Hindawi Publishing Corporation
International Journal of Differential Equations
Volume 2011, Article ID 793023, 20 pages
doi:10.1155/2011/793023

Research Article

Existence of the Mild Solutions for
Impulsive Fractional Equations with Infinite Delay

Jaydev Dabas,’ Archana Chauhan,? and Mukesh Kumar?

! Department of Paper Technology, IIT Roorkee, Saharanpur Campus, Saharanpur 247001, India
2 Department of Mathematics, Motilal Nehru National Institute of Technology, Allahabad 211 004, India

Correspondence should be addressed to Jaydev Dabas, jay.dabas@gmail.com

Received 25 May 2011; Revised 22 July 2011; Accepted 6 August 2011

Academic Editor: D. D. Ganji

Copyright © 2011 Jaydev Dabas et al. This is an open access article distributed under the Creative
Commons Attribution License, which permits unrestricted use, distribution, and reproduction in

any medium, provided the original work is properly cited.

This paper is concerned with the existence and uniqueness of a mild solution of a semilinear
fractional-order functional evolution differential equation with the infinite delay and impulsive
effects. The existence and uniqueness of a mild solution is established using a solution operator
and the classical fixed-point theorems.

1. Introduction

This paper is concerned with the existence and uniqueness of a mild solution of an impulsive
fractional-order functional differential equation with the infinite delay of the form

Dix(t) = Ax(t) + f(t,x;, Bx(t)), te€]J=[0,T], t#t,
Ax(te) = Ir(x(t)), k=1,2,...,m, (1.1)
x(t) =P(t), ¢(t) € By,

whereT >0, 0 <a <1, A:D(A) c X — X is the infinitesimal generator of an a-resolvent
family S,(t);o, the solution operator Ty (t);s is defined on a complex Banach space X, D*
is the Caputo fractional derivative, f : | x B, x X — X is a given function, and B}, is a
phase space defined in Section 2. Here, 0 = tp < t; < -+ < tyy < ty1 = T, Ir € C(X,X),
(k=1,2,...,m), are bounded functions, Ax(tx) = x(t;) — x(t;), x(t;) = limy_ox(tx + h) and
x(t,) = limy, ox(tx — h) represent the right and left limits of x(t) at t = #, respectively.
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We assume that x; : (—o0,0] — X, x;(s) = x(t + 5), s <0, belongs to an abstract phase
space By. The term Bx(t) is given by Bx(t) = fé K(t,s)x(s)ds, where K € C(D,R") is the set
of all positive continuous functions on D = {(¢,s) € RZ2:0<s<t<T}.

Differential equations with impulsive conditions constitute an important field of
research due to their numerous applications in ecology, medicine biology, electrical
engineering, and other areas of science. Many physical phenomena in evolution processes are
modelled as impulsive differential equations and have been studied extensively by several
authors, for instance, see [1-3], for more information on these topics. Impulsive integro-
differential equations with delays represent mathematical models for problems in the areas
such as population dynamics, biology, ecology, and epidemic and have been studied by many
authors [2-7]. The study of fractional differential equations has emerged as a new branch
of applied mathematics, which has been used for construction and analysis of mathematical
models in science and engineering. In fact, the fractional differential equations are considered
as models alternative to nonlinear differential equations. Many physical systems can be
represented more accurately through fractional derivative formulation. For more detail, see,
for instance, the papers [1, 3-5, 7-12] and references therein.

Recently, in [4], the author has established sufficient conditions for the existence of
a mild solution for a fractional integro-differential equation with a state-dependent delay.
Mophou and N’Guérékata [7] have investigated the existence and uniqueness of a mild
solution for the fractional differential equation (1.1) without impulsive conditions. Authors
of [7] have established the results assuming that A generates an a-resolvent family (S, (t))
on a complex Banach space X by means of classical fixed-point methods.

In [5], Benchohra et al. have considered the following nonlinear functional differential
equation with infinite delay

Dix(t) = f(t,x), te[0,T], 0<q<1,  x(t)=@t), tel-owo,0,  (12)

where D1 is Riemann-Liouville fractional derivative, ¢ € B, with ¢(0) = 0, and established
the existence of a mild solution for the considered problem using the Banach fixed-point and
the nonlinear alternative of Leray-Schauder theorems.

Motivated by the above-mentioned works, we consider the problem (1.1) to study
the existence and uniqueness of a mild solution using the solution operator and fixed-point
theorems. The paper is organized as follows: in Section 2, we introduce some function spaces
and notations and present some necessary definitions and preliminary results that will be
used to prove our main results. The proof of our main results is given in Section 3. In the last
section one example is presented.

2. Preliminaries

In this section, we mention some definitions and properties required for establishing our
results. Let X be a complex Banach space with its norm denoted as || - ||y, and L(X) represents
the Banach space of all bounded linear operators from X into X, and the corresponding norm
is denoted by || - [|(x)- Let C(J, X) denote the space of all continuous functions from J into X
with supremum norm denoted by || - [|¢(;x)- In addition, B,(x, X) represents the closed ball
in X with the center at x and the radius .

To describe a fractional-order functional differential equation with the infinite delay,
we need to discuss the abstract phase space B in a convenient way (for details see [3]). Let
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h: (-00,0] — (0,00) be a continuous function with [ = f?w h(t)dt < oo. For any a > 0, we
define

B = {¢:[-a,0] — X such that ¢s(t) is bounded and measurable} and equip the space
B with the norm

N9l a0 = sup |<P(S)| Vi € B. 2.1)

s€[-a,0

Let us define by

By, = {qx : (-o0,0] — X, such that for any ¢ >0, ‘F|[—c,0] € B with

(2.2)

0

¢(0) =0 and f h(s)||(p||[slo]ds < oo}.
If B, is endowed with the norm
0
o, = [ 16 Il s Vo< B, @3
then it is known that (B, || - [|,) is a Banach space.
Now, we consider the space
B = {x : (-oo, T] — X such that x[;, € C(Jx, X) and there exist

(2.4)

x(t7) and x(t;) with x(t) = x(t;), xo = € By, k = 1,...,m},

where x|]k is the restriction of x to Ji = (tk, tks1], k=0,1,2,...,m. The function || - ||%;1 tobe a
seminorm in B}, it is defined by

llxll, = supflx(s)| : s € [0, T]} + ”4)“%;.’ x €B). (2.5)

If x:] —00,T] — X, T >0, is such that xo € By, then for all t € J, the following conditions
hold:
(1) Xt € %h/

(2) lIxtlls, < Ci(B)supysllx ()| + Ca(t)lIxoll 5,

(3) lx(®)|l € H||xt||s,, where H > 0 is a constant and C;:[0,00) — [0, 00) is continuous,
Cy:[0,00) — [0, 00) is locally bounded, and C;, C; are independent of x(-). For
more details, see [6].

A two parameter function of the Mittag-Lefller type is defined by the series expansion
© 1 #u—ﬂ et

E, =— du, a,p>0, z€C, 2.6
#2) = Zol"(ak+ﬁ) 27i Jo p* -z wooap = 26)
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where C is a contour which starts and ends at —co and encircles the disc |u| < |z|'/2
counter clockwise. For short, E,(z) = Eai(z). It is an entire function which provides a
simple generalization of the exponent function: E;(z) = 7 and the cosine function: E»(z?) =
cosh(z), E»(-z?) = cos(z), and plays an important role in the theory of fractional differential
equations. The most interesting properties of the Mittag-Lefller functions are associated with
their Laplace integral

Rel > w'®, w>0, (2.7)

Jm e MPLE, 5(wt®)dt = A
0 a,ﬁ )L“ _ w/

see [12] for more details.

Definition 2.1. A closed and linear operator A is said to be sectorial if there are constants
w€R,0€[x/2,m], M>0,such that the following two conditions are satisfied:

M) pA)c D) ={leC:l#w, |arg(l -w)| <6},
(B,w)
(2.8)

M
< — .
@) IRQ, Ml < = A€ (%

Sectorial operators are well studied in the literature. For details see [13].

Definition 2.2 (see Definition 2.3 in [10]). Let A be a closed and linear operator with the
domain D(A) defined in a Banach space X. Let p(A) be the resolvent set of A. We say that
A is the generator of an a-resolvent family if there exist w > 0 and a strongly continuous
function S, : R, — L(X) such that {A* : Rel > w} C p(A) and

A T-A)x = f eMS,(Hxdt, Rel>w, x€X, (2.9)
0

in this case, S,(t) is called the a-resolvent family generated by A.

Definition 2.3 (see Definition 2.1 in [4]). Let A be a closed linear operator with the domain
D(A) defined in a Banach space X and a > 0. We say that A is the generator of a solution
operator if there exist w > 0 and a strongly continuous function S, : R, — L(X) such that
{A*:Red >w} C p(A) and

AT - A) e = J e MS,(Hxdt, Red>w, xe€X, (2.10)
0

in this case, S,(t) is called the solution operator generated by A.

The concept of the solution operator is closely related to the concept of a resolvent
family (see [14] Chapter 1). For more details on a-resolvent family and solution operators,
we refer to [14, 15] and the references therein.
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Definition 2.4. The Riemann-Liouville fractional integral operator for order a > 0, of a
function f : R, — Rand f € L}(R,, X), is defined by

1

I°Ff(t) = f(B), I°f(t) = o f; (t—5)""'f(s)ds, a>0, t>0, (2.11)

where I'(") is the Euler gamma function. The Laplace transform of a function f € L'(R,, X) is
defined by

foy = J: e Mf(t)dt, Re(\)>w, (2.12)

provided the integral is absolutely convergent for Re(\) > w.

Definition 2.5. Caputo’s derivative of order « for a function f : [0,00) — Ris defined as
Df(t) = _ f t (t= )" f(5)ds = IO F (¢) (2.13)
! I(n-a) ), ’
forn-1<a<n, neN.If0<a<1,then
L )
a - _ &)™ . 2.14
DI = gy | =9 "V (e)ds (214)

Obviously, Caputo’s derivative of a constant is equal to zero. The Laplace transform of the
Caputo derivative of order a > 0 is given as

L{D{f(); A} = A" f () - EA“*k*1f<k) (0);, n-1<a<n. (2.15)
k=0

Lemma 2.6. If f satisfies the uniform Holder condition with the exponent p € (0,1] and A is a
sectorial operator, then the unique solution of the Cauchy problem

Df‘x(t) = Ax(t) + f(t,xt, BX(t)), t>ty, heER, O0<a<]1,

x(t) = ¢(t), t<ty,

(2.16)

is given by

x(t) = Ta(t —to) (x(£5)) + f: Sa(t—3s)f(s,xs, Bx(s))ds, (2.17)
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where
To(t) = E (At“)—if M AT
T el T2mi)g A-AT
(2.18)
1 1
— qa-1 ay _ At
Sa(t) = 17 Eqa( A7) = 5— «[B,e T

B, denotes the Bromuwich path. S, (t) is called the a-resolvent family, and T,(t) is the solution operator,
generated by A.

Proof. Lett —ty = u, then we get
Dix(u+ty) = Ax(u+to) + f(u+ to, Xysr,, Bx(u +t9)), u>0. (2.19)
Taking the Laplace transform of (2.19), we have

A L{x(u+to)} = A" x(t]) = AL{x(u +to)} + L{ f (1 + to, Xust,, Bx(u + t9)) }. (2.20)

Since (A\*I — A)_1 exists, that is, A* € p(A), from (2.20), we obtain

L{x(u+ty)}
(2.21)
= AT — A) T (8) + (AT = A)T'L{ f (u + to, Xusry, Bx(u + £o)) ).

By the inverse Laplace transform of (2.21), we get

x(u+tg) = Eq1(Au®)x(t]) + J: (u—5)""Epq (A(u—5)") f(s+to, Xssty, Bx(s + tg))ds.

(2.22)

Setu +ty = t,in (2.22), we have

x(t) = Eqp (A(t - t0)™)x(t])
(2.23)
+ 070 (8~ to — 8) " Ena (At — to — 5)) £ (5 + to, X541y, Bx (s + t) )dis.
On simplification, we obtain
x(t) = Ea1 (A(t - t0)*)x(ty)

(2.24)

N (t = 0)* "Eu(A(t - 0)) £(6, xo, Bx(6))dO.

to
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Set Ty (f) = Eq1(At*) and Su(t) = 1 E, o (At%) in (2.24). We have

x(t) = Tat — bo)x (£) + f Sa(t - 8) £(6, xo, Bx(0))de. (2.25)
to

This completes the proof of the lemma. O

Now, we give the definition of a mild solution of the system (1.1) by investigating the
classical solution of the system (1.1).

Definition 2.7. A function x : (—oo, T] — X is called a mild solution of (1.1) if the following
holds: xo = ¢ € B, on (-oo,0] with ¢(0) = 0; Ax|,_;, = Ix(x(t)), k = 1,...,m, the restriction
of x(-) to the interval [0,T) \ {t1,...,t,} is continuous and satisfies the following integral
equation:

($(1), te(-o0,0],
ft Sa(t—5)f(s,xs,Bx(s))ds, te][0,t],
0
t
x(t) = { Ta(t = 1) (x(t) + hi(x(#)))) +f Sa(t—s)f(s, x5, Bx(s))ds, te (h,b],
t
t

To(t —t) (x(t;,) + Ln(x(t,))) + | Sa(t—s5)f(s,xs,Bx(s))ds, te€ (tm, T].

tm

(2.26)

Now, we introduce the following assumptions:

(H1) there exist p1, pp > 0 such that

Ift o x)=ft oy <pmllo-¢llg, +rllx-ylx, tel (p¢)€B;, x,yeX.

(2.27)
(H2) for each k =1,...,m, there exists px > 0 such that
|1k (x) = L) || < pellx - vllx, VX yeX (2.28)
(H3)
?2335,{ Mr(1+p;) + MZT“ (uCh+ yzB*)} <1, (2.29)
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where C] = sup,,_, ;C1(7) and B* = SUP;efo4) fé K(t,s)ds < oo and

Mr = sup | Te(®)llL,  Ms = supCe? (1+£°7). (2.30)
0<t<T 0<t<T

If a € (0,1) and A € A%(6y,wp), then for any x € X and t > 0, we have
T2y € Me“' and [|Sa(®)|lx) < Ce® (1 +t*1), t > 0, w > wy. Hence, we have
”Ta(t)”L(X) < Mr, ||Su(t)||L(X) < ta_lMs. See [1] for details.

3. The Main Results

Our first result is based on the Banach contraction principle.

Theorem 3.1. Assume that the assumptions (H1)-(H3) are satisfied. If A € A*(6, wo), then the
system (1.1) has a unique mild solution.

Proof. Consider the operator N : B, — 98/ defined by

¢(t), te(-0,0],

ft Sa(t—s)f(s,xs,Bx(s))ds, te[0,t],
0
Ta(t = t) (x(t) + I (x(t7)))

t
(Nx)(t) =4 + | Salt=5)f(s, x5, Bx(s))ds, te(t,b], (3.1)

31

Ta(t = tm) (x(t5,) + I (x(£,)))

+ Jt Sa(t—5)f(s,xs,Bx(s))ds, te (t,, T].
\ tm

Let y(-) : (—o0,T] — X be the function defined by

(t)/ te (_ ,O]
y(t) = {¢ ” (3:2)
0, te],

then yo = ¢. For each z € C(J,R) with z(0) = 0, we denote by z the function defined by

~ {0, t € (~o0,0];
Z(t) = (3.3)
z(t), te].
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If x(-) satisfies (2.26), then we can decompose x(-) as x(t) = y(t) +z(t) for t € J, which implies
Xt = Yy + z¢ for t € J, and the function z(-) satisfies

rJ‘tSu(t -5)f(s,ys +Zs, B(y(s) +z(s)))ds, tel0,t],
0
To(t-t) [y (t) +2() + L ((y (8)) +Z(17))]

+ t Sa(t—5)f(s,ys +Zs, B(y(s) +2(s)))ds, te (t,ta],
5]

z(t) = § (3.4)

Talt - tw) [y () + Z(t5) + Lu((y(t5)) + Z(t5))]

+ It Sa(t—5)f(s,ys +Zs, B(y(s) +Z(s)))ds, te€ (ty, T].

Set B, = {z € B, such that zo = 0} and let || - [|»/ be the seminorm in %), defined by

Izl = supliz)l + z0ll, = supllz)l, = € B, 35)
€ €

thus (B}, || - ls;) is a Banach space. We define the operator P : 8, — %Bj by

rft Sa(t—5)f(s,ys +Zs, B(y(s) +z(s)))ds, te[0,t],
0
Ta(t - t)[z(t) + I (2(1))]

+It Sa(t—5)f(s,ys +Zs, B(y(s) +2(s)))ds, te (t,ta],
ty

(Pz)(t) =1 (3.6)

To(t = tm)[z(t,) + Ln(2(t,,))]

+It Sa(t—5)f(s,ys +zs, B(y(s) +z(s)))ds, te€ (tm,T].
L tm
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It is clear that the operator N has a unique fixed-point if and only if P has a unique fixed-
point. To prove that P has a unique fixed-point, let z,z* € ‘BZ, then for all t € [0,t;]. We
have

1P(2)(£) = P(z*) (B)lIx

t
< JO I1Sa(t = Sl 1f (5, ys +Zs, By(s) + Z(5))) = f(s,ys + 2, By(s) + 2°(5))) || xds

< Fis [ (=5 ]2~ Zlh, + sl B0(6) + 26) - Bu(s) + ) s

MS * * *
< 7(#1@ + 2B") Tz = 2" |-
(3.7)

For t € (t1,t,], we have

1P(2)(£) = P(z*) (B)lIx
< ITalt = )l [12(t) = 2" (D |5 + |11 (z(8) = Lz (8) [|«]

t
+ t 1Sa(t =)l || f (5, ys + Zs, B(y(s) +Z(5))) = f(s,ys + Z5, B(y(s) + 2°(5))) || x
< Mr[|lz(8) - 2" (8) [l + 1]l z(8) = 27 (5) || ]

t
+Ms | (t=9) [l|Z - 2, + 12l B(y() + Z()) - B(y(s) + Z)I ] ds
t
AL * MS * * o *
< Mr(1+pr)l1z = 2"l + =2 (i + 2B T 2 = 2* .
(3.8)

Similarly, when t € (t;,t,1], i =2,...,m, we get

* AT * M * * o *
IP(2)(8) = P(z")(D)]lx < Mr(1+pi)llz = 2"l + 75(,4@ + 2B )Tz = 2" - (3.9)

Thus, for all t € [0, T], we have

AL M * * a *
IP(z) - P(z*)||%,;: < 1m<ie<13:(1{MT(1 +pi)+ TS(,chl + BT }||z = 2"|lopy - (3.10)

Hence, P is a contraction map, and therefore it has an unique fixed-point z € %;’1, which is a
mild solution of (1.1) on (—oo, T]. This completes the proof of the theorem. O

The second result is established using the following Krasnoselkii’s fixed-point theo-
rem.
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Theorem 3.2. Let B be a closed-convex and nonempty subset of a Banach space X. Let P and Q be
two operators such that (i) Px + Qy € B whenever x,y € B, (ii) P is compact and continuous;
(iii) Q is a contraction mapping, then there exists z € B such that z = Pz + Qz.

Now, we make the following assumptions:

(H4) f: ] xB, x X — X is continuous, and there exist two continuous functions p1, s :
J — (0, 00) such that

Ift w0l < llglls, + 2Olxlly,  (tg,x) €JxBxX. (3.11)

(H5) the function I : X — X is continuous, and there exists Q > 0 such that

Q= max {[[lk(x)llx}. (3.12)

1<k<m,x€B,
Before going further, we need the following lemma.
Lemma 3.3 (see Lemma 3.2 in [7]). Let

Ci=supCi(r),  Ci=supCalr),  pi=supp(n), pi=suppa(r) (313

0<7<T 0<7<T 0<7<T 0<7<T

then for any s € J,

<7<s

1) [9s + Zsll, + 12 |Bw () + 2y < 4 [c;nqsn%,, “Cisup nzmnx]

(3.14)
i | Kl
Iflzllx <, r>0,then
115 [ys + Zelly, + 2B () + 2l <45 [Cillpl g, + Cir| +p3rB" =2 (315)
Theorem 3.4. Suppose that the assumptions (H1), (H4), (H5) are satisfied with
[% (mCy + ,uzB*)T"‘] <1, (3.16)

then the impulsive problem (1.1) has at least one mild solution on (—oo, T].
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Proof. Choose r > [Mr(r +Q) + (MST“A/a)] and consider B, = {z € B} : zlls: <7}, then B,
is a bounded, closed-convex subset in %Z'
LetT;: B, — B,and T, : B, — B, be defined as

0, te [O,tl],

Tau(t—t1)[z(t]) + L (2(E))], te(t,ta],
Tz)(®) =4 (3.17)

| Ta(t - ta) [2(65) + Ln((5))], € (6, T,

rf Sa(t—3)f(s,ys +Zs, B(y(s) +z(s)))ds, te[0,t],
0

t
f Sa(t - S)f(slys +ES/B(y(S) +E(S)))ds, te (t1/t2]/ (318)
o =7

t Sa(t—5)f(s,ys +Zs, B(y(s) +Z(s)))ds, te€ (t,T].
\J ¢,

Step 1. Let z, z* € B,, then show that I'1z + I',z* € B,, for t € [0, ], we have

[(T12)(8) + (T22") (B)Ix

t
< IO ”Sﬂt(t - s)”L(X) "f(S, Ys + E:fB(]/(S) + E*(S)))”de (3.19)

ot
< Ms fo (t—5)"" [#1(5)”]/5 "'E;”%;; + pa(s) || B(y () +E*(S))”X]d5'

and by using Lemma 3.3, we conclude that

MsAT® (3.20)

[(T12) + (F22") [y < <r.

a

Similarly, when t € (t,tis1],i = 1,...,m, we have the estimate

|(T12)(t) + (T2z") (t)[Ix
< || Tu(t = 1) [2(8) + Li(z(E)]]|

t
v [Sa(t = $)llLx) |l £ (5, ys + 22, B(y(s) +Z(5))) || xds
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< Mr Izl + 1L GED Iy )
t
+ | 18a(t =9l 1 )1y + Zellgy + 12() [Bw () + 2 ) x| ds

< Mr(r+Q) +

MsT*\
<r,
24

(3.21)

which implies that [|[I'1z + I>z[[gr < 7.

Step 2. We will show that the mapping (I';z)(t) is continuous on B,. For this purpose, let
{z"};2, be a sequence in B, withlim z" — z € B,, thenfor t € (t;,tis1],i=0,1,...,m, we have

[(T12")(8) = (T12) (B)]x (3.22)
< ITalt = )l [122 ) = () || + 112" (5)) = Liz(8) [l - |

Since the functions I;, i = 1,2,...,m are continuous, hence lim,,_, ,I'1z" = I'yz in B, which
implies that the mapping I'; is continuous on B,.

Step 3. Uniform boundedness of the map (I'iz)(t) is an implication of the following
inequality: for t € (¢;,ti+1],i=0,1,...,m, we have

IT12)(B)x < NTalt = )l [[|2ED ] + [T (zED) [Ix]
— (3.23)
< Mrp(r + Q).

Step 4. To show that the map (3.17) is equicontinuous, we proceed as follows. Let u,v €
(ti, tim], ti<u<v<ty,i=0,1,...,m, z € B,, then we obtain

1(T12) (v) = T12) W)lx < ITa(v — 1) = Ta(u = t) I |2(E7) + L(z(E) ||«

< (r+Q)||Ta(v = ;) = Ta(u = 1)l L x)-

(3.24)

Since T, is strongly continuous, the continuity of the function t +— ||T(t)|| allows us
to conclude that lim,_,||Ta(v - ti) — Ta(u — t;)|lLx) = 0, which implies that I'1(B,) is
equicontinuous. Finally, combining Step 1 to Step 4 together with Ascoli’s theorem, we
conclude that the operator I'; is compact.
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Now, it only remains to show that the map I'; is a contraction mapping. Let z,z* € B,
and t € (t;,t1],i=0,1,...,m, then we have

[(T22) (£) — (T22%) (B)Ix

t
< [ 18-V 1759+ 2 Bly(9) +5(6))) = £ 5,45+ By(s) + 2 (5) | s

_ t
< Ms f (£ =) 1|2 - 2|y + 2| B(y(5) + 2(5)) = B(y(5) + Z(5) I | ls

MS * * *
< T(lel + 2B )Tz = 2" |1,
(3.25)
since (Ms/a) (1 C} + u2B*)T* < 1, which implies that I'; is a contraction mapping. Hence, by

the Krasnoselkii fixed-point theorem, we can conclude that the problem (1.1) has at least one
solution on (—oo, T']. This completes the proof of the theorem. O

Our last result is based on the following Schaefer’s fixed-point theorem.

Theorem 3.5. Let P be a continuous and compact mapping on a Banach space X into itself, such that
the set {x € X : x = vPx for some 0 <v < 1} is bounded, then P has a fixed-point.

Lemma 3.6 (see [5]). Let v : [0,T] — [0, o0) be a real function, w(-) is nonnegative and locally
integrable function on [0,T], and there are constants a > 0 and 0 < a < 1 such that

t
o(b) < w(t) + af o) . (3.26)
o (t—s)
Then there exists a constant K () such that
' w(s)
v(t) <w(t) + aK(a) T )ads, for every t € [0, T]. (3.27)
0 - S

Theorem 3.7. Assume that the assumptions (H4)-(H5) are satisfied, and if A € A%(8, wo) and
M <1, then the impulsive problem (1.1) has at least one mild solution on (—oo, T].

Proof. We define the operator P : B} — 9/ as in Theorem 3.3. Note that P is well defined in
B . We complete the proof in the following steps.

Step 1. For the continuity of the map P, let {z"} be a sequence in B} such that z" — zin %B).
Since the function f is continuous on | x B, x X, This implies that

(s ys + 25, B(y(s) +2'(s)))

(3.28)
— f(s,ys +zs,B(y(s) +z(s))) asn— oo.
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Now, for every t € [0,t1], we get
|Pz"(t) — Pz(t)|x

< fo I1Sa(t = 9l 1 (5, ys + 25, B(y(s) +Z"(5))) = f (5, ¥s + Zs, By(s) + 2(5))) || xds
< MSE&',
a

(3.29)

wheree >0, ¢ —» 0asn — oo. Moreover, we have

IP2"(t) - Pz(t)lx

< Mr[|lz"() - 2() |k + 162" () = Tiz() 1]

t
+ | 1Salt =)o 1 5y + 2 By (9) + Z7(6D) = f (5, + 20, B () + Z6) || s
< Mr[l|2"() = 2() |l + 1 L") = Tz 1] + Ms%ff
(3.30)

where ¢ >0, ¢ - 0asn — oo, forall t € (t;,ti1], i = 1,...,m. The impulsive functions
Ir, k=1,...,m are continuous, then we get

Jim [P=" - Pz, = 0. (33D)

This implies that P is continuous.

Step 2. P maps bounded sets into bounded sets in 9B} . To prove that for any r > 0, there exists
ay > 0such that for each z € B, = {z € B}, : ||z]l; < 7}, then we have || Pzl <y, then for
any z € B,, t € [0,11], we have

t
IPz(t)]lx < j [1Sa(t = )L || f (5, ys + Zs, B(y(s) +Z(s))) || xds
’ (332)

t
SMSJ

- ) 1) [ys + Zollw, + 12(8) [ B (s) + Z(s) 1] ds.

Using Lemma 3.3, we obtain || Pz(t)||x < Mg (T%/a)A. Similarly, we have

— — T«
IPz(B)llx < Mr(r+ Q) + Ms—A,  t€(ttia], i=1,...,m. (3.33)
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This implies that
—_ — T
1Pzl < Mr(r+ Q)+ Ms—A=y, te[0T] (3.34)
Step 3. We will prove that P(B,) is equicontinuous. Let u, v € [0, 1], with u < v, we have

1Pz(v) - Pz(u)llx < fo 1Sa(2 = 8) = Sa(u = 5)llLex) | £ (5, Ys + Zs, By (5) + Z(s))) || xds

+J 1Sa(® = $) L) || f (5, ys + Zs, B(y(s) +Z(5))) || xds < Q1 + Qa,
(3.35)

where

Q1= f 1Sa(v = 5) = Sa(u = 5)llLx) || (5, ys + Zs, B(y(s) +Z(s))) || (ds
' (3.36)
< )LJ‘O 1Sa(0 = 5) = St = )|, -

Since [|Sa(v = 5) = Sa(u = 5)||Lx) < ZMS(tl - s)”‘_1 € L'(I,R,) for s € [0,t;] and Su(v - s) —
Sa(u—s) — 0asu — v, S, is strongly continuous. This implies that lim,_,,Q1 =0,

Msw-uw" 33
24

Q= f 1520 = )10 [Lf (5, ve + Zos By(5) + Z(5)) [ o5 < A

Hence, lim,, _,,Q; = 0. Similarly, for u, v € (t;,t;+1], withu <o, i=1,...,m, we have

IPz(v) - Pz(u)l|x < ITa(w = ti) = Tu(u = )l [l 2(8) |1 + 1T (z(E) [|x] + Q1 + Qo
(3.38)

Since Ty, is also strongly continuous, so T,(v — t;) = Ta(u —t;) — 0as u — v. Thus, from
the above inequalities, we have lim,,_,,||Pz(v) — Pz(u)||x = 0. So, P(B,) is equicontinuous.
Finally, combining Step 1 to Step 3 with Ascoli’s theorem, we conclude that the operator P is
compact.

Step 4. We show that the set

E = {z € B] such that z = vPz for some 0 < v < 1} (3.39)
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is bounded. Let z € E, then z(t) = vPz(t) for some 0 < v < 1. Then for each t € [0,t;], we have

t
lz(H)llx < VI [Sa(t =)l ) || f (5, s + Zs, B(y(s) +Z(s))) || yds
‘ (3.40)

t
< VMS .[0 (t - S)a_l ”f(S, Ys t Esr B(]/(S) + E(S)))”de,
fort e (t,tia], i=1,...,m we get
t
lz(®)]lx < V[IITa(t —t) o (12ED) || + | TGzEN) || ) + L_ 1Sa(t = $)llLx)

x||f (s, ys +Zo, B(y(s) +Z(s))) IIXdS]

. o
< I:MT||z(t;) |l + MrQ + Ms L (t—35)" | f(s,ys + Zs, B(y(s) + E(s)))||de].

(3.41)
then for all t € [0, T], we have
My
z(t < —
=0l < s
MS ! a-1 = =
+ . fo (t-s) [#1(5)”]/5 + ZS”%h +p2(s)|| B(y(s) + z(s))||X]ds
Mo MspiCyl|lly, T
@ | FsiClol, o

T 1-Mr a(l - MT>
M * * * * t a—
5 (uiCT + 1B j (t-s)*! sup ||z(7)||xds
1-Mr 0 0<7<s

t
S¢ul+c02f (t — )" sup [12(7) 1xds,
0 0<7<s

where w; = MrQ/(1 - Mr) + MspiChllplls, T/a(l — Mr) and wr = (Ms/1 -
Mr)(uiCT + p3B*). Let 7 € [0,s] be such that sup_ . [|z(7)|lx = [[z(7")[x, 0 < s < ¢t If
7* € [0,t], then (3.43) can be written as

t
lz(Ollx < w1 +wy fo (t = 5)*H|z(s)||xds. (3.43)
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Using Lemma 3.6, there exists a constant K(«), and (3.43) becomes

1+

(3.44)

K(zx)T"‘].

¢
Iz(O)llx < w [1 + J‘o K(a)(t - 5)“_1615] <w "

As a consequence of Schaefer’s fixed-point theorem, we deduce that P has a fixed-point on
(—oo, T]. This completes the proof of the theorem. O

4. Applications

To illustrate the application of the theory, we consider the following partial integro-
differential equation with fractional derivative of the form

2 t
D]u(t,x) = @u(t,x) + f H(t,x,s — H)Q(u(s, x))ds

t
+f k(s, t)e‘”(s'x)ds, x € [0,o], t€[0,b], t#t,
0

u(t,0) =0=u(t,x), t>0, (4.1)

u(t,x) =¢(t,x), te(-0,0], x€[0,7],

Au(t;)(x) = Jj gi(ti —s)u(s,x)ds, x€[0,a],

where Df is Caputo’s fractional derivative of order 0 < g < 1,0 <t <t <--- <t, < b are
prefixed numbers, and ¢ € B, Let X = L2[0, ], and define the operator A : D(A) ¢ X — X
by Aw = w"” with the domain D(A) := {w € X : w, w' are absolutely continuous, w” €
X, w(0) =0=w(r)}, then

Aw = inz(w, wy)wy,, w € D(A), (4.2)

n=1

where w,(x) = \/2/xsin(nx), n € N is the orthogonal set of eigenvectors of A. It is well
known that A is the infinitesimal generator of an analytic semigroup (T(t));so in X and is
given by

T(Hw = Ze‘"zt(w, wn)wy, Yw € X, and every t > 0. (4.3)

n=1
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From these expressions, it follows that (T (t));, is a uniformly bounded compact semigroup,
sothat R\, A) = (A—A)isa compact operator for all A € p(A), thatis, A € A*(6y, wp). Let
h(s) =e*, s <0, thenl = f?oo h(s)ds = 1/2, and define

0

91l =] ") sup [[§©O)]| .ds. (4.4)
ee) 0¢e(s,0]

Hence, for (t,¢) € [0,b] x By, where ¢(0)(x) = ¢(6,x), (6,x) € (—o0,0] x [0, r]. Set u(t)(x) =
u(t, x),

0
f(t.¢,Bu(t))(x) = I, H(t,x,0)Q(¢(6)(x))d6 + Bu(t)(x), (4.5)

where Bu(t)(x) = fé k(s,t)e*(>¥) ds. Then with these settings, the above equation (4.1) can be
written in the abstract form of the equations (1.1). The functions H, k, and Q are satisfying
some conditions, and g; : R — R are continuous and d; = j(_)m h(s)qiz(s)ds < oo fori =
1,2,...,n. Suppose further that

(1) the function H (t, x,0) is continuous in [0,b] x [0, o] x (-o0,0] and H(t, x,0) > 0,
[° H(t,x,0)d0 = pi(t,x) < oo,

(2) the function Q(-) is continuous and for each (0,y) € (-o0,0] x [0,or], 0 <
Q(0)(x)) < (J°,, e*llu(s, )llr2ds).

Now, we can see that

e ,1/2
7t g B0l = || <f h(t,x,e)Q(¢(9)(x))d9+Bu(t)(x)dX>]

1/2

IN

[ /0 0 2
jo <f h(t,x,0) <f ezs”(,‘l)(s)(-)”des)dQ) dx]
- ar t 2 1/2
—u(s,x)
+ [J‘o (Jo k(s,t)e ds> dx]
7z /0 0 2 12
[J‘ <I ht, x,6) <I ¢ sup ||¢(s)||L2ds>d9> dx]
0 -0 -0 s€[6,0]
ar t 2 1/2
—u(s,x)
+ [J‘o (Jo k(s,t)e ds> dx]
1/2
|

T 0 2
jo <f h(t,x,e)d9> dx] 6], + 1Bu(®)]l;2

IN
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T ) 1/2
<[ we0ax] gl + 1B
<FO) ], + 1Bu(O)

(4.6)

If we take pi(t) = p(t) and ps(t) = 1, hence f satisfies (H4), and similarly we can show that
I satisfy (H5). All conditions of Theorem 3.7 are now fulfilled, so we deduce that the system
(4.1) has a mild solution on (-oo, T].
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