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We study the existence and multiplicity of homoclinic orbits for second-order Hamiltonian systems
G—L(t)g+ V4W(t,q) = 0, where L(t) is unnecessarily positive definite for all t € R, and V,W (t, q)
is of at most linear growth and satisfies some twist condition between the origin and the infinity.

1. Introduction

Consider the following second-order non-autonomous Hamiltonian system
G-L(tg+V,W(tq) =0, (1.1)

where L(t) € C(R,RN*N) is a symmetric matrix-valued function, W : R x RN — R and
V,W(t,q) denotes the gradient of W (t, q) with respect to 4. As usual, we say that a nonzero
solution g(t) of (1.1) is homoclinic (to 0) if g(t) — 0 and 4(t) — Oas |[t| — oo.

As a special case of dynamical systems, Hamiltonian systems are very important in the
study of gas dynamics, fluid mechanics, relativistic mechanics and nuclear physics. While it
is well known that homoclinic solutions play an important role in analyzing the chaos of
Hamiltonian systems, if a system has the transversely intersected homoclinic solutions, then
it must be chaotic. If it has the smoothly connected homoclinic solutions, then it cannot stand
the perturbation, its perturbed system probably produces chaotic phenomena. For the chaos
theory, the readers can refer to [1-3] and the references therein for more details. Therefore, it is
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of practical importance and mathematical significance to consider the existence of homoclinic
solutions of Hamiltonian systems emanating from 0.

In the past years, the existence and multiplicity of homoclinic orbits for (1.1) have been
extensively investigated in many papers via the variational methods. Most of them (see [4-
13]) treated the case where L(t) and W (¢, u) are either independent of ¢ or periodic in ¢. In
this kind of problem, the function L(t) plays an important role. If L(t) is neither a constant
nor periodic, the problem is quite different from the ones just described, because of the lack
of compactness of the Sobolev embedding. After the work of Rabinowitz and Tanaka [13],
many results (see, e.g., [9, 14-22]) were obtained for the case where L(t) is neither a constant
nor periodic. Among them, except for [13, 16, 18, 20-22], all known results were obtained
under the following assumption that L(t) is positive definite for all ¢ € R, that is,

(L(t)u,u) >0, VteR, ueRN\ {0}. (1.2)

In the present paper, we will study the existence and multiplicity of homoclinic orbits
for (1.1) under the condition that L(t) is coercive but unnecessarily positive definite for all
t € R. More precisely, L satisfies the following conditions:

(L1) There exists an a < 2 such that
I — o as |t| — oo, (1.3)

where [(t) is the smallest eigenvalue of L(t), that is,

I(t) = lglfl(L(t)éfé). (14)

Before presenting the conditions on the nonlinearity of (1.1), we note that in the recent
paper [23], under a twisting of the nonlinearity between the origin and the infinity, the
authors studied the existence and multiplicity of nontrivial solutions for nonlinear elliptic
equations and also for nonlinear elliptic systems. Subsequently, this kind of twist conditions
and the idea of the methods in [23] were also applied to first-order Hamiltonian systems in
[24].

Inspired by these works, we will present some similar twist condition on the non-
linearity of (1.1) to those in [23, 24], which will be specified in what follows.

Here, we introduce some notations. Denote by B the set of all uniformly bounded
symmetric N x N matric functions. That is to say, B € B if and only if BT (t) = B(t) forallt € R
and B(t) is uniformly bounded in t as the operator on RN. For any B € B, in the next section,
we will define an index pair (i(B), v(B)), satisfying 0 < i(B), v(B) < co.

With this index, we can present the conditions on W(t,gq) and the nonlinearity
V,W(t,q) as follows. For notational simplicity, we set By(t) = VéW(t, 0), and in what follows
the letter ¢ will be repeatedly used to denote various positive constants whose exact value
is irrelevant. Besides, for two N x N symmetric matrices M; and M,, M; < M, means that
M, — M, is semipositive definite.

(W) W € C?(R x RN, R), and there exists a constant ¢ > 0 such that

V2w (tq)|<c, V(tq) eRxRY. (1.5)



Abstract and Applied Analysis 3

(Wo) V,W(t,0)=0and By € B,

(Wy) there exists some Ry > 0 and continuous symmetric matrix functions By, B, € B
with i(B;y) = i(B;) and v(B;) = 0 such that

Bi(t) < ViW(t,z) < Ba(t), VtER, |z|> Ry (1.6)

Our first result reads as follows.

Theorem 1.1. Assume (L1), (W1), (Wy), and (W) hold. If
i(B1) ¢ [i(By),i(Bo) + v(Bo)], (17)
then (1.1) has at least one nontrivial homoclinic orbit. Moreover, if v(By) = 0 and [i(By) —i(Bo)| > N,

the problem possesses at least two nontrivial homoclinic orbits.

Condition (W) is a two-side pinching condition near the infinity, learning from the
idea of [23, 24], we can relax (W) to condition (WZ) as follows.

(WZ) There exist some Ry > 0 and a continuous symmetric matrix function B, € B with
v(By) = 0 such that

+ViW (t,q) > +B,(t), VteR,

The uniform boundary of VéW(t, q) displayed in condition (W;) can also be relaxed

as

(W7) W € C2(R x RN, R), and there exists a constant ¢ > 0 such that

|[V,W(t,q)| <clg|, VY(tq) eRx RN. (1.9)

(W7*) For any M > 0, VéW(t, q) is bounded on R x [-M, M]".

On the other hand, we need some sharply twisted conditions than the above theorem,
and we have the following theorems.

Theorem 1.2. Assume (L1), (W7), (W;*), (Wo), (W) (or (W), and v(Bo) = 0 hold. If i(B,) >
i(Bp) + 2 (or i(By) < i(Bp) — 2), then (1.1) has at least one nontrivial homoclinic orbit.

Theorem 1.3. Suppose that (L1), (W7), (W7*), (Wo), (W) (or (W), and v(By) = 0 are
satisfied. If, in addition, W is even in q and i(By,) > i(By) + 2 (or i(Bs,) < i(Bg) — 2), then (1.1)
has at least |i(Be,) — i(Bo)| — 1 pairs of nontrivial homoclinic orbits.

Remark 1.4. Note that the assumption v(B,,) = 01in (WZ) is not essential for our main results.
For the case of (WZ) with v(By) #0, let B, = By, — €l With € > 0 small enough, where
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Lixy is the identity map on RY, then i(Em) =i(By) and V(Ew) =0, and hence (W) holds for
B... Therefore, Theorems 1.2 and 1.3 still hold in this case. While for the case of (W) with
v(By) #0, if we replace i(Bs) by i(Bs) + v(By) in Theorems 1.2 and 1.3, then similar results
hold. Indeed, let Bo, = B, + £lxy with € > 0 small enough such that 1(B00) = 1(BOO) + v(Boo)
and v(ﬁw) =0, then this case is also reduced to the case of (W) for B, with v(Boo) =

Remark 1.5. Choose W (t, q) = W(t,q) - W(t,0) instead of W in (1.1), then conditions (W),
(W7™), (Wp), and (W) (or (W_,)) still hold for W, so we can always assume W (t,0) =0

2. Preliminaries

Denote by A the self-adjoint extension of the operator —d?/dt* + L(t) with domain D(A) C
12 = L2(R,RN). Let {E(A) : —o0 < A < oo} and |A| be the spectral resolution and the absolute
value of A, respectively, and let |AN|1/ 2 be the square root of |A| with domain D(|A|). Set
U =1 - E(0) — E(-0), where I is the identity map on L?. Then, U commutes with A, |A|, and
|A|'/2, and A = U|A| is the polar decomposition of A. Let E = D(|A['/?), and define on E the
inner product and norm by

1/2 1/2
(u,v)y = <|A| | | v>2 + (1, v),,

1/2

(2.1)

l[ullo = (e, u)q

where (-,-);» denotes the usual inner product on L?(R,RN). Then, E is a Hilbert space. It
is easy to see that E is continuously embedded in W!(R,RN). In fact, we further have the
following lemmas.

Lemma 2.1 (see [16], Lemma 2.2). Suppose that L satisfies (L1). Then, E is compactly embedded
in LP(R, RN) with the usual norm || - ||» forany 1 <p € (2/(3 - a), oo].

From [16], under the assumption (L;) on L and by Lemma 2.1, we know that A
possesses a compact resolvent. Therefore, the spectrum o (A) consists of only eigenvalues
numbered in 777 < 7 < --+ — oo (counted with multiplicity), and the corresponding system
of eigenfunctions {e, : n € N} (Ae, = 1nen) forms an orthogonal basis in L?.

Let
n =#{i| <0}, n'=#li|N=0), T=n +n"
(2.2)
E” =spanfey,...,es}, E0 = span{e,+1,..., €7}, Et = span{es1,.},
where the closure is taken with respect to the norm || - ||o. Then, one has the orthogonal

decomposition E = E~ @ E° @ E* with respect to the inner product (-, -),. Now, we introduce
on E the following inner product and norm:

o) = (14",

1/2
| v) + <u0, v°> ,
12 Iz

1/2

(2.3)

llullg = (u, u)¢
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0 0

where u,v € E=E @ E'®E* withu = u + 1’ + u* and v = v~ + v° + v* correspondingly.
Clearly, norms || - ||g and || - ||o are equivalent (cf. [16]). From now on, we take E with inner
product (-,-)g and norm || - || as our working space.

Remark 2.2. Note that the decomposition E = E~ & E? @ E* with respect to the inner product
(+,-)g is also orthogonal with respect to both inner products (-, -) and (-, -);.. In what follows,
we always denote by E = E-@E’@ E* the orthogonal decomposition with respect to the inner
products (-, -)g unless specified otherwise.

In view of Lemma 2.1 and the equivalence of the norms || - ||z and || - ||o, there exists a
constant ¢, > 0 such that

lqllz= < ceollglle, Vg €E. (2.4)

Define the quadratic form a on E by
a(u,v) = J‘ ((1,0) + (L(t)u,v))dt, Vu,v e E. (2.5)
R

Then by definition, we have
a(u,u) = (P* = P yu,u)p = [[u*l|z - w2 (2.6)

forallu =u +u’+u* € E=E ®E’®E*, where P* : E — E* are the respective orthogonal
projections. Define the self-adjoint operators A : E — E and K : L> — E by

Au=u"—u", Yué€eE,
(2.7)
(Ku,v)p = (u,v)2, Yue [? veEE,

it is easy to check that K is a compact operator and a(u,v) = (Au, v) for allu,v in E.

For any B € B, it is easy to see B determines a bounded self-adjoint operator on L?, by
z(t) — B(t)z(t), for any z € L?, we still denote this operator by B, then KB: ECL?> — Eisa
self-adjoint compact operator on E and satisfies

(KBu,v)g = (Bu,v);., Yu,ve€E. (2.8)

We decompose the space E as E*(B) ® E°(B) @ E*(B), so that A — KB is negatively definite
on E~(B), null on E°(B), and positively definite on E*(B). From the definition of A and the
compactness of KB, we know that E~(B) and E°(B) are both finite dimensional. Denote

i(B) = dim(E~(B)), o)
v(B) = dim(E°(B)). '
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Define the functionals ¥ and @ on E by

Y(u) = J W (t,u)dt,
R
D (u) = %a(u,u) -W¥(u) (2.10)

= % IR((u, ) + (L(t)w, w)dt - ¥(u).

Combining this with Lemma 2.1, we know that ¥ and @ are both well defined. Furthermore,
we have the following;:

Proposition 2.3. Let (L1) and (W) be satisfied. Then, ¥ € C*(E,R), and hence ® € C*(E,R).
Moreover, from the similarly argument in [13], one has all critical points of ® on E are homoclinic
orbits of (1.1).
Lemma 2.4. Let (L1), (W1), and (W) be satisfied. Then, one has

(1) @ satisfies (PS) condition,

(2) H;(E,®;R) =26;,R, j=0,1,... for —a € R large enough, where r = i(B).

Proof. Assume {u,} C E with @'(u,) — 0asn — oo. Thatis,

| Atty — KV W (£, 1)l . — 0. (2.11)

First, we prove {u,} is bounded in E. For each ¢ € (0,1), define C, € B by

1
J. VIW(t, sup)ds, |un(t)] > &,
Cu(t) = 0 3

£ (2.12)
Bi(t), un ()] <
It is easy to verify that {C, } satisfies
Bi(t) —e(By(t) +c-I) < Cp(t) < By(t) +e(c- I - By(t)), VteR, (2.13)

where c is the constant in condition (W;) and [ is the identity map on RN. Since B; < By,
i(B1) = i(By), and v(B;1) = v(B;) = 0, we can choose € small enough, such that for each n € N¥,
satisfying i(C,) = i(B1) and v(C,) = 0. Thus A—-KC, is reversible on E and there is a constant
6 > 0, such that

I(A-KC,)ullp >6|ullp, Yu€eE, neN". (2.14)
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On the other hand, for b € (0,1), there is a constant ¢ > 0 depending on b, such that for each
n € N*,

|V W (t, un(t) = Cattn ()| < clua(t)]?, VEER. (2.15)
Choose b > (a —1)/(8 — a) in (2.15), we have

”(Aun - quw(t/ un)) - (A - Kcn)unllz = ”K(Vuw(tr un) - Cnun)“%

< ||VuW(t, un) - Cnun“%z

<ec |V, W(t, un)b— Chty] |un|1+bdt (2.16)
R |14
< clluall}ih-

As we claimed in the part of introduction, in (2.15) and (2.16), the letter ¢ denotes different
positive constants whose exact value is irrelevant. Thus, from (2.11), (2.14), (2.16), and
Lemma 2.1, we have {u,} in bounded in E. Thus, there exists a subsequence {u,, } such that
{KV ;W(t, uy,)} is convergent in E. By the definition of @, we have

uy, —u, —KV,W(t,u,)=(u,) —0 inkE, (2.17)

Nk

which yields the convergence of {u;, } and {u,, } in E. Additionally, passing to a subsequence,
if necessary, {ugk} is convergent in E since dim(E®) < co. Thus, {uy, } is convergent and the
(PS) condition is verified. By Lemma 5.1 in Chapter II of [25], we have

Hy(X, (a);R) = 6,,R, q=01,..., (2.18)

for —a € R large enough. O

In order to prove Theorems 1.2 and 1.3, we need the following lemma which is similar
to Lemma 3.4 in [23] and Lemma 3.3 in [24].

Lemma 2.5. Assume (W7), (W7*), and (WZ,) hold, then there exists a sequence of functions:

W,, € C2 <R x RN,R>, meN, (2.19)

satisfying the following properties:

(1) there exists an increasing sequence of real numbers R,, — oo (m — oo) such that

W (t,q) =W(t,q), VteR,

q| < R; (2.20)
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(2) for each m € N, there is a ¢, > 0 such that

|[V2Wo(t,9)| <cm, VEER, qERY, (2.21)
VeWou(t,q) 2 B¢ := B — €Ly, VEER, |q| > Ro (2.22)
for € > 0 small enough;
(3) there exist some ¢ > 0 such that
|VaWn(t.q)| <clq|, VY(tq) eRxRN, meN; (2.23)

(4) for each m € N, there exists some C,, > 0 and a constant y with yI,.xn > Beo, V(Y Iuxn) = 0
such that

[VaWn(t,9) —vq| < Cm, VY(tq) e RxRV, (2.24)

where Iy is the identity map on RN,

Proof. Define 17 : [0,00) — R by

0, 0<t<1,

2 1

0 =4 5t- 1)° - 5(t- Y 1<t<2, (2.25)

1- &, 2<t< co.
9(12 + 2)

It is easy to see that 77 € C%([0, o), R). Choose a sequence {R,,} of positive numbers such that
Ry<Ri<Ry<--<Ry,<--+ = owasm — oo. Foreachm € N, let n,,,(t) = n(t/R,,) and

Wan(t,9) = (1= nu(laD))W (t.q) + Snn(laD)lal’, meN. (226)

As in [23, 24], we can easily check that W, satisfies (2.20), (2.22) (with € = 0), (2.23) and
(2.24) for each m € N.
Define

~To\ — ~ T,
Wm(t/q)w(lqle >Wm(t/q)+§[1—P<|qle >]Iq|2, (227)

where p € C2(R, [0,1]) is a cut-off function with p(s) =1 for s <0 and p(s) =0 for s > 1. If we
choose T, large enough, then W,, will satisfy (2.20)—(2.24). O

Remark 2.6. Similar to Remark 1.4, we can choose £ > 0 small enough in (2.22) such that
E~(B..) = E*(By) and E°(B_,) = E°(B,,) = {0}, thatis, i(B_;) = i(Bs) and v(B_,) = v(B,) = 0.
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Remark 2.7. For the case of (W), the sequence {W,,} constructed in (2.26) will also satisfy
(2.20), (2.21), (2.23), (2.24) (with yI,x, < B, and v(yIx,) = 0) and

VoW (t,q) < Be = Bo + €luxn, VEER, |g] > Ry, (2.28)

with ¢ > 0 small enough, therefore, i(B;) = i(Bs) and v(B;) = v(By) = 0.

Define

Wn(u) = j W (t,u)dt, Yu€E,
® (2.29)
@D, (u) = %a(u, u)-%¥,(u), VYueeE.

Form Lemma 2.1 and (2.21) in Lemma 2.5, we have ®,, € C?(E,R). Similarly, we can define
Wy (u) = 1/2(yKu,u)g and @, (u) = 1/2a(u,u) - ¥,(u) for all u in E, and it follows that
@, € C*(E,R).

Lemma 2.8. For each m € N, @,, satisfies the (PS) condition and the critical-point set KX,, = {z €
E | @,,(z) =0} is a compact set.

Proof. For any m € N, assume {u,} C E with @}, (u,) — 0asn — oo:
”(I);n(un) - (I)I}i(o)un”E = ”K(Vqu(t/ Up) — Yun)”E < ”vqwm(t/ Up) — Yun”Lz- (2.30)
By (2.23) and (2.27), there hold

VoW (t,q) —yg=0 forteR, |gq|>2Ty,

|VeWn(t,q) —yaq| <clq

(2.31)
, ¥(tq) ERxRY,

for some ¢ > 0. Choose b € (0,1) with b > (a —1)/(3 — a), then there exists a constant ¢ > 0
such that

”Vqu(t/ Upy) — Yun”iz = I(qum(t/ Up) — YUn, qum(t/ Up) — Yun)dt

V. W,.(t, -
§cf| gWin( uz) Yu"||un|1+bdt (2.32)
|14,
< clluall i

Since a < 2, v(ylyxn) = 0 and 1I’;(O) has bounded inverse, from Lemma 2.1 and (2.30),
(2.32), we have {u,} is bounded in E. From the similar argument in Lemma 2.4, {u,} has
a convergent subsequence and the (PS) condition is verified. From the same reason, we can
also prove that X, is compact set. O

From Lemma I1.5.1 in [25], by standard argument, we have the following.
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Lemma 2.9. For any m € N, there is an a,, € R with —a,, large enough such that

Hq(E/ (cDm)am; R) = 6qu/ (233)

where r = dim(E}) = i(yInxn).

Note that 6 is an isolated critical point of ®,, since v(By) = 0. For each m € N, let
K, =Ky \ {0}, then L, is also compact since X, is compact. Then we have

Lemma 2.10. For any e, u > 0 small enough, for each m € N, there exists a functional ®@,, such that

(1) ”(I)m - &)m“CZ <eg€,
(2) D(2) = Dy, z & Nou(K3),
(3) iy (2) = Dy (2), z € Nu(K3),

where N, (K;,) = {z € X | dist(z, X},) < p}. Moreover, @, satisfies the (PS) condition and has

only a finite number of critical points, all nontrivial critical points of ®@,, lie in N,(K},) and are
nondegenerate.

Proof. We follow the idea of [26], since X, is a compact subset of E, for every p > 0, there
exists a C* function l : E — [0, 1], with all its derivatives bounded and

(z) =1, Vze N (L),
(2.34)
I(z) =0, Vz€E\ Ny (L)

Let M = sup_cn, ;) {12}, Ci = [1(2)llc2, 6 = infzens, (i) \Nu (5 (1D (2) ]} > 0. We use the
Sard-Smale Theorem to find y € E, with ||y|| < min{e/C;(2+2M),5/2(C;(1+2M))}, and -y
is a regular value for @/, . For any zo € N, (KX},), the functional is defined by

Dy (2) = Ou(z) +1(2)(y, z - 20). (2.35)

By the fact [|y|| < e/Ci(2 +2M) and the definition of I(z), it is easy to check that conclusions
(1), (2), and (3) hold. Since |ly|| < 6/2C;(1 + 2M) and —y is a regular value for @,,, then all
nontrivial critical points of ®,, are nondegenerate and lie in N u( K5

In order to prove that ®,, satisfies the (PS) condition for each m € N, assume there is
a sequence {z,} C E such that Cﬁ;l(zn) — 0, (n — o0). From the definition of ®,,, we have
||&);n(z)|| > 6/2forall z € Ny, (K;,) \ N (K},). So z, € (E\ Nau(K},)) UN,(KX},), when n
is large enough. From the definition of @,, and the proof in Lemma 2.8, we know that @,
satisfies the (PS) condition and hence has a finite number of critical points. O

3. Proof of the Main Results

From Lemma 2.4, Theorem 1.1 is a direct consequence of Theorem 5.1 and Corollary 5.2 in
chapter II of [25].
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Proof of Theorem 1.2. We first consider the case of (WJ). We divide the proof into two steps
and follow the ideas of [24].

Step 1. We claim that @, has a nontrivial critical point z,, with its Morse index satisfying

m (z,,) <i(By) + 1. (3.1)

Note that z = 0is a critical point of ®@,,. The Morse index of 0 for ®,, is i(By), since yIxn > Boo,
i(YInxn) > i(Bo) > i(Bo) + 1. (3.2)

If @,, has only finite critical points, consider (i(By) + 1)th Morse inequality:

q q
> (DT My (@, b, @) 2 D (=1)77Byp(@m, b, D), (3.3)
p=0 p=0

where g = i(By) + 1, and b,, is large enough such that X,, C @, [am, bl
By Lemmas 2.8 and 2.9, we have

ﬁp(aml b, Om) = rank(Hp(E, (q)m)um)) = 6prr (3.4)

where 1 = i(yLyxn). Since i(yLyxn) > i(Bo) + 1, the right side of the inequality is equal to 0. If
®@,, has no nontrivial critical point with its Morse index less than i(Bg) + 1, the left side of the
inequality is equal to —1, it is a contradiction.

If @,, has infinitely many critical points. Assume for any z € X7,

m (z) >i(By) +1, (3.5)

then from Lemma 2.10, we can choose y small enough such that

(1) 0 ¢ N, (K3,), so 0 is also an isolated critical point of ®,, and has the same Morse
index i(By);

(2) for any z € N,(X;},), m (z) is the dimension of the negative subspace of @"(z),
satisfying m~(z) > i(By) + 1. (Because @,, is C? continuous, we can assume this.)

From (3) in Lemma 2.10, if z is a nontrivial critical point of ®,,, the Morse index ms (z)
satisfies ’

ms (z) >i(Bp) + 1. (3.6)
Then choose ay, satisfying N, (X;,) N (®n);, = 0, thatis, (D)5, = (D) i, S0,

Hq (E/ (cDm)Zim; R) = Hq <E/ (&)m)ﬁm} R) = 6qu- (3.7)

Then, ®,, will not satisfy the (i(Bp) + 1)th Morse inequality. It is a contradiction.



12 Abstract and Applied Analysis
Step 2. We show that {z,,} is bounded in L*(R, RYN), so from the definition of ®@,,, z,, is a
nontrivial critical point of ® for m large enough.

We prove it indirectly, assume ||z,,||z» — oo, from (2.4), we have ||z,,||g — oo. Denote
Um = Zm/ || Zm||E. Passing to a subsequence, we assume that for some v € E,

Um — v InE, Um — v in L2, U, — v a.e. inR. (3.8)

Since z,, satisfies Z,(t) — L(t)zin(t) + VWi (t, zin) = 0, we have

lzmllg < cllzmllp2, for some ¢ >0, (3.9)

which implies ||y, ||12 > 1/c¢ for each m € N and thus ||v||;2 > 1/c.

For each m € N, let h;,(t) = VWi (t, zm)/1zZmllg- By (Wo), (2.20), and (2.23), there
holds |h,,,(t)| < clv,(t)| for all t € R. Assume h,,(t) — h(t) in L?, then |h(t)| < c|v(t)|, almost
everywhere in R. By standard argument, we have

o—L(v+h(t)=0, VteR. (3.10)

By Lemma 3.1 in [23], we have v(t) #0 almost everywhere in R, which implies z,,(t) —
oo almost everywhere in R. For any u € E7(B_;) = E*(B,),

(@ (zm) 1) = LR<|u|2 — (LB, u) = V2W,u(t, 2 (D) u? ) dt. (3.11)

By (W}*), (2.20), and (2.22), {Vng} is uniformly bounded from below. Using Fatou’s
Lemma, we have

m— oo

liminff VoW (t, zm)uPdt > f limian§Wm(t,zm)u2dt2j B_.(t)u?dt, (3.12)
R R M7 R
which implies

lim sup (@, (zm)u, 1) < f <|u|2—(L(t)u,u)>dt—j B_.(Hu2dt <0, (3.13)
R R

m— o0

which contradicts to m™(z,,) < i(Bg) + 1 < i(B_.). So {z,,} is bounded in L* (R, RN), and @
has a nontrivial critical point.

In order to prove the case of (W_,), we choose y with yI,x, < By, and v(yIxn) = 0in
Lemma 2.5, then, using the similar argument as in Step 1 for the case of (W), we can also
prove that there exists a nontrivial critical point z,, of ®,, satisfying

m~(zm) + v(zm) > i(Bs) + 1. (3.14)
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As in Step 2 for the case of (W), we will show that {z,,} is bounded in L® (R, RN). We prove
it indirectly, assume ||z, |[r» — o0, z;n(t) — oo almost everywhere in R. We claim there exists
mo € N such that if m > my, then for any u € E*(By,) \ {0},

(CD'r:q (Zm)u, u)E >0, (3.15)

which implies m™(z;,) + v(z) < i(By). If (3.15) is false, then there exist m; — oo and u; €
E*(By,) with [|u||g = 1 such that (@}, (zm,)u;, u;)g < 0, which can be rewritten as

(Auj, 1)) p = (KVeWon, (b, 2o, Y, 1) . <0, (3.16)

1- 2||u]T||2 < (KV2Wo, (t, 2y )14, 15) - (3.17)

Passing to a subsequence if necessary, we assume that u; — u in L? and almost everywhere
in R for some u € E*(B,) = E*(B,) with ||lu|]|g < 1. Since

liminf | ~V2W,, (£ 2y, )1ddt > | liminf - V2W,, (t, 2y, )uldt > ~(Bay ), (3.18)

]— R R j—
we see that
lim sup(KVéWm,- (t, zm;)uj, uj) p < (Bew, u) 2. (3.19)
jooo
From (3.17) and (3.19), we have
1-2||u||3 < (Baw,w)yz, (3.20)

If u =0, it is a contradiction, or we have

1 —2||u‘||é < (Bew,u)p2 < (Au,u)p = |Ju'|% - ||u"||é <1-2||u 2, (3.21)

which is also a contradiction. Thus, {z,,} is bounded in L*(R,R"Y) and ® has a nontrivial
critical point. By Proposition 2.3, (1.1) has a nontrivial homoclinic orbit. The proof is
completed. ]

The proof of Theorem 1.3 is similar to the proof of Theorem 1.2. The difference is in
Step 1, instead of Morse theory we make use of minimax arguments for multiplicity of critical
points.

Let X be a Hilbert space and assume ¢ € C*>(X,R) is an even functional, satisfying the
(PS) condition and ¢(0) = 0. Denote S, = {u € X | ||u|| = c}.
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Lemma 3.1 (see [27], Corollary 10.19). Assume Y and Z are subspaces of X satisfying dimY =
j > k = codim Z. If there exist R > r > 0 and a > 0 such that

inf (S, NZ) > a, sup $(SrNY) <0, (3.22)

then ¢ has j — k pairs of nontrivial critical points {£x1,+xs,...,+Xjr}, so that u(u;) < k +1i, for
i=1,2,...,j-k

First, we consider the case of (WY), since W is even, we have W,, is also even, and it
satisfies Lemma 2.5. Let Y = E*(B,), and Z = E*(By), and we have dim Y = i(B,,), codim Z =
i(Bp), dimY > codim Z. Then, it is easy to prove that @, satisfies Lemma 3.1 for R and 1/r
large enough. So, ®,, has I :=i4(By) —ia(Bp) pairs of nontrivial critical points:

{£x1, £x7,...,£x7}, (3.23)

and [ — 1 pairs of them satisfying

m (x;) <i(Bo) +i <i(By), i=12,...,1-1. (3.24)

Then, we can complete the proof. In order to prove the case of (W_,), we need the following.

Lemma 3.2 (see [25], Corollary Il 4.1). Assume Y and Z are subspaces of X satisfying dimY =
j >k = codim Z. If there exist r > 0, and a > 0 such that

inf $(Z) > —o0, sup ¢(5,NY) < —a, (3.25)

then ¢ has j — k pairs of nontrivial critical points +uy, +uy, . .., £u; k so that p(u;) +v(u;) > k+i-1
fori=1,2,...,j-k.

The proof is similar to the case of (WZ,), we omit it here.
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