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A kind of nonlinear finance system with time-delayed feedback is considered. Firstly, by
employing the polynomial theorem to analyze the distribution of the roots to the associate
characteristic equation, the conditions of ensuring the existence of Hopf bifurcation are given.
Secondly, by using the normal form theory and center manifold argument, we derive the explicit
formulas determining the stability, direction, and other properties of bifurcating periodic solutions.
Finally, we give several numerical simulations, which indicate that when the delay passes through
certain critical values, chaotic oscillation is converted into a stable steady state or a stable periodic
orbit.

1. Introduction

Since the chaotic phenomenon in economics was first found in 1985, great impact has been
imposed on the prominent western economics at present, because the chaotic phenomenon
occurring in the economic system means that the macroeconomic operation has in itself the
inherent indefiniteness. Although the government can adopt such macrocontrol measures as
the financial policies or the monetary policies to interfere, the effectiveness of the interference
is very limited. The instability and complexity make the precise economic prediction greatly
limited, and the reasonable prediction behavior has become complicated as well. In the
fields of finance, stocks, and social economics, because of the interaction between nonlinear
factors, with all kinds of economic problems being more and more complicated and with
the evolution process from low dimensions to high dimensions, the diversity and complexity
have manifested themselves in the internal structure of the system and there exists extremely
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Figure 1: Strange attractor of finance system (1.1).

complicated phenomenon and external characteristics in such a kind of system. So it has
become more and more important to study the control of the complicated continuous
economic system and stabilize the instable periodic or stationary solutions, in order to make
the precise economic prediction possible [1, 2].

Recent works [1, 2] have reported a dynamic model of finance, composed of three
first-order differential equations. The model describes the time variations of three state
variables: the interest rate x, the investment demand y, and the price index z. By choosing
an appropriate coordinate system and setting appropriate dimensions for each state variable,
[1, 2] offer the simplified finance system as

x(t) = —a(x(t) +y(t)),
y(t) = -y (t) — ax(t)z(t), (1.1)

z(t) =b+ax(t)y(t),

which is chaotic when a = 1.69, b = 4 (see Figure 1).

Over the last years, [3, 4] studied impulsive control and state feedback control of the
finance system (1.1). In this paper, we are interesting in delayed feedback control of the
finance system (1.1). The effects of the time-delayed feedback on the finance system have
long been investigated [5-8].

Recently, different techniques and methods have been proposed to achieve chaos
control. The existing control methods can be classified, mainly, into two categories. The first
one, developed by Ott et al. [9] is based on the invariant manifold structure of unstable orbits.
It is theoretically well understood but difficult to apply to fast experimental systems. The
second, proposed by Pyragas [10], uses time-delayed controlling forces. In contrast to the
former one, it is simple and convenient method of controlling chaos in continuous dynamical
system. Thus, we adopt the second one in the present paper.
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For predigesting the investigation, here we only put time delay on investment demand
y- By adding a time-delayed force K(y(t) — y(t — 7)) to the second equation of finance system
(1.1), we obtain the following new system

x(t) = —a(x(t) +y(t)),
y(t) = ~y(t) - ax(D)z(t) + K(y(t) — y(t - 7)), (12)
zZ(t) = b+ ax(t)y(t).

Here we assume that (Cq) a,b,7 € (0,0) and K € R. The time delay 7 is taken as the
bifurcation parameter and we show that when 7 passes through some certain critical values,
the equilibrium will lose its stability and hopf bifurcation will take place; by adjusting
K values, we achieve the purpose of chaos control. The research of this paper is a new
investigation about the hopf bifurcation and chaos control on the finance system and has
important theoretical and practical value.

2. Stability of Steady States and Bifurcations of Periodic Solutions

In this section, we investigate the effect of delay on the dynamic behavior of system (1.2).
Obviously, when 7 = 0, system (1.2) becomes the system (1.1). First, we introduce the
following several lemmas in [1, 2] for T’s system(1.1).

We know that under the assumption (C1), the system (1.1) has two equilibrium points:

Vab +ab 1 Vab ab 1
S1= <T'_T'Z , Sy = % "5 ’3) (2.1)
The characteristic equation of the system (1.1) at 51(S») is
A+ (1+a)A? + ab) +2a°b = 0. (2.2)

By analyzing the characteristic equation (2.2) and the Routh-Hurwitz criteria, we get
the following.

Lemma 2.1. For a < 1, the characteristic equation (2.2) has three eigenvalues with negative real
parts, so two equilibrium points S1, S of the system (1.1) are asymptotic stable.

Lemma 2.2. For a = 1, the characteristic equation (2.2) has a pair of purely imaginary eigenvalues
Ao = Fiwpy (wo = vb) and a negative real eigenvalue A3 = =2, and

5b

i(a=1)=m>

0. (2.3)

According to the hopf bifurcation theorem [11], a hopf bifurcation of the system (1.1) occurs at a = 1.

Lemma 2.3. For a > 1, the characteristic equation (2.2) has one negative real root and one pair of
conjugate complex roots with positive real parts, so two equilibrium points S1, S, of the system (1.1)
are unstable.
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Clearly, the delayed feedback control system (1.2) has the same equilibria to the
corresponding system (1.1). In this section, we analyze the effect of delay on the stability of
these steady states. Due to the symmetry of S; and S, it is sufficient to analyze the stability
of S1. By the linear transform

x1(t) = x(t) - @,
yit) = y(t) + @ @4)
21 =20 - 7,

system (1.2) becomes

x1(t) = —a(xi(t) + yi(t),
() = -1 () — 1 () - Vabz () - axi )z () + K () - yat-1)),  (25)
Zl (t) — _\/%xl (t) + @yl (t) + axq (t)yl (t)

It is easy to see that the origin S¢(0,0,0) is the equilibrium of system (2.5). The associated
characteristic equation of system (2.5) at S(0,0,0) is

A+a a 0
det|] 1 A+1-K+Ke* Vab |=0. (2.6)
Vab —Vab A
Expanding (2.6), we have
A+ (1+a-K)A2 + (ab - aK)A +2a%b + K(AZ + al)e‘“ = 0. (2.7)

Thus, we need to study the distribution of the roots of the third-degree exponential pol-
ynomial equation:

M@+ ah+ag+ (bzx2 +bid + b0>e’“ =0, (2.8)

where a;,b; € R (i = 0,1,2) and Ziz:O bi2 #0. We first introduce the following simple result
which was proved by Ruan and Wei [12] using Rouche’s theorem.

Lemma 2.4. Consider the exponential polynomial

P (.}L, e, e*)‘T'">

=0 p P p P p o [ p P pD e (2.9)

(m)

oot [le))tn—l 4ot pn—l‘/\ + pr(zm) e—/\‘l’m’



Journal of Applied Mathematics 5

where 7; > 0(i = 1,2,...,m) and p](.i) (i=201..m j = 1,2,...,n) are constants. As

(11,72, ..., Tm) vary, the sum of the order of the zeros of P(\, e m, ..., e ™) on the open right half
plane can change only if a zero appears on or crosses the imaginary axis.

Obviously, iw(w > 0) is a root of (2.8) if and only if w satisfies

—iw® — apw? + aywi + ag + <—b2w2 + biwi + b0> (coswTt —isinwt) = 0. (2.10)

Separating the real and imaginary parts, we have

aw? — ag = <b0 - b2w2> COS wWT + byw sin wr,
(2.11)
-+ qyw = (bo - b2w2> sin wTt — byw cos wr,

which is equivalent to
w® + <a§ - b3 - 2a1>w4 + <a§ —2apay - bj + 2b0b2>w2 +ag— b5 = 0. (2.12)

Let z = w? and denote p = aj — by — 2ay, q = aj — 2apas — b} + 2bob,, r = a5 - b}, then (2.12)
becomes

2 +pzt+qz+r=0. (2.13)

In the following, we need to seek conditions under which (2.12) has at least one
positive root. Denote

h(z) = 2> +pz* +qz +7. (2.14)

Therefor, applying [13], we obtain the following lemma.
Lemma 2.5. For the polynomial equation (2.13), one has the following results.
(i) If r <O, then (2.13) has at least one positive root.

(ii) If r > 0 and A = p* — 3q < 0, then (2.13) has no positive roots.

(iii) If r > 0 and A = p* —3q > 0, then (2.13) has positive roots if and only if z} = (1/3)(—p +
VA) > 0and h(z}) < 0.

Suppose that (2.13) has positive roots. Without loss of generality, we assume that it
has three positive roots, defined by z1, z, and zs3, respectively. Then (2.12) has three positive
roots:

w1 = \/Z/ wy = \/5/ w3 = \/5 (215)
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From (2.11), we have

biw? (w? - a1) — (aaw? - ag) (bw? - by)

(byw? — by)* + b2uw?

COSWT = (2.16)

Thus, if we denote

. b 2 2 _ 2 b 2 b
TIE]) = % [cos‘1< 10 (@) — @) = (@20, = o) (b2 O)> + 2].71':| , (2.17)
k

(bw? = by)” + Bew?

where k =1,2,3; j=0,1,2,..., then +iw is a pair of purely imaginary roots of (2.8) with Tlij ),
Define

m=7y = mn7’,  w=w. (2.18)
Note that when 7 = 0, (2.8) becomes
.)Ls + (a2 + bz))tz + ((11 + bl).)t +ap + bo =0. (219)

Therefor, applying Lemmas 2.4 and 2.5 to (2.8), we get the following lemma.

Lemma 2.6. For (2.8), one has

() ifr > 0and A = p*> —3g < 0, then all roots with positive real parts of (2.8) have the same
sum to those of the polynomial equation (2.19) for all T > 0.

(ii) if eitherr <Qorr >0, A =p> -39 >0, z} = (1/3)(-p+VA) > 0and h(z}) < 0, then all
roots with positive real parts of (2.8) have the same sum to those of the polynomial equation
(2.19) for T € [0, 19).

Let
A(T) = a(T) +iw(T) (2.20)
be the root of (2.8) near 7 = ,Ej ) satisfying

a<T,£j)> =0, w<T,£j)> = Wk. (2.21)

Then by [13], we have the following transversality condition.
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Lemma 2.7. Suppose that zj = w? and h'(zx) #0. Then

RA <T,§j)>

i #0, (2.22)

and R)L(T,Ej))/d’r and W' (zi) have the same sign.

Now, we study the characteristic equation (2.7) of the system (2.5). Comparing (2.7)
with (2.8), we know that

a=1+a-K, a; = ab - ak, ap = 2a°b, b, =K, b1 = ak, by = 0.
(2.23)

Thus,

p=aj-b}-2a; =a’>+2a+1-2ab-2K,
q = aj —2apa, — b3 +2bob, = a*b* + 2a*bK - 4a’b - 4a°b, (2.24)

r=aj-b =4a'b* >0,
and then we can compute
1
A=p*-3q, h(z)=2+p2+qz+r, z|= 3 <—p + \/Z) (2.25)

When 7 =0, (2.7) becomes (2.2)
2+ (1 +a)\? + abl +2a%b = 0. (2.26)

Applying Lemmas 2.1, 2.2, 2.6, and 2.7 to (2.7), we have the following theorems.

Theorem 2.8. Let T,ij) and Ty be defined by (2.17) and (2.18). Suppose that conditions (Cq) and a < 1
hold.

(i) If A <0, then (2.7) had all roots with negative real parts for all T > 0, and the equilibrium
Sy (or Sy) of the system (1.2) is stable.

(ii) If A > 0, z} > 0and h(z}) <0, (2.7) had all roots with negative real parts for T € [0, 7o),
and the equilibrium Sy (or Sy) of the system (1.2) is stable.

(iii) If the conditions of (ii) are satisfied, and W' (zx) #0, then system (1.2) exhibits the Hopf

bifurcation at the equilibrium Sy (or Sy) for T = T,E] ),

Theorem 2.9. Let T,Ej ) and Ty are defined by (2.17) and (2.18). Suppose that conditions (C1) and
a>1 hold.

(i) If A <0, then (2.7) had two roots with positive real parts for all T > 0, and the equilibrium
Si (or Sy) of the system (1.2) is unstable.
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(ii) If A >0, z] > 0and h(z]) <0, (2.7) has two roots with positive real parts for T € [0, 7o),
and the equilibrium Sy (or Sy) of the system (1.2) is unstable.

(iii) If the conditions of (ii) are satisfied, and h'(zx) #0, then system (1.2) exhibits the Hopf

bifurcation at the equilibrium Sy (or Sy) for T = Té’).

3. Direction and Stability of the Hopf Bifurcation

In the Section 2, we obtained some conditions which guarantee that the system (1.2)
undergoes the Hopf bifurcation at a sequence values of 7. In this section, we shall study the
direction and stability of the Hopf bifurcation. The method we used is based on the normal
form theory and the center manifold theorem introduced by Hassard et al. [14]. Throughout
this section, we always assume that system (1.2) undergoes Hopf bifurcations at the steady
state (x,Yx, z«) for 7 = 7 and then +iwy is corresponding purely imaginary roots of the
characteristic equation at the steady state (x., y«, z.).

Letting x1 = x — Xy, X2 = Y — Yy, X3 = 2 — 24, Xi(t) = xi(7t), T = T + p and
dropping the bars for simplification of notations, system (1.2) is transformed into an FDE
in C = C([-1,0], R%) as

x(8) = Ly () + f (u, x1), (3.1)

where x(£) = (x1(t), x2(t), x3(t))T € R3, and L, :C — R f:RxC — R are given,
respectively, by

a -a 0 $1(0) 0 0 0\ /¢i(-1)
L.(¢) = (tx + ) <—az* K-1 —ax*> <¢2(0)> + (Tkc + p) <O -K 0> <gb2(—1)>,
ay. ax. 0 /) \¢s(0) 0 0 0/ \gs(-1)

0
f(w @) = (tc+p) <—a¢1(0)¢3 (O)>.
a1(0)¢2(0)
(3.2)

By the Riesz representation theorem, there exists a function #(6, 4) of bounded variation for
0 € [-1,0], such that

0
Lap= [ an©,09(6) 63)

for ¢ € C[-1,0].
In fact, we can choose

-a -a 0 0 0 O
n(6,u) = (1 + ) <—az* K-1 —ax*> 6(0) — (tx + p) <0 -K O> 500 +1), (3.4)
0 0 0 O

ay. ax.
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where 6 is the Dirac delta function. For ¢ € C'([-1,0], (R%)"), define

%(99), 0 €[-1,0),
AP =14 o
f_ldﬂ(ﬂ/ S)()b(s)/ 0= 0/ (35)
)0, 0 e[-1,0),
Rue = {f(#, 5, 0=0,
Then system (3.1) is equivalent to
%= A(p)xe + R(p)x, (3.6)
where x;(0) = x(t + 0) for 0 € [-1,0].
For ¢ € C!([0,1], R%), define
—@, s e (0,1],
Ag(s) =y 0" (3.7)
f dn'(t,0)¢(-t), s=0,
-1
and a bilinear inner product
0 6
((s),4(@) = F0) - 4O - [ L_O ¥ (- 0) dn©)p@)dz, (38)

where 7(0) = 1(8,0). Then A = A(0) and A* = A*(0) are adjoins operators.

By the discussion in Section 2, we know that +iw; Ty are eigenvalues of A, thus they
are also eigenvalues of A*.

By direct computation, we obtain that g(0) = goe’®“+™, with

a iwi

. . T
4(0) = (1,a,p)" = <1,—a+""", aly. - x.) _lw"x*> ) (3.9)

is the eigenvector of A corresponding to iwi Tk, and g*(s) = Dqje“*™, with

. . . .
wi\a— 1w a— 1wy ) aAX
qS=(1,a*,ﬁ*)T=<1, > Kaziwv) 2( k) ) (3.10)
A~ Xy Yy — lWKAZy A X4 Y5 — IWKAZs

is the eigenvector of A* corresponding to —iwy Tk, where

1
D= — —.
1+ aa* + pp* — Kreaa* etox

(3.11)
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Using the same notation as in [14], we compute the coordinates to describe the center
manifold Cy at u = 0. Let x; be the solution of (3.1) when p = 0. Define

z(t) = (q", xt), W (t,0) = x;(0) —2Re{z(t)q(6) }. (3.12)

On the center manifold Cy, we have

W(t,0)=W(z(t),z(t),0), (3.13)

where

2
W (z,Z,6) = Wan(8) 5 + Win(0)ZZ + Waa(6) 5 + Wao(O) = + -+ (3.14)

z and z are local coordinates for center manifold Cy in the direction of 4* and g". Note that
W is real if x; is real. We consider only real solutions. For the solution x; € Cy of (3.1), since
u =0, we have

2(t) = itwiz + 47 (0) £ (0,W(z,Z,60) + 2Re{zq(0) })

. (3.15)
= iniwrz + 7 (0)f(0,W(z,Z,0) + 2Re{zq(0) }) " ireeorz +G°(0) fo(z, 2).
We rewrite this equation as
Z(t) = irwiz(t) + g(2,2), (3.16)
where
_ z? z 2z 317
g(z,z)=¢q (O)f()(Z,Z) 820—+g11ZZ+g02—+g217+ (3.17)
Noticing
x:(0) = (x16(0), x2:(0), x3:(0)) = W(t,0) + zq(0) +zq(0), (3.18)
q(e) _ (1, a, ﬂ)TeikaTk, .
we have
1 z2 (1 1 Ez 3
x1(0) = z+Z + W >(0)— + W (0)2Z + W ’(0)— + o<|(z,z)| )
% (0) = az +az + w‘2>(0)— +W2(0)zz+ W (0)— + o(|(z z)|3) (3.19)

x31(0) = Pz + fz + W) (0)— + W (0)2z + W(S)(O)— +0(Iz2)P).
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Thus, form (3.17), we have

0
8(z%) =7 (0)fo(z %) = Dre(La, ) <—axu<0)x3t<0)>
ax1;(0)x2(0)

—2
= —aDna [z TZ+ W‘”(O)— W02z + W3 (05 + o(|(z,2)|3)]
[ﬂz +pz+ w<3>(0)— W (0)zz + WY (0)— +0(|(z 3| )] (3:20)
+ aDTf* [z 2+ Wl (0)— W (0)2z + W) >(0)— + O<|(z, 2)| )]

2 o
[az Az + W2<§>(0) +W2(0)zz+ WY (0)27 + o(|(z, 2)|3)].

Comparing the coefficients of (3.17), we get

g0 = —2aDTy <Ea - ?ﬁ),
gu = 2aD7i (" Re(a) - @ Re(p) ),
g = ~2aDr (' - ?ﬁ), (3.21)
g = —aﬁr,ﬁ[zwﬁ’) 0) + W (0) + 26w (0) + ﬁWéé)(O)]
+ aﬁrk[?[zwﬁ) 0) + W2 (0) + 2aWP (0) + awy) (0)].

Since there are Wy (8) and W11 (0) in g»1, we need to compute them.
From (3.6) and (3.12), we have

W=x-29-2q= AW - 2Re{7"(0) f0q(6)}, 0 € [-1,0),
t ! ! AW — ZRe{ﬁ* (O)foq(o)} + fO/ 0 =0. (322)
def

= AW+ H(z,z,0),

where

2 =2
H(z,Z,0) = HZO(G)% + Hy (0)22 + HOZ(G)% been (3.23)

Expanding the above series and comparing the corresponding coefficients, we obtain

(A = 2iTkwr) W (6) = —H(6), AW11(0) = -H11(6), ... (3.24)
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From (3.22), we know that for 6 € [-1,0),
H(z,Z,6) = -3 (0) foq(6) - 4" (0)f,7(0) = ~g4(6) + Z4(6). (3.25)
Comparing the coefficients with (3.23) gives that

Hj0(0) = —8209(0) -~ 8,4(0), (3.26)
H11(0) = -gnq(0) - 81,9(0)- (3.27)

From (3.24), (3.26) and the definition of A, it follows that
W20 (9) = 2iTkka20(9) + gzoq(é)) + §qu(6) (328)

Notice that g(0) = (1, a, B)T e, hence

1 . ig . .
W20(9) = _%q(o)elewm + Bjﬁﬁ(o)e—l@wm + Elehewm, (3.29)

T
where E; = (E (1), Eiz), E§3)) € R? is a constant vector.
Similarly, from (3.24) and (3.27), we can obtain

i . w
Wi (6) = —%q(me’@wm + %qw)e-’@wm +E,, (3.30)

T
where E; = (E (1), Eéz), ES)) € R is also a constant vector.
In what follows, we shall seek appropriate E; andE,. From the definition of A and
(3.24), we obtain

0
f dn(@Wa(6) = 2ie0mWan(0) ~ Hn(0), (3.31)
0
[ an©@wn© - -0, (332)

where 77(0) = 71(6,0). By (3.22), we have

0
HZO(O) = _gZOq(O) - §02§(0) + 2Tk <_,6> ’ (333)
o
0
Hi1(0) = -g14(0) - 3,,3(0) + 27 <— Re(ﬂ)) . (334)
Re(a)
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Substituting (3.29) and (3.33) into (3.31), we obtain

0 0
<2iwkaI - J ere‘”ﬂkdq(e)>E1 =27y <—ﬂ>,
_1 a

2iwy + a a 0 0
az, 2iwx-K+1+Ke?*™ ax, |Ey=2( -p ),
—ayy —ax, 2iwy a

£ _ 2a(2iwif + aax,)
W=

which leads to

A 7
EO _ -2Qiwy + a) 2iwiP + aax,)
1~ A 4
@ _ 2
EY = 24y,

where

2iwk +a a 0
A =det az, 2iwr-K+1+Ke2% gx, ),

—ayy —ax, 2iwy

2iwk + a a 0
Ap=det( az. 2iwg-K+1+Ke?2™ g ).

—ay. —ax, a

Similarly, substituting (3.30) and (3.34) into (3.32), we can get

a a 0 0
az, 1 ax. |E;=2( —-Re(p) ),
—ay, —ax. 0 Re(a)

£ _ 2a%x, Re(a)
2 B 4
@ —2a°x,Re(a)
E; = B ,
@ _ 2
EY = B,

where

a a 0 a a 0
B=det{ az. 1 ax.]), Bi=det az. 1 -Re(p) ).
—ay. —ax, 0 -ay, —ax. Re(a)

13

(3.35)

(3.36)

(3.37)

(3.38)

(3.39)
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Thus, we can determine Wy (0) and W11(0) from (3.29) and (3.30). Furthermore, we can
determine g». Therefore, each g;; in (3.21) is determined by the parameters and delay in
(3.1). Thus, we can compute the following values:

. 2
c1(0) = ﬁ <811g20 - 2|g11|2 - @> + %,
__Re(c1(0))
2= " Re(W () (3.40)

B2 = 2Re(c1(0)),

Im(c1(0)) + p2 Im (X' (7))
T Wik ’

T, =

which determine the quantities of bifurcating periodic solutions in the center manifold at the
critical value 7y, that is, p» determines the directions of the Hopf bifurcation: if p» > 0(u» < 0)
then the Hopf bifurcation is supercritical (subcritical) and the bifurcating periodic solutions
exist for 7 > T (T < Tx); P determines the stability of the bifurcating periodic solutions: the
bifurcating periodic solutions are stable (unstable) if f; < 0(f, > 0); and T, determines the
period of the bifurcating periodic solutions: the period increases (decreases) if T, > 0(T, < 0).

4. Application to Control Chaos

In the present section, we apply the results in the previous sections to system (1.2) for the
purpose of control of chaos. From Section 2, we know that under certain conditions, a family
of periodic solutions bifurcate from the steady states of system (1.2) at some critical values of
7 and the stability of the steady state maybe change along with increase of 7. If the bifurcating
periodic solution is orbitally asymptotically stable or some steady state becomes local stable,
then chaos may vanish. Following this ideal, we consider the following delayed feedback
control system:

x(t) = -1.69(x(t) + y(t)),
y(t) = -y(t) - 1.69x(t)z(t) + K(y(t) ~y(t - 7)), (4.1)
z(t) =4+ 1.69x(H)y(t),

which has two steady states S,=(0.65,-0.65,0.5917), S_=(-0.65,0.65,0.5917). Clearly, when
T =0o0r K =0, system (3.1) is chaotic (as depicted in Figure 1).

For the steady state S, or S_, we have the corresponding characteristic equation of
system (4.1) as follows:

A%+ (2.69 — K)A? + (6.76 — 1.69K) A +22.8488 + K()LZ + 1.6%) e =0. (4.2)

Clearly, when 7 = 0, (4.2) has a negative root and a pair of complex roots with positive
real parts. Following Section 2, we can obtain p = 2K — 6.2839, g = 22.8488K — 77.2289,
r = 5220677 > 0, A = p> -3q > 0, and z} = (1/3)(-p + VA) > 0 for all K € R. When
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Figure 2: Chaos still exists for K = -1, 7 =0.2.
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Figure 3: Chaos still exists for K = -1, 7 =2.5.

K < -0.1907 or K > 12.107, h(z*) < 0. Thus, from Lemma 2.6 and Theorem 2.9, we know that
(4.2) has roots with positive real parts. In particular, we have K = -1, that is,

x(t) = -1.69(x(t) + y(t)),
y(t) = —y(t) - 1.69x(t)z(t) - (y(t) —y(t - 7)), (4.3)
z(t) =4+ 1.69x () y(t).

In this case, we can compute

p=—4.2839, g= - 100.077, r=522.0677, A=318.5850,
= = (])— 2]_” ! -
21289478,  w; =29913,  7,”20.2205+ or ' (z1)=63.4487, (4.4)
N _ )~ 2jr e
2,=5.6545,  wy = 2.3779, 7,)20.5227 + — H (z5)= — 52.6043.
2
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y -4 05 x

Figure 4: When K = -1, 7 = 0.8, chaos vanishes, and S; becomes local stable. Here initial value is
(0.5, -0.5, 0.6).

Figure 5: When K = -1, 7 = 0.8, chaos vanishes, and S, becomes local stable. Here initial value is
(=05, 0.5, 0.6).

2
y -4 -6 x

Figure 6: When K = -1, 7 = 2, chaos vanishes, and S, becomes a stable periodic solution. Here initial
valueis (5, =5, 5).
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Thus, from Lemma 2.7, we have Re )L(Tl(j )) /dt > 0 and Re .)L(T2(j >) /dt < 0. In addition,
notice that

79202205 < 720.5227 < 77223210 < 7{"=3.1650. (4.5)

Thus, from Theorem 2.8, we have the following conclusion about the stability of the steady
states of system (4.3) and Hopf bifurcation.

5. Conclusion
Suppose that 7., k=1,2; j=0,1,2,...is defined by (4.4).

(i) When 7 € [0, 7'2(0)) U (Tl(l), o), the steady states S; and S, of the system (4.1) are
unstable (see Figures 2 and 3).

(ii) When 7 € (TZ(O),Tl(l)), the steady states S; and S, of the system (4.1) are as-
ymptotically (see Figures 4 and 5).
G)
(iii) When 7 = Tk]
Sl and 52.

, system (4.1) undergoes a Hopf bifurcation at the steady states states

The above simulations indicate that when the steady state is stable or the bifurcating
periodic solutions are orbitally asymptotically stable, chaos vanishes (see Figures 4-6).
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