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We characterize the boundedness and compactness of the weighted composition operator on the
Zygmund space X = {f € H(D) : sup,.,(1 - 1zP)|f" (z)| < oo} and the little Zygmund space 2.

1. Introduction

Let D = {z : |z| < 1} be the open unit disk in the complex plane C, let T = {z : |z| = 1} be its
boundary, and let H (D) denote the set of all analytic functions by D. For f € H(D), let

| f1l 2= sup{ <1 - |z|2> |f"(z)|:z € D}. (1.1)

An analytic function f € H(D) is said to belong to the Zygmund space X if || f||z < +o0, and
the little Zygmund space 2, consists of all f € % satisfying lim|-|_1-(1-|z[*)|f"(z)| = 0. From
a theorem of Zygmund (see [1, vol. I, page 263] or [2, Theorem 5.3]), we see that f € X if and
only if f is continuous in the close unit disk D = {z: |z| <1} and the boundary function
f(e') such that

£ (@) + f(e:e—h)) -2f ()] o (1.2)

for all e € T and all k > 0. It can easily proved that 2 is a Banach space under the norm:

I £1L.=1FO)]+ O]+ fll2 (1.3)
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and that X is a closed subspace of Z. It is easily obtained that

If'(z) - F1(0)] < %”f”zlog i J_r :2: for f e 2, (1.4)
@ for ez (1.5)

A Tog /(1= [2D)

For some other information on this space and some operators on it, see, for example, [3-5].

An analytic self-map ¢ : D — D induces the composition operator C, on H(D), de-
fined by C,(f) = f(¢(2)) for f analytic on D. It is a well-known consequence of Littlewood’s
subordination principle that the composition operator C, is bounded on the classical Hardy,
Bergman, and Bloch spaces (see, e.g., [6-9]).

Recall that a linear operator is said to be bounded if the image of a bounded set is a
bounded set, while a linear operator is compact if it takes bounded sets to sets with compact
closure. It is interesting to provide a function theoretic characterization of when ¢ induces a
bounded or compact composition operator on various spaces. The book [10] contains plenty
of information on this topic.

Let u be a fixed analytic function on the open unit disk. Define a linear operator uC,, on
the space of analytic functions on D, called a weighted composition operator, by uC, f =
u-(fogp), where f is an analytic function on D. We can regard this operator as a generalization
of a multiplication operator and a composition operator. In recent years, the weighted com-
position operator has been received much attention and appears in various settings in the
literature. For example, it is known that isometries of many analytic function spaces are
weighted composition operators (e.g., see [11]). The boundedness and compactness of it
has been studied on various Banach spaces of analytic functions, such as Hardy, Bergman,
BMOA, Bloch-type spaces, see, for example, [12-16]. Also, it has been studied from one
Banach space of analytic functions to another, one may see in [17-26].

The purpose of this paper is to consider the weighted composition operators on the
Zygmund space Z and the little Zygmund space Zy. Our main goal is to characterize
boundedness and compactness of the operators uC,, on Z in terms of function theoretic pro-
perties of the symbols u and ¢. We also characterize boundedness and compactness of uC,
on 2.

Throughout this paper, constants are denoted by C, they are positive and may differ
from one occurrence to the other.

2. Auxiliary Results
In order to prove the main results of this paper, we need some auxiliary results.
Lemma 2.1. If f € Z, then

(@) 1f )] < (Il for every z € D;

(ii) | f'(2)| < log (e/ (1= |2I)Ifll. for every z € D.
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Proof. Suppose f € 2,z€ Dand 0 <t <1, then

1+ |zt

1£E] < 1F O]+ 3117l 1o 17 5 21
by (1.4). It follows that
5 =501 = |2 et <iz [ (7@ + 2slLz1og 2 Yar
<Elr O+ 3 rle [ ottias P
<1 O] + tog(1 + D 1
hence
[f@I<If O]+ [fOf+]Ifllzlog2 < I f]l.- (23)
One may easily prove (ii) by (1.4). The details are omitted here. O

Lemma 2.2. Suppose f € Z, then || fill« < || flls, 0 <t <1, where fi(z) = f(tz).
One may easily obtain it by a calculation.

Lemma 2.3. Suppose uC, : 29 — Xy is a bounded operator. Then uC, : 2 — X is a bounded
operator.

Proof. Suppose uC, is bounded in Zj. It is clear that for any f € Z, we have f; € Z for every
0 <t < 1. According to Lemma 2.2, we obtain that

[uCo (F)ll. < N[uCollll fell. < MTuCo [l £ < +oo. (24)

Then
[4Co (P, = Jim [uCy(FN. < suplluCy (A < uColl I, <2 2
Hence, uC, :  — Zis a bounded operator. O

3. Boundedness of uC,

In this section, we characterize bounded weighted composition operators on the Zygmund
space £ and the little Zygmund space X.
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Theorem 3.1. Let u be an analytic function on the unit disc D and ¢ an analytic self~-map of D. Then
uC, is bounded on the Zygmund space Z if and only if u € Z and the following are satisfied:

2 / 2
(=)@ @ @) N

3.1)
zeD 1- |(,o(z)|2

sup(1- |z) |20/ (2)u(z) + ¢ (z)u(2) | log (32)

1,
zeD 1-|o(z)]

Proof. Suppose uC,, is bounded on the Zygmund space Z. Then we can easily obtain the fol-
lowing results by taking f(z) =1 and f(z) = z in Z, respectively:

ueZx; (3.3)
sup (1= |217) 29 (201 (2) + ¢ (2)u(2) + ()" (2)] < +o0. (3.4)

zeD

By (3.3), (3.4), and the boundedness of the function ¢(z), we get

K = sug(l - |z|2> |2¢' (2)1d/ (z) + ¢" (z)u(z)| < +o0. (3.5)

Let f(z) = z% in R again, in the same way we have

sup(1- |27) [49(2)¢/ ()1 (2) + g2 (20 (2) + 2u(2) (p(2)¢"(2) + (¢'(2))°) | < 0. (36)

zeD

Using these facts and the boundedness of the function ¢(z) again, we get
K, = sup<1 - |z|2> | (<p’(z))2u(z)| < +oo. (3.7)
zeD

Fix a € D with |a| > 1/2, we take the test functions:

— -1 2
fulz) = @) <10g ! > —f log ——deo, (3.8)
0

a 1-|al 1-aw

for z € D, where

h(z)=(z—1)<<1+log1iz>2+1>. (3.9)
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Then we have

-1
' 1 2 1 1
fu(Z)—<10g1_aZ> <10g1_|a|2> ~log—~,

-1
2a 1 1 a
"(z) = 1 1 -
()= 1% °g1—5z<°g1_|a|2> 1-az’

(3.10)

and SUP1 /2<a)<1 lfall« < C by [3], where C is not dependent on a. Therefore, for all A € D with
lp(A)| > 1/2, we have

Cllfall. = [[4Cy fall, 52215(1 - 1217 | (uCy f2) ()|
= sup(1- |2F") |29/ (20 (2) + ¢ (2)u(2) fulp(2) (311)
HFU(9()(0@) u(z) + 4 (2) fu(9(2)) |
Let a = (), it follows that
Cllfall. = (1= 102) |29/ ' (1) + 9" V(D) fy (1)

+ 00 (@) (@ (1)) + 1) fy (p(V) |

- 1_)‘2 (L 2 1 W A 1 ‘ (312)
(1= 1P) (' (V) *uc PR IC)
> (1-AP) (so'u))zumﬂ’z = (1= P2) [ ) fyoy (9 (W) -
1- o)
Then, by Lemma 2.1 and (3.3), we have
(1-1a1) () —2S | (1= AP ") oy (D) | +ClI fal,
1-]eW)| (3.13)
< llullzll fall. + Cl fall.
Hence
1= [AP) (' (1) u(d) o)
wp LOJCOR] (1- 7))y — 22
lp()[>1/2 1-[pW)| lo)[>1/2 1-|pW)] (3.14)

<Cllfall, <o
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For all X € D with |p()1)| <£1/2, by (3.7), we have
(1= U0 )’| 4

’ 2
T B

Hence (3.1) holds.
Next, we will show that (3.2) holds. Fix a € D with |a| > 1/2, we take another test
functions:

-1
_ h(az) 1
ga(2) = = <log - |a|2> (3.16)

for z € D. It is proved that sup, , ;4 18alls < C above, where C is not dependent on a.
Therefore, for all A € D with [p())| > 1/2, we have

Cligall. 2 [[uCpgall, = i‘§§<1 ~12F) | (uCyps0)"(2)]

= sup(1-121") |29 (2w (2) + 9" (2)u(z)) g4 (9(2))

zeD
+81(9(2) (¢ (2)"u(z) + ' (2)ga (9(2))
_ _ 2 ! ! " 1 2 1 -
= sup(1-12F) |G/ @@ + ' ) (1o 1——<p<>> <1°g ﬁ)

-1
2a 1 1 ) 2
- ap(z) log 7~ ap(z) <log 1- |a|2> (¢@)uz)

+8a(p(2))u" (2)

(3.17)

Let a = ¢(A), it follows that

2 -1
1 1
Clgall, = (1= HP)| 20/ 0 () + ¢ () (l"g > <1°g >
lgall, = ( )|¢ ) 1- o) 1- )]

2p(\)
1—7;#”2 (@ (V) (L) + u" (D) gy (9(1))
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> (1-\P)

- (1-1p) %l(wm)zuw = (1= 1) [ () gy (pW) |-

1
2/ () (A) + " (Du) <log —> ‘
| e o)

(3.18)

Hence

2|(P()L)| ! 2
AP/ A A
|)1_|¢(A)|2|<¢< ) u)]

* <1 - |}‘|2> " (1) gy (9 (1)) |

+Cligall..

(1 - |)L|2> 120 (V) (1) + " (Du()) | log m < (1 _

(3.19)

By (3.1), Lemma 2.1, and the boundedness of the function ¢(z), we get

sup  (1-[A)]|2¢ (V' (L) + 9" (Lu(L)| log
|<p<A>|>1/2< ) 1-[p)|?

2
< sup (1—|A|2)W|<<p’<m2uu>|+ sup [[ullzllgpmll, + Cligall, < oo
- ¢

loV)]>1/2 lp()|>1/2
(3.20)
For all X € D with |p())] <1/2, by (3.5), we have
sup (1= [A12)]20/ V' () + ¢ (Vu(d) | log .
lp()]<1/2 1- |‘P()L)| (3.21)

<log = sup (1 - |A|2) |20’ ()1 (1) + " (Du()| < oo.
lp(h)|<t/2

Hence (3.2) holds.
Conversely, suppose that u € X, (3.1) and (3.2) hold. For f € Z, by Lemma 2.1, we
have the following inequality:

(1-1=R)|@Cof)' @] = (1- 1) | 9 @ D) + ¢ G2 £ (9(2))
' (9(2) (') u(z) + W' (2) f (=)
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< (1-12P)| ¢/ (201 (2) + ¢ (2)u(2) £ (9(2))]
+(1-120) |1 (02) (9'(2)*u(@)| + (1= 12P) [ (2 f (=)

< (1-12R) |29 ()1 (z) + " (2)uu(z) | log ——— || f.
(1-127)] o <11
1-1z) (¢ (2)) u(z)
)] |<1-|<P(z)|2)lf"(<p(z))|

1-|o(2)|”
+ (1=1=2P) '@ [I£1.

< (1-12P) 29 (2)u' (2) + ¢ (2)u(z) | log ———— || £,
(1-12F) g <111

(1- 1) | (¢ 2)*u(2)]
.
1-|o(2)]*
<C[Ifl..

[£112 + 2l 1,

(3.22)

This shows that uC, is bounded. This completes the proof of Theorem 3.1. O

Theorem 3.2. Let u be an analytic function on the unit disc D and ¢ an analytic self-map of D. Then
uC, is bounded on the little Zygmund space R if and only if u € Zo, (3.1) and (3.2) hold, and the
following are satisfied:

dm (1) @ @ @) =0 =2
Jim (1= 12F) |29/ (20 (2) + 9" (2)u(2)| = 0. (3.24)

Proof. Suppose that uC, is bounded on the little Zygmund space Zo. Then u = uC,1 € Z,.
Also up = uCyz € 2o, thus

(1 - |z|2> 120/ (2)1 (2) + ¢ (2)u(z) + p(z)u" (z)| — 0 (|| — 17). (3.25)

Since || < 1 and u € 2, we have limp;|1- (1 - [z[*)|2¢' (z)¥/(z) + ¢" (z)u(z)| = 0. Hence (3.24)
holds.
Similarly, uC,z* € 2o, then

(1-121)|40(2)¢ () (2) + ()" (2) + 2u(2) (p(2)9" (2) + (¢ (2))7) | = 0 (12l — 1°).
(3.26)
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By (3.24), |p| < 1 and u € Xy, we get that lim;j - (1 - |z|2)|u(z)((p’(z))2| = 0, that is, (3.23)
holds.
On the other hand, by Lemma 2.3 and Theorem 3.1, we obtain that (3.1) and (3.2) hold.
Conversely, let

(1-12P) [u@) (¢ (2))’]
M;j =sup 5 < oo;
zeD 1-|o(2)]

(3.27)

M, =sup(1-|z[*)|2¢' (2)u/ (z) + ¢" (z)u(z)| log ——— < o
? zeD< >| | 1-]o@)|

Forall f € 2, we have both (1-|z[?)|f"(z)| — 0and |f’(z)|/log(1/(1—|z|2)) — Qas|z| — 1~
by (1.5). Since u € 2, given that e > 0, thereisa 0 < 6 < 1 such that (1-|z?)|u"(z)| < €/3||fl|s,
(1-1zP)|f"(z)| < €/3M; and |f(z)|/log (1/(1 - |z]*)) < €/3M, forall zwith § < |z| < 1.

If [¢(z)| > 6, it follows that

(1 - |z|2> | (qu,f)"(Z)| = (1 - IZIZ) | (2¢'(2)u' (2) + " (2)u(2)) f (9(2))
' (9(2)) ('(2)) u(z) + ' (2) f (p(2)]
< (1-127) |29 (24 (2) + ¢ (2)u(z)) f (9(2))
+(1-12P) £ (0@) (9 2) u@| + (1= 12P) [ (2) £ (9(2)]

1 p@)]
log<1/<1 - |(p(z)|2>>

+(1-12P) [ @111,

<M

+Mi(1- o)) | (p(2)]

<—+-+=-=¢€.

[SSEINOY
W o

(3.28)

We know that there exists a constant M3 such that |f(z)| < Ms, |f'(z)] < M3 and
|f"(z)| £ M3 for all |z] < 6.
If [p(z)| < 6, it follows that

(1-12P)| (uCo )" )| = (1-12P)| 20 (2 (2) + ¢ (2)u(2) f (9(2)

" (9(2) (¢'(2)u(z) + W' (2) f (9(2)]

< Ms(1-121) |29/ (2 (2) + ¢ (2u(z)|

(3.29)

+ Ma(1-121) |9/ (2))"u(z)| + M3 (1= |21 ' (2) |-
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Thus, we conclude that (1 — [z*)[(uCy(f))"(z)| — 0as |z| — 17. Hence uC,f € 2 for all
f € Zp. On the other hand, uC,, is bounded on Z by Theorem 3.1. Hence uC,, is a bounded
operator on the little Zygmund space Xj. O

The following corollary is just as Theorem 2.2 in [27].

Corollary 3.3. Let ¢ be an analytic self-map of D. Then C, is a bounded operator on Z if and only if

(-ER)|e@r]

i (3.30)
zeD 1-|o(2)]

sup(l - |z|2) l¢"(z)] 1o (3.31)
zeD

g— < o0
1-|o(2)|’

Corollary 3.4. Let ¢ be an analytic self-map of D. Then C,, is a bounded operator on X if and only
if p € Ro, (3.30) and (3.31) hold.

Proof. By Theorem 3.2, C, is a bounded operator on Z; if and only if ¢ € X, limp;j1-(1 -
|z|2)|(go’(z))2| =0, (3.30) and (3.31) hold. However, by (1.5), ¢ € X implies that lim,j_,1- (1 -
|z|2)|((p’(z))2| = 0. Then, C, is a bounded operator on Z; if and only if ¢ € 2, (3.30) and
(3.31) hold. O

4. Compactness of uC,

In order to prove the compactness of uC, on the Zygmund space Z, we require the following
lemmas.

Lemma 4.1. Suppose that uC, be a bounded operator on Z. Then uC, is compact if and only if for
any bounded sequence { f,,} in Z which converges to 0 uniformly on compact subsets of D, we have
luCy(fu)lls — Oasn — co.

The proof is similar to that of Proposition 3.11 in [10]. The details are omitted.

Lemma 4.2. Let { f,} be a bounded sequence in Z which converges to 0 uniformly on compact subsets
of D. Then limy, _, ,sup_p|fn(2)| = 0.

Proof. Let K = sup, || full« < o0. Given any ¢ > 0, there exist 0 < t < 1 such that (1 - HY2 < If
t <|z| <1, by Lemma 2.1, it follows that
¢ 1 1
fn(2) —fn<—z>| = f zfy(zt)dt| <K |z|log s dt
|| 2] /)l 1-|zt]
4.1
1 2] (4.1)

<2e71?K dt < Ke™?(1-1? < Ke /%,

t/|zl (1 _ |zt|2>1/2
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where we use the fact that x'/2log(e/x) < 2e7/? for all x € (0,1]. Then

sup | fu(z)| < Ke™"%e + sup| fu(2)|- (4.2)

t<|z|<1 |z|=t

Noting that { f,,} converges to 0 uniformly on compact subsets of D, we get

lim sup| f,(z)| < lim sup( Ke™/2¢ +sup|fu(z)| ) = Ke '/%. (4.3)
n—=®2eD =% 2eD |z|<t
Hence, lim,, . osup_ | fn(2)] = 0. O

Theorem 4.3. Let u be an analytic function on the unit disc D and ¢ an analytic self-map of D.
Suppose that uC, be a bounded operator on Z. Then uC, is compact if and only if the following are
satisfied:

(-EP)p@ @@’
lp(2)|—1- 1-|p(z)| -

(i)
(4.4)

() lim (1= 1=P) 129 (2 (2) + 9" (2)u(z) | og .

Proof. Suppose that uC, is compact on the Zygmund space Z. Let {z,} be a sequence in D
such that |p(z,)] — 1asn — oo. Without loss of generality, we may suppose that |p(z,)| >
1/2 for all n. We take the test functions:

R 2 -1

p(zn)z—1 1 1
n = 1+1 —_— 1 I —_— — ay, 4.5
P << +°g1—eo<zn>z> ' ><Og1—|(ﬁ(zn)|2> e 0

where

2 2 -1
ay = |(p(zn¢<<l+log %) +1> <log %) (4.6)
(P(Zn) 1- |(P(Zn)| 1- |(P(Zn)|

such that lim, _, ,a, = 0. By a direct calculation, we may easily prove that { f,,} converges to 0
uniformly on compact subsets of D. From the proof of Theorem 3.1, we see that sup, || ||« <
oo. Then { f,,} is a bounded sequence in Z which converges to 0 uniformly on compact subsets
of D. Then lim,, _, o ||Cy(f,) ||+ = 0 by Lemma 4.1. Note that

Z(P(Zn)

fu(p(zn)) =0, fu(p(zn)) = log PR
(9(zn)) (9(zn)) oGl

2 (9(zn)) = (4.7)

1
1- |‘P(Zn)|2’



12 Abstract and Applied Analysis

it follows that
[uCyfull, > [uCy full
> (1-1z)| 0 )/ (20) + ¢ (z0)(z0)) f1 (9(z0)
+u(zn)f1l1, ((P(Zn)) ((PI(Zn))Z + u"(zrz)fn ((P(Zn))

= (1 - |zn|2>

(zul(zn)(l”(zn) + (P”(Zn)u(zn)) 108

1- |(P(Zn) |2

(4.8)
2¢(z,)
+(¢" (zn)) 1u(z0) —
W) uE lo(z0)]°
> (1= 1z,*) | QU (z0)¢ (z0) + ¢ (z)u(2y)) log —————
(1= 1=a)|C g
2(1- 120 [pEau(za) (07 ()|
1=z’ '
Then
lim (1 -z ) | (20 (20)/ (20) + ¢ (20)11(20)) log —————
n—>oo< ) ( ) 1_|(P(Zn)|2

(4.9)

2(1- n 2 —n n ! n ?

= lim (1-z,) (1-h) ot )u(zz)(q) ) |
e 1= |o(zn)]
if one of these two limits exits.
On the other hand, let
h —n -1 . -2
hu(z) = M(log %) —f logS;dw<log ;2> ,
(P(Zn) 1- |(P(Zn)| 0 1- (P(Zn)w 1- |(P(Zn)|

(4.10)

SO

2 -1 -2
1 1 1 1
h,(z) = <log — > <log—> ~log’ ——— <10g > ,
1= ¢(zn)z 1- oz’ 1=z \ 1~ |p(z0)[’
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20(zn) 1 1 -
! = I 1 1
O e B - < %1 |<P(Zn)|2>

- 3¢(zn) log2 ! <log—1 >2.
1-9(z)z  1-¢(zn)z 1-|o(z)|

(4.11)

One may obtain that h, = 0(n — o0) on compact subsets of D by a direct calculation and
sup,,[|hall« £ C < oo by the proof of Theorem 3.1. Consequently, {h,} is a bounded sequence
in 2 which converges to 0 uniformly on compact subsets of D. Then lim,, _, . [[uCy (hy)[|« = 0
by Lemma 4.1. Note that u € Z, h;,(¢(z,)) =0 and lim,, _, ,sup__p|h,(z)| = 0 by Lemma 4.2, it
follows that

0— ””Ctphn = ””Ctph"”z

> (1= |zal?) [z (9(20)) (9 (20))* + 1" (z0) (20|

> (1- |z

— <1 - |zn|2>

|(P(Zn)|
1 |o(za)|*

|u(za) (¢ (20)) |
1- |‘P(Zn)|2 ’

u(za) (¢ (z0))?

|- (1= lza) [ za) e (20)

(4.12)

asn — oo. Then lim,, _, oo (1= |2,[*) (Jte(20) (¢' (20))?]/ (1 = |(24)[?)) = 0. The proof of the neces-
sary is completed.

Conversely, Suppose that (i) and (ii) hold. Let { f,,} be a bounded sequence in Z which
converges to 0 uniformly on compact subsets of D. Let M = sup, || fu|l« < +o0. We only prove
lim, . o, [|[uCy(fr)|l« = 0 by Lemma 4.1. This amounts to showing that

sup(l - |w|2> | 29" (w)u' (w) + ¢" (w)u(w)) f,,(p(w))| — 0,

weD
2 ) 2 2 I
sup (1 = fwl”)[u(w) (¢ ()’ i (pa)) | — 0, sup(1 = ol ) [u' @) fu(pw)) | — 0.
we we
(4.13)
By Lemma 4.2 and uC, bounded on Z, which implies that u € Z, then
sup (1 - [l ) [ (w) fu(p(w))] < l1ullzsup| fa(2)] — 0. (4.14)
weD zeD

If |p(w)| <7 <1, by (3.5), then

(1 1) | @9 () @) + ¢ Go)u(w)) o (p(w))| < Kimax| ()] @1)
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If |p(w)| > r, by Lemma 2.1, then

(1= 1ol?) |20 ()it () + ¢ (@)u(w)) f; (p(w)) |

< M<1 - |w|2> | (2¢' (w)u' (w) + ¢" (w)u(w))| log ¢ (4.16)
) 1= p(w)[*
Thus,
sug(l - |w|2> | 29" (w)u' (w) + ¢" (w)u(w)) f,,(p(w))]
< Kimax|f,()] + M sup (1= [w]’)| (29 @)u (w) + ¢ (w)u(w))| log ———.
[o|<r |p(w)|>r 1- |<p(w)|
(4.17)
First, letting n tend to infinity and subsequently r increase to 1, one obtains that
sup (1 - fwl”) | (29! (@) (@) + 9" (@)u(@)) f (p(0)) | — 0, (4.18)
asn — oo. The third statement is proved similarly.
If |p(w)| <7 <1, by (3.7), then
(1~ leof?) [ue0) (¢ @) £ (p(a0) | < Komax| £ ()] (4.19)
If |p(w)| > r, then
1- |wl?) [u(w) (¢ (w))?
(1~ P [uteo) (¢f @) fi (p(w)) | < M (1= rr) . | (4.20)
1-[p(w)]
Thus,
sup (1~ feof?) [u(e) (¢ (@) £ (p(a)) | < Komax| £ (2)]
(1 - ) [u(@) (¢ @))’] (+21
+M sup 5 ,
lpt)|r 1= |op(w)|
which also implies that
sup (1~ w0’ ) [u(w) (' (@))* f1 (p(w))| — 0, (422)

weD

asn — oo. This completes the proof of Theorem 4.3. O
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In order to prove the compactness of uC, on the little Zygmund space 2o, we require
the following lemma.

Lemma 4.4. Let U C Ry. Then U is compact if and only if it is closed, bounded, and satisfies

. _ 2 " —
imsup(1- 1=F) ') =0 (423)

The proof is similar to that of Lemma 1 in [6], we omit it.

Theorem 4.5. Let u be an analytic function on the unit disc D and ¢ an analytic self-map of D. Then
uC, is compact on the little Zygmund space X, if and only if u € Zo and the following are satisfied:

(1P| @)

(i) lim > =0;
2=t 1-op(2)] (4.24)

@ Jim (1= F) 29 (=) 4" G 1og =0

Proof. Assume that (i) and (ii) hold, and u € Z,. By Theorem 3.2, we know that uC,, is bound-
ed on the little Zygmund space Z. From (ii), we can show that

lim (1~ |2) [20'(2)1 (2) + " (2)u(z)| = 0. (425)

|z| =1
Suppose that f € 2, with || f||. < 1. We obtain that

(1-12P) |Gy )" ()] = (1= 12P) |20/ () (2) + ¢ (2)u(2) £ (9(2)) ]
+(1-12P) | £ (0(2) (¢ @) °u@)| + (1= 12P) [0 (2) f (9(2)]

< (1-12P) |24/ (2)1/ () + ¢" (2)u(z) | log ——— || f|I.
( )l ¢ I g1_|<,,(z)|2”f“

, (=)o

T (1-le@ )" (@) + (1= 1=P) [«" @]

1
< (1-127)]2¢' (2)d (z) + ¢" (z)u(z) <1 +log —>
( ) | 1-]p()[*

. (1 - |z|2>|((p’(z))2u(z)| .

Cp U el

(4.26)
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thus,
sup{[(1-1217) (uC,o f)"(2)| : f € 2o |1 Il <1
< (1-12P) 129/ (2)d (2) + ¢ (2)u(2)| <1 +log m> w2
RS T,
and it follows that
Jim sup{| (1~ 127) (uCypf)' )] £ € 20,1 fl. <1} =0, (4.28)

hence, uC, is compact on Zp by Lemma 4.1.

Conversely, suppose that uC,, is compact on Z,.

First, it is obvious uC, is bounded on X, then by Theorem 3.2, we have u € Z; and
that (3.24) holds. On the other hand, by Lemma 4.1 we have

Jim sup{|(1-12F) (uCof) ()| - £ € 20, [If]|. < M} =0, (4.29)

1

for some M > 0.
Next, note that the proof of Theorem 3.1 and the fact that the functions given in (3.8)
are in Xy and have norms bounded independently of a, we obtain that

. (1-12) [u2) (¢ (2))’| L

(4.30)
N S ek

Similarly, note that the functions given in (3.16) are in Xy and have norms bounded
independently of a, we obtain that

. , ' " 1
A (1-12P) |29 (2)u (2) + ¢ (2)(z) | log e
<C lim (1-12F")|(uCyge)" ()] + Jim (1~ 1) )]l el (431)

. 2|(P(Z)| ) 2
+ |zl|£n>1*<1 - |z|2>m'u(z) (‘P (Z))

7

for |¢p(z)| > 1/2. So by (4.30) and u € 2, it follows that

lim7<1 - |z|2> |2¢' ()1 (z) + ¢" (z)u(z)|log (4.32)

|zl —1

— =0,
1- o)
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for |p(z)| > 1/2. However, if |p(z)| < 1/2, by (3.24), we easily have

lim (1 - |z|2> |2¢' (2)1 (z) + ¢" (z)u(z)|log

=1 1-Jo(z)|°
(4.33)
<log : lim (1-[z1") |29/(2)(2) + ¢ (DJu(2)]| = 0.
3|zl—1-
This completes the proof of Theorem 4.5. O

Corollary 4.6. Let ¢ be an analytic self-map of D. Then C,, is a compact operator on Z if and only if

(1-127)| (v 27| D

= - e (4.34)

1
lim (1-|z*)]¢"(z)|log ——— =0
\Z|—>1’< >|(p | g 1- |(P(Z)|2

In the formulation of corollary, we use the notation M, on H(D) defined by M,,f = uf
for f € H(D).

Corollary 4.7. Let u be an analytic function on the unit disc D. Then the pointwise multiplier M,, :
R(resp.Ry) — R(resp. Ry) is a compact operator if and only if u = 0.
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