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The generalized Riccati equation mapping is extended with the basic (G'/G)-expansion method
which is powerful and straightforward mathematical tool for solving nonlinear partial differential
equations. In this paper, we construct twenty-seven traveling wave solutions for the (2+1)-dimen-
sional modified Zakharov-Kuznetsov equation by applying this method. Further, the auxiliary
equation G'(1) = w +uG(n) +vG?(n) is executed with arbitrary constant coefficients and called the
generalized Riccati equation. The obtained solutions including solitons and periodic solutions are
illustrated through the hyperbolic functions, the trigonometric functions, and the rational func-
tions. In addition, it is worth declaring that one of our solutions is identical for special case with
already established result which verifies our other solutions. Moreover, some of obtained solutions
are depicted in the figures with the aid of Maple.

1. Introduction

The study of analytical solutions for nonlinear partial differential equations (PDEs) has
become more imperative and stimulating research fields in mathematical physics, engineer-
ing sciences, and other technical arena [1-47]. In the recent past, a wide range of methods
have been developed to construct traveling wave solutions of nonlinear PDEs such as, the
inverse scattering method [1], the Backlund transformation method [2], the Hirota bilinear
transformation method [3], the bifurcation method [4, 5], the Jacobi elliptic function expan-
sion method [6-8], the Weierstrass elliptic function method [9], the direct algebraic method
[10], the homotopy perturbation method [11, 12], the Exp-function method [13-17], and
others [18-28].

Recently, Wang et al. [29] presented a widely used method, called the (G'/G)-expan-
sion method to obtain traveling wave solutions for some nonlinear evolution equations
(NLEEs). Further, in this method, the second-order linear ordinary differential equation
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G"(n) + A\G'(n) + uG(n) = 0 is implemented, as an auxiliary equation, where A and y are
constant coefficients. Afterwards, many researchers investigated many nonlinear PDEs to
construct traveling wave solutions via this powerful (G'/G)-expansion method. For example,
Feng et al. [30] applied the same method for obtaining exact solutions of the Kolmogorov-
Petrovskii-Piskunov equation. In [31], Naher et al. concerned about this method to construct
traveling wave solutions for the higher-order Caudrey-Dodd-Gibbon equation. Zayed and
Al-Joudi [32] studied some nonlinear partial differential equations to obtain analytical
solutions by using the same method whereas Gepreel [33] executed this method and
found exact solutions of nonlinear PDEs with variable coefficients in mathematical physics.
Abazari and Abazari [34] constructed exact solutions for the Hirota-Ramani equation by
using this method. Ozis and Aslan [35] established some traveling wave solutions for
the Kawahara type equations via the same method. Naher et al. [36] investigated higher
dimensional nonlinear evolution equation for obtaining traveling wave solutions by applying
the improved (G'/G)-expansion method. Naher and Abdullah [37] implemented this method
to construct some new traveling wave solutions of the nonlinear reaction diffusion equation
whilst they [38] studied the combined KdV-MKdV equation for obtaining abundant solutions
via the same method. And [39] they executed this method to establish some new traveling
wave solutions of the (2 + 1)-dimensional modified Zakharov-Kuznetsov equation and so on.

Zhu [40] investigated the (2 + 1)-dimensional Boiti-Leon-Pempinelle equation by
applying the generalized Riccati equation mapping with the extended tanh-function method.
In addition, G'(17) = w + uG(n) + vG?(n) is used, as an auxiliary equation and called genera-
lized Riccati equation, where u, v, and w are arbitrary constants. Bekir and Cevikel [41] con-
cerned about the tanh-coth method combined with the Riccati equation to study nonlinear
coupled equation in mathematical physics. Guo et al. [42] implemented the extended Riccati
equation mapping method for solving the diffusion-reaction and the mKdV equation with
variable coefficient whilst Li et al. [43] studied higher-dimensional Jimbo-Miwa equation via
the generalized Riccati equation expansion method. Salas [44] obtained some exact solutions
for the Caudrey-Dodd-Gibbon equation by applying the projective Riccati equation method
whereas Naher and Abdullah [45] studied the modified Benjamin-Bona-Mahony equation
via the generalized Riccati equation mapping with the basic (G'/G)-expansion method for
constructing traveling wave solutions and so on.

Many researchers implemented various methods to investigate the (2+1)-dimensional
modified Zakharov-Kuznetsov equation. For instance, Khalfallah [46] used homogeneous
balance method to establish traveling wave solutions of this equation. In [47], Bekir applied
basic (G'/G)-expansion method for obtaining exact traveling wave solutions for the same
equation. In this basic (G'/G)-expansion method, they employed second-order linear ordi-
nary differential equation (LODE) with constant coefficients, as an auxiliary equation instead
of generalized Riccati equation.

The importance of our present work is, in order to construct many new traveling wave
solutions including solitons, periodic, and rational solutions, a (2 + 1)-dimensional Modi-
tied Zakharov-Kuznetsov equation considered by applying the extended generalized Riccati
equation mapping method.

2. The Extended Generalized Riccati Equation Mapping Method

Suppose the general nonlinear partial differential equation

H(U/ Ut, Uy, vyl Oxty vytr vxy/ Ott) Oxx, Uyy/ .. ) = 01 (21)
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where v = v(x, y, t) is an unknown function, H is a polynomial in v(x, y, t), and the subscripts
indicate the partial derivatives.

The most important steps of the generalized Riccati equation mapping together with
the (G'/G)-expansion method [29, 40] are as follows.

Step 1. Consider the traveling wave variable:
ooy t)=gln), m=x+y-Ct, (2.2)

where C is the speed of the traveling wave. Now using (2.2), (2.1) is converted into an ordi-
nary differential equation for g(7):

F(g, g',g", gm,”‘) =0, (2.3)

where the superscripts stand for the ordinary derivatives with respect to 7.

Step 2. Equation (2.3) integrates term by term one or more times according to possibility and
yields constant(s) of integration. The integral constant(s) may be zero for simplicity.

Step 3. Suppose that the traveling wave solution of (2.3) can be expressed in the form [29, 40]

s = 38, 29

j=0

wheree; (j=0,1,2,...,n) and e, #0, with G = G(7) is the solution of the generalized Riccati
equation:

G =w+uG +vG?, (2.5)

where u, v, w are arbitrary constants and v #0.

Step 4. To decide the positive integer n, consider the homogeneous balance between the
nonlinear terms and the highest order derivatives appearing in (2.3).

Step 5. Substitute (2.4) along with (2.5) into the (2.3), then collect all the coefficients with the
same order, the left hand side of (2.3) converts into polynomials in GF(n) and G (1), (k =
0,1,2,...). Then equating each coefficient of the polynomials to zero and yield a set of alge-
braic equations fore; (j =0,1,2,...,n), u, v, w,and C.

Step 6. Solve the system of algebraic equations which are found in Step 5 with the aid of
algebraic software Maple to obtain values for e; (j = 0,1,2,...,n) and C then, substitute
obtained values in (2.4) along with (2.5) with the value of n, we obtain exact solutions of
(2.1).

In the following, we have twenty seven solutions including four different families of
(2.5).
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Family 1. When u? - 4vw > 0 and uv #0 or vw #0, the solutions of (2.5) are:

_ V2 —
G = £<u+ Vu? —4thanh<u—4qu>>,

2
G, = __v< +Vu? - 4vwcoth<#q>>,
Gs = %(u +Vu? -4dow <tanh<\/ u? - dow 11) + isech <\/ u? — 4vw11>>>
Gy = i u +Vu? - 4vw<c0th< —4ow ) + csch <‘v u? — 4vw11>> ),
(2.6)
Gs = % <2u +Vu? - dow <tanh<¢q> + coth(@q>>>,
o1 +1/(D? + E2) (i — dvw) - DVi? - dow cosh(Mq)
] Dsinh(Vu2—4vw 11>+E '
G 1 +1/(D? + E2)(u? — dvw) + DVu? - dvw cosh(x/ u? — 4vw11>
7T\ 7Y Dsinh(Vu2—4vw 11>+E '
where D and E are two nonzero real constants.
. chosh<<\/u2—4vw/2> )
T Vu? — dow sinh<<\/u2 - 4vw/2> ) ucosh<<\/u2 - 4vw/2>rl> ’
c 2w sinh((\/u2 —4vw/2>q>
. usinh((x/u2 - 4vw/2>11> —Vu? - 4vwcosh<<\/u2 - 4vw/2>11> ’
o 2w cosh(V u? - 4vw11>
o vu? - dow sinh<v u? - 4vwrz> - ucosh(V u? — 4vw11> +iViE—dow
. 2w sinh(x/ u? - 4vw11>
b -u sinh(x/u2 - 4vw11> +Vu? - dow cosh(\/u2 - 4vw71> + V12— dow
. 40 sinh (Vi = 4vto/4)1) cosh((Vu2 —dow/4) 1)
e —2u sir1h<<\/u2 - 4vw/4>71> cosh<<\/u2 - 4vw/4>71> +A;
(2.7)

where A = 2 Vu? — 4vwcosh? (V2 — dvw/4)n) — Vu? — dvw.
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Family 2. When 12 - 4vw < 0 and uv #0 or vw #0, the solutions of (2.5) are:

/. — 2
G13—21 <—u+ dow — u? tan<$ﬂ>>,

Vaivw — 12
Gu= — <u+ 4ow — uzcot<Mq>>,

2
G5 = %( —u + Vdow - u? (tan(\/4vw —u? Tl> + sec(\/ dow - u211>>>,
G = i (u + Viovw — u? <C0t<‘v 4ow — u211> + csc<v4vw - u211>>>,
(2.8)
Gy = 4i< —2u + Vdovw — u? <tan<40wT_uz11> - cot<40wT_u211>>>,
1 ﬂ:\/(D2 E2) (dvw — u?) — DV4vw — u? cos(x/mn)
G = 20 D sin(V4vw — u211> +E ,
1 +1/(D? - E?) (4vw — u2) + DV4vw — u? cos<\/mn>
C = 20\ T D sin<\/4vw - u211> +E ,
where D and E are two nonzero real constants and satisfy D*> — E2 > 0.
2w cos<<v4vw - u2/2> )
Go = /
dow - u s1n<<v4vw u /2) > + ucos<<v4vw - u2/2)71>
2wsin<(m/2> )
Gy = ’
-u sin<<v4vw - u2/2> > dow —u cos<(\/4vw - u2/2>11>
G - 2w cos<\/4vw -u? 71>
? Viw-—w sin(x/Wn) + ucos(x/m@ +Vivw -2
o 2w sin<v4vw - u? Tl)
o -u sin<\/4vw - u271> + Vivw - u? Cos<v4vw - u211> +Vivw -2
. 4wsin<<v4vw—u2/4>11> cos<<v4vw—u2/4>n>
" usin((Vavw - /4)1) cos((Vavw—12/4)n) + Ay’
(2.9)

where A, = 2v4vw — u2cos? ((Vivw — u? /4)n) — Vivw — u.
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Family 3. When w = 0 and uv #0, the solution (2.5) becomes:

Gos = “uh
o v(f1 + cosh(un) - sinh(un))
(2.10)
—u(cosh(un) + sinh(un))
Goe = . /
v(f1 + cosh(un) + sinh(un))
where f; is an arbitrary constant.
Family 4. when v#0 and w = u = 0, the solution of (2.5) becomes:
= 2.11
27 = o+ ll s ( . )

where [; is an arbitrary constant.

3. Applications of the Method

In this section, we have constructed new traveling wave solutions for the (2 + 1)-dimensional
modified Zakharov-Kuznetsov equation by using the method.

3.1. The (2 + 1)~-Dimensional Modified Zakharov-Kuznetsov Equation

We consider the (2 + 1)-dimensional Modified Zakharov-Kuznetsov equation followed by
Bekir [47]

up + u? Uy + Uxxx + Uyyy = 0. (3.1)
Now, we use the wave transformation (2.2) into the (3.1), which yields:
-Cg' +u*g +2¢" = 0. (3.2)
Equation (3.2) is integrable, therefore, integrating with respect 7 once yields:
Q-Cg+ %g3+2g” =0, (3.3)

where Q is an integral constant which is to be determined later.
Taking the homogeneous balance between g* and g” in (3.3), we obtain n = 1.
Therefore, the solution of (3.3) is of the form:

!

g(n) = m(%) +ey, e1#0. (3.4)
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Using (2.5), (3.4) can be rewritten as
g(n) =er <u +wG+ vG) + eg, (3.5)

where u, v, and w are free parameters.

By substituting (3.5) into (3.3), the left hand side is converted into polynomials in G¥
and G* (k =0,1,2,...). Setting each coefficient of these resulted polynomials to zero, we
obtain a set of algebraic equations for ey, e1, u, v, w, Q, and C (algebraic equations are not
shown, for simplicity). Solving the system of algebraic equations with the help of algebraic
software Maple, we obtain

eo = FuiV/3, e) = +2iV/3, C = -1? - 8vw, Q= Suvwiv/3. (3.6)

Family 5. The soliton and soliton-like solutions of (3.1) (when #* — 4vw > 0 and uv #0 or
vw #0) are:

2¥2sech” (W)

iv/3, 3.7
u+ 2% tanh(¥7) T (57)

1 = +2iV/3

where ¥ = (1/2)Vu2 - 4vw, = x + y + (4> + 8vw)t and u, v, w are arbitrary constants.

2¥2csch? (¥n)
u+2%¥ coth(¥n)

D= F2iV/3 F ui\/g,

4¥?sech (2¥7) (1 Fisinh(2%¥7))
ucosh(2¥n) + 2% sinh (2¥7) + i2¥

g3 = +2iV/3 F uiv3,

2%¥2csch (¥rn)

.\@,
usinh(¥n) + 2% cosh(¥r) T

& = :FZI\@

4¥2csch(2¥n) (3:8)

.\/g[
Wtanh(¥n) + 29

g5 = F2iV3

4DW?(D - Esinh(2¥n) - v/(D? + %) cosh (297)) )

= 2iV/3 i3,

86 = T2V (Dsinh(2%7) + E), Fuiv3
4DW?(D - Esinh(2¥n) + v/(D? + E?) cosh(2¥7)) )

g7 = F2iV3 F uiv3,

(Dsinh(2¥7n) + E)Q
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where Q; = uD sinh(2¥7) + uE - 2¥+/(D? + E?) + 2D¥ cosh(2¥7), Q» = uD sinh(2¥7) + uE +
2¥+/(D? + E?) + 2D¥ cosh(2¥7), D and E are two nonzero real constants.

2¥ 2sech(¥7)
2¥ sinh (¥1) — ucosh(¥7)

g8 = F2iV3 FuiV3,

2 2¢csch(¥r)
2% cosh(¥rn) — usinh(¥r)

g9 = +2iV/3 F uiv3,

4¥2sech(2¥ 1) (1 Fisinh(2¥7))
ucosh(2¥n) — 2% sinh (2¥n) F i2¥

g10 = £2iV3 Fuiv3, (3.9)

4¥2csch(2¥7) (1 + cosh(2¥7))
2¥ cosh(2¥7) — usinh (2¥n) £ 2%

11 = :I:Zl\/g F ui\/g,

2W2csch (W)

V3.
2% cosh(¥n) — usinh(¥r) T

Q12 = :EZI\/:;)

Family 6. The periodic form solutions of (3.1) (when #? - 4vw < 0 and uv #0 or vw #0) are:

20%sec?(O1)
—u +20 tan(Orn)

g13 = +2i/3 Fuiv3, (3.10)

where © = (1/2)V4 vw — u2, 1 =x +y + (u? + S8vw)t and u, v, w are arbitrary constants.
Ui y y

20%csc?(On)

—————_FuiV3,
u +20 cot(On)

14 = :le'\@

40%sec(201) (1 +sin(207))

Fuiv/3,
-ucos(201) +20sin(207) £ 20

915 = :|:21\/§

20%sec(Or)

Fuiv3,
1 cos(On) +20sin(On) “

816 = :F2i\/§

20%csc(On) (3.11)

usin(©1n) + 20 cos(On)
4D€?(1/(D? - E?) cos(20n) ~ Esin(207)) - D)

(Dsin(207n) + E)Qs

4D©?(\/(D? - %) cos (201) + Esin(201) + D)
(Dsin(20m) + E)Q4

817 = F2iV/3 F uiV/3,

F uiv/3.

18 = :FZI\@

g19 = F2iv/3 FuiVv3,
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—2

-3

4

Figure 1: Solitons solution for u = 3, v = 0.5, w = 0.25.

where Q3 = uD sin(207) + 2DO cos(201) + uE — 20+/(D? - E?), Q4 = uD sin(207) + 2DO©
cos(20n) +uE+20+/(D? - E2), D and E are two nonzero real constants and satisfies D?> - E? >
0.

402csc (20
g = 23 —0ese2On)
ucot(©n) + 20
40°csc(20
g =F2iV3 @O iv3,

utan(©rn) + 20
20%sec(207) (1 £5sin(207)) (ucos(207) +20sin(207) £20) |

= F2iV3 V3,
&2 : (u? = 2vw)cos? (207) +20(1 £sin(207) ) (20 £ u cos(207)) “
20%csc(207) (~usin (20 20 20n) £20
0 = £21v3 csc(20n) (—usin(207n) + . cos(201) ) iV,
(2ow — u?) cos(201) — 2u© sin(207) + 2vw
20%csc(On)
= F2iV3 iv/3.
8 =FAVS 4 sin(©1) + 20 cos(On) T
(3.12)

Family 7. The soliton and soliton-like solutions of (3.1) (when w = 0 and uv #0) are:

u(cosh(un) — sinh(un))

.\@,
f1 + cosh(un) — sinh(un) T

Qo5 = :I:Zl\/g

(3.13)

. u f 1 .
= :|:2 \/§ + \/gr
82 ' f1+ cosh(un) + sinh (un) u

where f; is an arbitrary constant, 7 = x + y + (4 + 8vw)t.
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Figure 3: Solitons solution foru =4, v =0.5, w = 1.

Family 8. The rational function solution (when v #0 and w = u = 0) is:

F 2iv/3

(3.14)
on+h

Q7 =

7

where ; is an arbitrary constant and 77 = x + vy + (u? + 8vw)t.
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0
w0 40 P

Figure 4: Solitons solution for u = 0.5, v = 25.107%, w = 25.107°.

16

0

X

t -10 -5

Figure 5: Periodic solution for u = 1, v = 25.107, w = 25.1073.

4. Results and Discussion

It is significant to mention that one of our solutions is coincided for some special case with
already published results which are presented in Table 1. Furthermore, some of newly con-
structed solutions are illustrated in Figures 1, 2, 3,4, 5, 6,7, 8,9, 10, 11, and 12.
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Table 1: Comparison between Bekir [47] solutions and newly obtained solutions.

Bekir [47] solutions

New solutions

HIfC=1,C = % and A% - 4p = 0, solution
Equation (4.9) (from Section 4) becomes:

. 2
u5,6(§) ==+ l\/gm

. 1
() fo=7,h=1y=0and 827(1) = us(8),
solution g»7 becomes:
. 2
us6(8) =+ 1\@m~

(i) C1=1,Co = _71 and A% — 4 = 0, solution
Equation (4.9) (from Section 4) becomes:

. 2
usré(g) =F l\@m

.. -1
(i) lfo=—-h=1y=0and 8o7(1) = us(8),
solution g»7 becomes:
. 2
u5,6(§) =F l\/gm

(iii) C1 =0,C, = 1 and A% - 4y = 0, solution
Equation (4.9) (from Section 4) becomes:

use(¢) =F l\f<§>

(i) fo=11 =0,y =0and g7 (1) = us(Z),
solution g,7 becomes:

us6(§) = F 1\/§<%>

1000
500

-500
-1000

1000

T T
=500 -1000

Figure 6: Solitons solution for u =1, v = 0.45, w = 3.

As in Table 1, we have newly constructed traveling wave solutions g; to g»¢ which are

not being stated in the earlier literature.

4.1. Graphical Depictions of Newly Obtained Traveling Wave Solutions

The graphical descriptions of some solutions are represented in Figures 1-12 with the aid of

commercial software Maple.
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il ‘ ‘!‘l““!t‘ i

Ll

1 0.5

Figure 7: Solitons solution for u = 2, v = 25.107, w = 25.107°.

150
100

50

=50

-100
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Figure 8: Solitons solution foru=1,v =1, w = 1.

5. Conclusions

In this paper, we have investigated the (2 + 1)-dimensional modified Zakharov-Kuznetsov
equation via the extended generalized Riccati equation mapping method. Twenty seven exact
traveling wave solutions are constructed including solitons and periodic wave solutions by
applying this powerful method. In addition, newly obtained solutions are depicted in terms
of the hyperbolic, the trigonometric, and the rational functional form. The obtained solutions
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0.8 H
0.6 -
0.4 4
0.2 4
04
-0.2
—0.4 -
-0.6 —
-0.8 H

40
x 40 40 20

Figure 9: Periodic solution for u = 0.5,v =7, w =0, f; = 0.125.

-400  -200 0 200 400 —400

X

Figure 10: Solitons solution foru =1, v =0.5, w = 1.

reveal that this method is a promising mathematical tool because it can establish a variety
of new solutions of dissimilar physical structures if compared with existing methods. The
correctness of newly constructed solutions is verified to be compared with already published
results. Consequently, nonlinear evolution equations which regularly arise in many scientific
real-time application fields can be studied by applying the extended generalized Riccati
equation mapping method.
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t 1 ' x

0.6 —

0.4 —

0.2

~04 k

—10\0‘0\7\7\7 I __ __
-500 =
0

x 0 1000 =500

0
t

Figure 12: Periodic solution for u = 0.25, v = -5, w = 0, f; = 0.25.
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