([to, ), (0, 00)) such that (3.24) holds. If there exists a function 1 € C*([to, o), R), n(t) >
t, #/'(t) > 0 for t > to such that

t'— o0 ty

: "[Q6) PE\(_a \=1_ 7 _
lim sup [2(1—_16 (s) - (1 + T_0> <zx " l> &< [1)] ]ds = oo, (4.1)

then (1.1) is oscillatory.

Proof. Let x be a nonoscillatory solution of (1.1). Without loss of generality, we assume that
there exists t; > fg such that x(t) > 0, x[7(t)] > 0and x[o(f)] > 0 for all ¢ > ¢;. Proceeding as in
the proof of Theorem 3.2, we get (3.26). In view of (1.1), we have (3.4). Thus, r()|2(t)|* 12/ ()
is decreasing function. Now we have two possible cases for z'(f) : (i) z'(t) < 0 eventually and
(ii) Z'(t) > 0 eventually.

(i) Suppose that z'(t) > 0 for t > f, > t;. Then, by Theorem 3.2, we obtain a
contradiction with (3.24).

(ii) Suppose that z'(t) < 0 for t > t, > t;. We define the function u by

_rheEo” W)

B ) R

Then u(t) < 0. Noting that r(t) (—z/(£))" is increasing, we get

/% (s)z'(s) < r/*(HzZ'(t), s>t>t. (4.3)

Dividing the above inequality by 7/%(s), and integrating it from 7(t) to ', we obtain that

,
z(¥) < z[n(t)] + /e (12 (t) L(t) rlflTs(S). (4.4)
Letting ' — oo, we have
0 < z[n(®)] +r/=(t)Z' ()5 (1), (4.5)
that is,
—6(t)w <1 (4.6)

z[n] T
Hence, by (4.2), we get

~6%(H)u(t) < 1. (4.7)



Abstract and Applied Analysis

Similarly, we define the function v by

rOICZEOD

G

Then v(t) < 0. Noting that r(¢)(-2z'(t))" is increasing, we get the following:
r(H) (=2 ()" 2 rir ()] (-2'[7(H)])".
Thus 0 < —v(t) < —u(t). So by (4.7), we see that
6" (Ho(t) < 1.

Differentiating (4.2), we obtain that

Lo (== (1)) 2 ()] + ar(t) (=2 )"z [n(B)] 2 [n(H)] 7' (1)
u (t) - 20 /
22 [n(t)]

by (3.4), and we have z'[7(t)] < (r(t)/r[q(t)])l/“z'(t), SO

(rE @)D )

—ul(t (u+1)/a'
R I

u'(t) <

Similarly, we see that

(-rlr®OI=Z[r DY @)

_ _ (a+1)/a
[0 Sl T

V' (t) <

Therefore, by (4.12) and (4.13), we get the following;:

u/(t) + p_gvl(t) < (_r(t)(_zl(t))a)/ + p_g (—T[T(t)](—Z,[T(t)])a)/
T )] 70 z[n(1)]
3 ne @/a 0 n® (a+1)/a
arl/a[rl(t)]( u(t)) 7 rl/a[n(t)]( u(t)) .

Using (3.26) and (4.14), we obtain that

u'(t) + p—gvl(t) < —Q(t) -a ﬂ,(t) (_u(t))(a+1)/u _ Ltpg ﬂ,(t) (—U(t))(a+l)/a.

70 2t e (@] 0 /e [n()]

13

(4.8)

(4.9)

(4.10)

(4.11)

(4.12)

(4.13)

(4.14)

(4.15)
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Multiplying (4.15) by 6*(t), and integrating it from t; to ', we have

t 6a—1 ) t &%
u(t)8%(t) — u(t2) 5" () + L —rffi 7[1”((55))1{(5) dsva) —flfi)[ﬂ (S]) (-u(s))**V"*ds
PO carn PO . apy (" 67 (s)n (s)v(s)
+T—gv(t)6 (t)—T—zv(tz)(S (t) + TOOI st (4.16)

apg [ n($)6%(s) (a+1)/a ‘ Q(S) ca
+ 0 )4, rl/a [T’Z(S)] ( U(S)) ds + . a1 o) (S)dS <0.

Using (3.19), (4.7), and (4.10), we find that

a

0

bl 2% T/ Na+ 1/ 5(s)rt/*[n(s)]
124
+1+ &.
7o
(4.17)
Letting ' — oo, we obtain a contradiction with (4.1). This completes the proof. O

From Theorems 3.4 and 4.1, we have the following result.
Theorem 4.2. Suppose that (1.13) holds, p(t) < po < oo, T'(t) > 1 >0, T(t) < t, o(t) > 7(¢) for
t > to. Further, assume that there exists a function p € C([to, o), (0, 00)) such that (3.43) holds. If
there exists a function 1 € C'([ty, ), R), n(t) > t, n/'(t) >0, o(t) < n(t) for t > to such that (4.1)
holds, then (1.1) is oscillatory.
5. Examples

In this section, we will give some examples to illustrate the main results.

Example 5.1. Study the second-order neutral differential equation
[|(x(t) Ttx(t—Ay))' | () + tx(t - )Ll))’]' F Bt - ) x(t-A0) =0, t>t, (5.1)

wherea > 1, 0 <Ay <14, <1, B> 0 are constants.

Letr(t) =1, p(t) = t, p(t) = 1. It is easy to see that all the conditions of Theorem 3.1
hold. Hence, (5.1) is oscillatory.

Example 5.2. Consider the second-order quasilinear neutral differential equation

| (x(t) + p(t)x()qt))'r_l (x(t) + ptxn)] + Lorabl i an =0, t3h, 52

ta+1

where a > 1, p > 0 are constants, 11,1, € (0,1),1, < Ay.
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Letr(t) =1, 0 < p(t) <po < oo, g(t) = ﬂ/t‘”l, T(t) = Mt, o(t) = Aot, and p(t) = t*.
Then, we have

lim sup
t— oo to

a+1 a t
= ﬁ_l_a—ﬂ<1+]ﬂ_0> lim sup ﬁzc>o,
270 @+ 1)*Ag e} too Jiy S
if p> 29 a 1 (1 +p2 /M) / [(a + 1) 14]. Hence, by Theorem 3.2, (5.2) is oscillatory if

a-1 a+1 a
(a+1)""\g O

‘ToQe) 1 e\ rlo(s)1((p'(s).)""
[ 2T (e ) (%) (p(5)0' ()" ]ds
(5.3)

Example 5.3. Investigate the second-order neutral differential equation

(t - 1)(: —4r) e (t—2m)x(t-2m) =0, t2h (55)

x(t) + (t —4or)

Letr(t) =1, p(t) = (t =1)(t —4or)/t, q(t) =t -2, and p(t) = 1. It is easy to see that
all the conditions of Theorem 3.3 hold. Hence, (5.5) is oscillatory, for example, x(t) = sint/t
is a solution of (5.5).

Example 5.4. Discuss the second-order quasilinear neutral differential equation

[|(x<t>+p<t>xult>>’|“*l<x<t>+p<t>x<m>)’ +t£1|xuzt>|“‘1xuzt>=o, t2ty, (56)

where a > 1, p > 0 are constants, 1 € (0,1), A2 € [A1, o0).

Letr(t) =1, 0 < p(t) < po < oo, g(t) = /15, T(t) = Mt, o(t) = Aat, p(t) = t% Then,
we have

lim sup
t— oo to

a+l a t
= p —a—<1+P—O> lim sup ﬁzoo
20T (a+ 1) M t—o Jiy S
if p> 2921 (1+p2/ M)/ [(a + 1) 1%]. Hence, by Theorem 3.4, (5.6) is oscillatory if

a-1 a+1 a
(a+1)*As O

‘Tp)Qs) 1 PENT[T(9)](p'(s).)""
[ 2a-1 (a+1)"" <1 ’ 0 > 70(p(s))” ]ds
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Example 5.5. Examine the second-order quasilinear neutral differential equation

[ t2a

where a > 1, p > 0 are constants, 11,1, € (0,1), A, < Ay.

() + pOxn) [ ) + px(an)) | + e b 2t =0, 121, (59)

Let r(t) = 2%, 0 < p(t) < po < oo, g(t) = pt*L, T(t) = It, o(t) = Aat, and p(t) = 1.
Then, Q(t) = ﬁ)t‘i’*lt“‘l. It is easy to see that (3.24) holds. On the other hand, taking #7(t) = ¢,
then 6(t) = 1/t. Therefore, one has

lim sup t,[Q(S)6“(s)—<1+p—g>< & >a+1 1(s) ]ds

Foes Ji| 2971 /) \a+1 &(s)r'/«[n(s)]
(5.10)
[P e 1( PS) a a1 ds _
= [2“_1 .)Ll z 1+ )L—l <m> ]lllt‘,lls;lp \ ? = o0
if p>2%2(1 + po/ M) (a/a + 1)%+1 /)Jf‘l. Thus, by Theorem 4.1, (5.9) oscillates if
a2 pg a \at+l
B (D))

6. Conclusions

Inequality technique plays an important role in studying the oscillatory behavior of
differential equations; in this paper, we establish a new inequality (2.1); by using (2.1) and
Riccati substitution, we establish some new oscillation criteria for (1.1). Theorem 3.1 can
be applied to the case 7(t) > t. Specially, taking a = 1, our results include and improve
the results in [15]; for example, and Theorem 4.1 includes [15, Theorem 3.1], Theorem 4.2
includes [15, Theorem 3.2]. The method can be applied on the second-order Emden-Fowler
neutral differential equations

[r) (<) + pOx(e)) | +aOGEEIx(6(0) =0, t210, (6.1)

where a > 1. It would be interesting to find another method to investigate (1.1) when 7 o
OF#COT.
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