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We establish an SIS (susceptible-infected-susceptible) epidemic model, in which the travel between
patches and the periodic transmission rate are considered. As an example, the global behavior of
the model with two patches is investigated. We present the expression of basic reproduction ratio
Ry and two theorems on the global behavior: if Ry < 1 the disease-free periodic solution is globally
asymptotically stable and if Ry > 1, then it is unstable; if Ry > 1, the disease is uniform persistence.
Finally, two numerical examples are given to clarify the theoretical results.

1. Introduction

Epidemic models have been paid intensive attention for recent decades. In the models,
population is divided into several compartments, for example, susceptible (S), infected (I),
and recovery (R) by individual state. The classic epidemic models, including SIS model and
SIR model, generally aim at the basic reproduction ratio (the epidemic threshold) and the
global behavior [1-6].

With the development of transportation, the travel becomes more and more easy for
people. It has been observed that the travel can affect the spread of infectious disease. In [7, 8],
authors showed that international travel is one of the major factors associated with the global
spread of infectious disease. Ruan et al. investigated the effect of global travel on the spread
of SARS [9] and pointed out that the basic reproduction ratio is independent upon the travel
but the travel increase the number of infected individuals.

On the other hand, many infectious diseases show seasonal behavior, such as measles,
chickenpox, rubella, and influenza. Zhang and Zhao [10] presented a periodic SIS epidemic
model with individuals immigration among n patches. By employing the persistence theory,
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they gave the expression of the epidemic threshold and obtained the conditions under which
the positive periodic solution is globally asymptotically stable. In [11], Wang and Zhao
showed that the threshold parameter is the basic reproduction ratio for a wide class of
compartmental epidemic model in periodic environments. Applying the method in [10, 11],
Nakata and Kuniya [12] and Bai and Zhou [13] examined the threshold dynamics of a
periodic SEIRS epidemic model.

Combining the mobility and seasonality, we consider an SIS epidemic model, in which
people can travel among n patches and the transmission rate is a periodic function. Our SIS
epidemic model with mobility and seasonality is as follows:

ds;; n n
—% =B (t, Nf)Nf + Z pik(t)Six — (0i(t) + dii(t))Sii — Zﬁiik(t)siilki + % (£) Lii,
dt k=Lk#i )
dIil 2 1
= D0 pic® I + D Piik (1) Siilii = (0i(t) + dig(t) + v () ) Lii,
at Tz s}

(1.1)

dsi; L .
Tl oi(t)Vij (1) Sii = (pij (t) + dij (1)) Sij — Zﬂijk(t)sijlki +Yi(O) L, i#]
k=1

dl;; z .
T o)V () Li + D Pijk () SijIxi — (pij(t) + dij(8) +yi (1)) Lij,  i#],
k=1

where S;;(t) and I;;(t) are the number of susceptible and infected individuals whose current
location is the jth patch and home location is the ith patch at time ¢, respectively. Denote
Nij = Sij(t) + Lj(t). Nf = 27:1 Nii, Nf, is the number of individuals who are physically
presentin the ith patch attime t. N = 3/, (S;;+1;;). B(t, N, ¥} is the birth rate of the population
in the ith patch. d;j(t) is the death rate of the individuals whose current location is the jth
patch and home location is the ith patch at time t. Individuals are assumed to leave a patch i
at a certain constant rate, 0;(t). The probability that a person travels from patch i to any other
patch j is given by Vi;(t). So 0i(t) Vi (t) is the travel rate of individuals from the ith patch to the
jth patch at time t. A person from patch i who travels to patch j returns home at a rate p;;(t).
Pikj(t) is the disease transmission coefficient in patch k that a susceptible individual from
patch i contacts with an infectious individual from patch j. The recovery rate of infectious
individuals from ith patch who are present in region j is y;;(f). In [14], the birth rate B;(t, N¥)
satisfies the following basic assumptions for N? € (0, o0):

(A1) Bi(t, N")>0,i=1,2,...,m
(A2) B;(t, Nf) is continuously differentiable with dB;(t, Nf)/de <0,i=1,2,...,n;
(A3) Bi(tl OO) < dii(t)l i= 112/ e n

and the birth function B;(t, Nf) = B(t)/N l.p + C(t) can be found in the biological literature.
We assume that these coefficients are functions being continuous, positive w-periodic
in t and we can obtain a periodic SIS epidemic model, in which individuals can travel among
n patches. For simplicity, we consider an SIS model with travel among two patches, that
is, n = 2. In this paper, we assume that B;(t, Nf) = B(t)/(Nf) + C(t),dij(t) = d(t),C(t) <
d(b). fii(H) = PO,y () = ¥(1),i,j = 1,2. Hence 32, Vij(t) = 1, we have Vi;(t) = 1. 01(¢)
and o, (t) are the travel rate from the 1st patch to the 2nd patch and from the 2nd patch to the
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1st patch, respectively. B(t), C(t), d(t), B(t), y(t), and p;j(t) are continuous, positive w-periodic

functions of t. We have the following system:

% = <% + C(t)>Nf + p12(t)512 - (O'1(t) + d(t))511 - ﬂ(t)Sn(In + 121) + Y(t)IH,
1

% = 01(t)S11 — (p1a(t) + d(t)) S12 = B(£) S1a(In2 + Ia) + y(t) T2,
% = 02(t)S2 ~ (21 (t) +d(£)) S1 = (1) S (Iny + In) + ¥ (H) I,
% - <% ¥ C(f>>N§ +p21 (DS - (02(t) + () S22 = B(t)Sma (Do + Ino) + Y (D) Iz,

’ (1.2)
% = pra() 12 + B()S11 Iy + Iy) — (o1 () + d(t) +y(t)) 1,
2 — GOh1 +pOS 1l + )~ (pra(t) + () + Y () i
% = 02() I + B(1)Sa1 (I1 + Io1) = (a1 (t) + d(t) + y()) L1,
% = p21 (DI + f(t) oIz + Inz) = (02(t) + d(t) +y(#)) Lz

In this paper, we will study the basic reproduction ratio and global behavior of
system (1.2). This paper is organized as follows. In Section 2, we show the existence of the
disease-free periodic solution of (1.2) and define the basic reproduction ratio. In Section 3, we
show the global asymptotical stability of the periodic disease-free solution and the uniform
persistence of the disease. In Section 4, two numerical examples are given to clarify the
theoretical results.

2. The Basic Reproduction Ratio

Let (R", R?) be the standard ordered n-dimensional Euclidian space with a norm || - ||. For
u,v e R, wewriteu>vifu-veR!, u>v,ifu-ve R\ {0},and u > vif u—-v € Int(R%}).
Let A(t) be a continuous, cooperative, irreducible, and w-periodic n x n matrix function, and
@4 (t) is the fundamental solution matrix of the linear ordinary differential system

dx
= =ADX, 2.1)

and r(®(w)) be the spectral radius of ®4(w). By the Perron-Frobenius theorem, r(®4(w))
is the principal eigenvalue of @4 (w) in the sense that it is simple and admits an eigenvector
v* > 0. The following result is useful for our subsequent comparison arguments.

Lemma 2.1 (see [10]). Let P = (1/w) Inr (D4 (w)). Then there exists a positive, w-periodic function
V(t) such that e™ V (t) is a solution of (2.1).
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Lemma 2.2. Every forward solution of (1.2) eventually into

2
r= {(S(t),I(t)) eR}10< DI(Si+1) < 2b } (2.2)

ij=1 ¢

where b = maxeo.w] (B(t)), ¢ = mine(o ) (d(t) — C(t)), and for each N(t) > 2b/c, I is a positively
invariant set for (1.2).

Proof. By the method of variation of constant, it is obvious that any solution of (1.2) with
nonnegative initial values is nonnegative. From (1.2), we have

”;—]:] =2B(t) - (d(t) - C(H)) N <2b-cN <0 if N(t) > %. (2.3)

This implies that I is a forward invariant compact absorbing set of (1.2). Hence, the proof is
complete. O

Next, we show the existence of the disease-free periodic solution of (1.2). To find the
disease-free periodic solution of (1.2), we consider

% = B(t) + C(t)(Sn + S21) + pr2(H)S12 = (01 (1) + d(1)) S,
% = 01(t)S11 — (p12(t) +d(t)) S12,
(2.4)
950 _ 31522~ (pm () + (1)) Sa,
% = B(t) + C(t)(S12 + S22) + p21(£)Sa1 — (02(F) + d(t))Sna.
Denote
C(t) = (ou(t) +d(1)) p12(t) C(t) 0
M(t) = o1(t) —(pua(t) +d(t)) 0 0
) 0 0 ~(pu(t) +d(t)) o (8)
0 C®) pa () C(t) = (o2(t) +d(t))
(2.5)

Let ¥ : Rl x RY — R* be defined by the right-hand side of (2.4). ¥;(t,S) > 0 for every
S > 0with S; =0,t € RL 1 <i<4. ¥(t5S) is strongly subhomogeneous for S € R} in the
sense that ¥(t,aS) > a¥(t,S) forany t > 0,S € R} and a € (0,1). M(¢) is a continuous,
cooperative, irreducible, and w-periodic 4 x 4 matrix function. By Lemma 2.2, the solution
of (2.4) is ultimately bounded in R%. By Theorem 2.3.2 of [15], applying the Poincare map
associated with (2.4), it follows that system (2.4) has a unique positive periodic solution

S*(t) = (S} (), S (1), Sy (1), S (1)). (2.6)
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We need to assume that r(¢rr(w)) > 1, 7(DPpr(w)) be the spectral radius of M(w). By
Theorem 2.1.2 of [15], it then follows that the unique positive periodic solution S*(t) of (2.4)
is globally attractive for S° € R \ {0}. Hence, (1.2) has a unique disease-free periodic state
(5%,0,0,0).

For convenience, we denote

S(t) = (S11(t), S12(t), S21(t), S (1)), I(t) = (I (t), Ia(t), I (2), Ia(2)). (2.7)

Consider the following system:

% = p1o() 1z + P(t)S11(In1 + In1) — (o1 (t) + d(t) + y(t)) 11,

o
dt
dIn

el 02 (D) Inn + P(1)So1 (In1 + 1) — (por (£) + A(t) + y(£)) Inn,

% = po1 () o1 + P(t)Sao(Inz + Inp) — (0o (t) + d(t) + y(t)) I

= 01(t) 11 + B(t) S12(L12 + Inn) — (pr2(t) +d(t) +y(t)) 12,
2.8)

Define function matrix

p(t)S1,(t) 0 P)S3; () 0
F(t) = 0 P(t)ST,(t) 0 P(t)S1,(t)
P()S5,(t) 0 P()S5,(t) 0 ’
0 BMSLH 0 BOSLE)

o1(t) +d(t) +y(t) —p12(t) 0 0
V(t) = —o1(f) pra(t) +d(t) +y(t) 0 0
0 0 pa1(t) +d(t) +y(t) —0a(t)
0 0 —pa1(t) oo (t) +d(t) +y(t)
2.9)

Then (2.8) can be rewritten as

dz
— = (F)-vV#H)Z, (2.10)

where Z = I(t)".
Assume that Y(t,5), t > s is the evolution operator of the linear periodic system

dy B
— = ~V(t)y. (2.11)
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That is, for each s € R, the 4 x 4 matrix Y (¢, s) satisfies

ch(itt’s) - V(Y(Ls), Vi>s Y(ss) =1, (2.12)

where I is a 2 x 2 identity matrix.

Let C, be the ordered Banach space of all w-periodic function R — R*, which is
equipped with norm || - ||, and the positive cone C;, = {¢ € C,, : ¢(t) > 0,Vt € R}.

Consider the following operator L : C,, — C,, by

(L) (t) = fow Y(tt—a)p(t—a)da, VtER, ¢ €C,. (2.13)

We can define the basic reproduction ratio Ry = r(L), the spectral of radius of L.
Theorem 2.3 (see [11, Theorem 2.2]). The following statements are valid:
(i) Ro = 1 ifand only if r(®r_v (w)) = 1.
(ii) Ro > 1 if and only if r(Pr_v (w)) > 1.
(iii) Ro <1 ifand only if r(Pr-v(w)) < 1.
Thus, (5*,0,0,0) of (1.2) is asymptotically stable if Ry < 1 and it is unstable if Ry > 1.

3. The Threshold Dynamics

In this section, we show Ry as a threshold parameter between the extinction and the uniform
persistence of the disease.

Theorem 3.1. If Ry < 1, the disease-free periodic solution (S*,0,0,0) is globally asymptotically stable
and if Ry > 1, it is unstable.

Proof. By Theorem 2.3, if Ry > 1, the disease-free periodic solution (S*,0,0,0) is unstable. If
Ry < 1, the disease-free periodic solution (S*,0,0,0) is locally stable. Hence, it is sufficient to
show the global attractivity of (5*,0,0,0) when Ry < 1.

By (1.2), we have

d];ill - B(i’) + C(t)(NH + N21) +p12(t)N12 - (o‘l(t) + d(t))Nlll
2 _ o\ (N - (pralt) + ()N
3.1)
I 26N ~ (par (1) + () N,
dNp

Tl B(t) + C(t)(N12 + N22) + p21(t) Nag — (02 (t) + d(t)) Nao.
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By the aforementioned conclusion, the above system has a unique positive fixed point

S*(t) which is globally attractive in R% \ {0}. It then follows that for any &; > 0, there exists
T; > 1 such that

Nij(t) = Sij(t) + Iij(t) < S:}(t) + €1, vt > T;. (32)

Obviously, S;;(t) < S:.‘].(t) +¢€1, (i,j =1,2). Hence, we have

A < a2+ B0 (57, + ) (T + Ta) = (010 + A(B) + 1) i,

% < o1(t) Ly + B(E) (St + €1) (Ina + Ina) = (pra(t) + d(t) + (1)) Tz, .
% < oa()Inp + B(£) (S5 + 1) (I + In) = (p2r () +d () + (1)) L1, '
% < po1(H)Io1 + B(1) (Syy + 1) (In2 + Ino) = (02 (F) + d(t) + Y (1)) Ino.

Denote

Bty 0 Bt 0
(0 sy o oy
MO =1 sy "0 py 0 | (34)
0 Bt 0 pH)

By Theorem 2.3, we have r(®r_y (w)) < 1. We restrict 1 > 0 such that r(@r_y.enm, (w)) < 1.
Consider the system

ddiil = pr2() iz + () (S + 1) (In + ) = (01(8) +d(b) + y(£)) I,

ddif = o1(t) I + (1) (S5, + 1) (I + I2) = (pra(t) +d(b) + y(£)) Lz, 65
ddiil = 02 (t) I + B(t) (Shy + €1) (I + Ion) = (par () + d(t) +y(t)) Iy, |
ddi? = pu() I + P(t) (S5, + &1) (Iz + I2) = (02 (t) +d(t) + y(1)) Io2-

Applying Lemma 2.1 and the standard comparison principle, there exists a positive
w-positive function V;(t) such that I(t) < Vi(t)eP!!, where p1 = Inr(@p_yiem, (w))/w < 0.
Hence, we have that lim; . . I;;(t) = 0, (i, j = 1,2). Consequently, we obtain that

lim (S(t) - §*(#)) = Jim (N’(t) ~I(t) - S*(t)> =0, (3.6)

where N () = (N11(t), N12(£), No1 (£), N (1)).
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Hence, the disease free periodic solution (5,0, 0, 0) is globally attractive and the proof
is complete. O

The following result shows that Ry is the threshold parameter for the extinction and
the uniform persistence of the disease.
We define

X=R, Xo=R«x Int(R‘i), 0Xo = X \ Xo. (3.7)

Let P: R} — R® be the Poincare map associated with (1.2), P(x°) = u(w, x°),Vx? € RS, where
u(t, x°) is the solution of (1.2) with u(0,x°%) = x°.

It is obvious that both X and X are positively invariant and 0Xj is relatively closed in
X. Set

M, = {(50,10) €0X,: P (50,10) € 0X,, Vm > o}. (3.8)
We now show that
My ={(5,0):5>0}. (3.9)

Obviously, {(S,0) : S > 0} C Mj. To show that M3 \ {(S,0) : S > 0} = @, we consider for any
(8°,1% € 090Xy \ {(S,0): S>0}.

Firstly, if one element of I° = (I?l,Ifz, 131,132) is 0, say I%, that is, 1?1 =0, 1102 >0, Igl >
0, I3, > 0, then I (t) > 0, I»(t) > O for any ¢ > 0. From (1.2)

dli

| = p12(0)I12(0) + B(0)S11(0) L1 (0) > 0. (3.10)
=0

Itis clear that I11(t) > 0, I12(t) > 0, I1(t) > 0, In(t) > 0.
Secondly, if two elements of I° = (1%, I?,, I9,, I,) is O, for example, I?, = 0,1}, = 0,9, >
0, Igz > 0. From (1.2), using the method of variation of constant, it is clear that S11(t) > 0,

512(t) > 0, 521 (t) > 0, Szz(t) > 0, for any t> O,

t
Iy = <Il°1 [ (praa(s) 4 pls)Si(5) (o))l 0ty o ‘””“ds)
0 (3.11)

x e~ fé(o‘l(s)+d(s)+y(s)—ﬂ(s)511(s))ds.

Then I1;(t) > 0 for any t > 0. I1»(t) > 0 can be proven similarly. So that I11(t) > 0, I12(t) > 0,
I (t) >0, Ino(t) > 0.

Thirdly, if three elements of I° = (19, I}, I3, I9,) are 0, for example, we chose I?, =
0,19, = 0,13, = 0,1, > 0. From (1.2),

7 o = 0'2(0)122(0) > 0. (312)
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So I (t) > 0 for some small t. From (1.2), using the method of variation of constant, it is clear
that I;; (t) > 0, Ilz(t) > 0,1n (t) > 0, Izz(t) > 0.

It follows that (S(t),I(t)) ¢ 0Xo, for 0 < t <« 1. Thus, the positive invariance of X,
implies (3.9). It is clear that there are two fixed points of P in Mp, which are My = (0,0) and
M; = (5%(0),0).

Now we see Ry as a threshold parameter between the extinction and the uniform
persistence of the disease.

Theorem 3.2. If Ry > 1, then there exists some € > 0 such that any solution (S(t), I(t)) of (1.2) with
initial value (S(0),1(0)) = (S°,I°) € RY x Int(R}), satisfies lim; _, ,, inf I(t) > &. Furthermore, (1.2)
admits at least one positive periodic solution.

Proof. First we prove that P is uniformly persistent with respect to (Xo, 0X). By Theorem 2.3,
we have that Ry > 1 if and only if #(®r-_v(w)) > 1. Then we choose 71 > 0 small enough such
that r(®r_v_;m, (w)) > 1. Note that the perturbed system of (2.4),

% = B(t) + C(t) <§1l + §21> + plZ(t)§]2 — (Gl(t) + d(t) + ﬁ(t)(s)g]l,
% =0 (t)gll = (pr2(t) +d(t) + ﬁ(t)5)§1z,
S (3.13)
% = Gz(t)§22 = (pa(t) +d(t) + ﬂ(t)6)§21;
% =B(t) + C(t) <§12 + §22) + o1 ()01 — (0a(t) + d(t) + p(£)5) S

As in our previous analysis of system (2.4), we can choose 6 > 0 small enough such
that the Poincare map associated with (3.13) admits a unique positive fixed point 5*(0, 6)
which is globally attractive in R\ {0}. By the implicit function theorem, it follows that S*(0, 6)
is continuous in 6. Thus, we can fix a small number 6 > 0 such that S*(t,6) > S*(t) — 77, where
1 = {n,1,1,1}. By the continuity of solutions with respect to the initial values, there exists
&5 > 0 such that for all (5°,1°) € Xo, with [|(S°,I°) - M|| < &;. We have ||u(t, (5°,1°)) -
u(t, M;)|| < 6,vt € [0,w],i =0,1. We now claim that

lim sup d(Pm (50,10),1\/11-) > &°. (3.14)

m— 0

Suppose, by contradiction, that lim,—, ., sup d(P™(S°,1°), M;) < &, for some (S°,I°) € X,,
and i = 0,1. Without loss of generality, we can assume that d(P™(S%, 1°), M;) < &;,¥m > 0.
Then, we have ||u(t, P™(S°,1°)) — u(t, My)|| < 6,Ym > 0,Vt € [0, w].

Forany t >0, lett = mw +t', where t' € [0,w) and m = [t/m] is the greatest integer
less than or equal to f/m. Then we get

(52 -t | 2= (1.19) e

| <6, Vt>0. (3.15)

Let (S(t),I(t)) = p(t, (5°,1°)). It then follows that 0 < I;;(f) < 6,Vt >0, Vi, j =1,2.
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We have
9501 5 B + CO(Sn + Su) + pua(S12 -~ (01(6) + (1) + 61,
% > 01(t)S11 — (p2(t) +d(t) + B(1)5) Snz, 1
B 5 2052~ (pu (1) + (1) + p(05) S, o
% > B(t) + C(£)(S12 + Sz2) + p21 (£)S21 = (02(t) + (1) + P(£)5) Sz

Since the fixed point 5*(0, 6) of the Poincare map associated with (3.13) is globally attractive
and S*(t,6) > S*(t) — 7, there is T > 0, such that S(¢) > S*(t) — 77 for t > T, there holds

% > pro(t) iz + B(8) (Sy = 1) (I + 1) = (01 (8) + () +y (1)) T,

% > o1 (DI + B(1) (ST, — 1) (a + Ina) — (pra(t) + d(t) + y(£)) Iz, .
% > 03 (t) o2 + B() (S3y = 1) (In1 + Iz1) = (par () + d(t) + y(£)) I, |
% > po1(t) o1 + p(1) (S5, — 1) (T2 + In2) = (0a(t) +d(t) +y (1)) 2.

Since r(®r-v_ym, (w)) > 1, by Lemma 2.1, it is obvious that lim; ., I;j(t) = oo,Vi,j = 1,2.
This leads to a contradiction. Then (3.14) holds. Note that S*(0) is globally attractive in R? \
{0}. By the aforementioned claim, it follows that My and M; are isolated invariance sets in
X, W*(Mp) N Xy = @, and W*(M;) N Xy = @. Clearly, every orbit in Mj converges to either
M or My, My and M are acyclic in Mj. By [15, Theorem 1.3.1], P is uniformly persistent
with respect to (X, 0X). This implies the uniform persistence of the solutions of system (1.2)
with respect to (Xo,0X). By [6, Theorem 1.3.6], P has a fixed point P(S(0),1(0)) € Xo. Then,
S(0) € R%,1(0) € Int(R*). We further claim that S(0) € R%\ {0}, suppose that S(0) = 0, by (2.8),
we can obtain —4(d () +y (t)) (I11(0) +112(0) + 121 (0) +15(0)) = 0. And hence I;;(0) = 0,i,j = 1,2,
a contradiction. Thus, S(0) > 0. Then (5(0),1(0)) isa positive w-periodic solution of (1.2). The
proof is complete. O

4. Numerical Simulations

In this section, we give the numerical solutions (1.2) to clarify the correctness of our
theoretical results. We set B(t) = 0.4, C(t) = 0.12, po; = 0.16, p1» = 0.051, d(t) = 0.3, y(t) = 0.365,
01(t) = 0.65 + 0.04 cos(irt/6), o2(t) = 0.3 + 0.04cos(ort/6), p(t) = B + 0.06588 cos(irt/6). The
initial value of the model is S11(0) = 0.8, S12(0) = 0.02, S»1(0) = 0.03, S»,(0) = 0.4, I1;(0) = 0.1,
I12(0) = 0.061, I1(0) = 0.03, I (0) = 0.6. Figure 1 shows the numerical solutions of (1.2) when
p = 0.4. Because basic reproduction ratio Ry > 1, a positive periodic solution exists, and the
disease is uniform persistence. In Figure 2, f = 0.25, the disease dies out because Ry < 1.
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Figure 1: When R, > 1, a positive periodic solution exists and the disease will be uniform persistence.
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Figure 2: When Ry < 1, a periodic disease-free solution exists and the disease dies out.
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