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We consider a cooperating two-species Lotka-Volterra model of degenerate parabolic equations.
We are interested in the coexistence of the species in a bounded domain. We establish the existence
of global generalized solutions of the initial boundary value problem by means of parabolic

regularization and also consider the existence of the nontrivial time-periodic solution for this
system.

1. Introduction

In this paper, we consider the following two-species cooperative system:

u = Au™ +ut(a-bu+cv), (x,t) €eQxR,, (1.1)
v = Av"™ + 0P (d+eu- fv), (xt)€QxR,, (1.2)
u(x,t) =0, ov(x,t)=0, (x,t)€dQxR,, (1.3)
u(x,0) =up(x), v(x,0)=vp(x), x€Q, (1.4)

where my,m; > 1,0 <a <my, 0< f <my, 1< (m—a)(imy—p),a=a(xt),b=>bxt),
¢ =c(xt),d=d(xt),e=e(xt), f = f(xt) are strictly positive smooth functions and
periodic in time with period T > 0 and uy(x) and vy(x) are nonnegative functions and satisfy
uyt, o € Wyt (Q).

In dynamics of biological groups, the system (1.1)-(1.2) can be used to describe the
interaction of two biological groups. The diffusion terms Au™ and Av™ represent the effect
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of dispersion in the habitat, which models a tendency to avoid crowding and the speed of the
diffusion is rather slow. The boundary conditions (1.3) indicate that the habitat is surrounded
by a totally hostile environment. The functions u and v represent the spatial densities of the
species at time t and a, d are their respective net birth rate. The functions b and f are intra-
specific competitions, whereas c and e are those of interspecific competitions.

As famous models for dynamics of population, two-species cooperative systems like
(1.1)-(1.2) have been studied extensively, and there have been many excellent results, for
detail one can see [1-6] and references therein. As a special case, men studied the following
two-species Lotka-Volterra cooperative system of ODEs:

W' (t) = u(t)(a(t) - bt)u(t) + c(t)o(t)),
V' (t) = o(t)(d(t) + e(Hu(t) - f(H)o(t)).

(1.5)

For this system, Lu and Takeuchi [7] studied the stability of positive periodic solution and
Cui [1] discussed the persistence and global stability of it.

When my = mp = a = =1, from (1.1)-(1.2) we get the following classical cooperative
system:

u; = Au+u(a-bu+co),
(1.6)
v = Av+o(d+eu- fo).

For this system, Lin et al. [5] showed the existence and asymptotic behavior of T-
periodic solutions when a,b,c,e,d, f are all smooth positive and periodic in time with
period T > 0. When a, b, ¢, e, d, f are all positive constants, Pao [6] proved that the Dirichlet
boundary value problem of this system admits a unique solution which is uniformly bounded
when ce < bf, while the blowup solutions are possible when the two species are strongly
mutualistic (ce > bf). For the homogeneous Neumann boundary value problem of this
system, Lou et al. [4] proved that the solution will blow up in finite time under a sufficient
condition on the initial data. When ¢ = e = 0 and a = = 1, from (1.1) we get the single
degenerate equation

ur = Au" + u(a - bu). (1.7)

For this equation, Sun et al. [8] established the existence of nontrivial nonnegative periodic
solutions by monotonicity method and showed the attraction of nontrivial nonnegative
periodic solutions.

In the recent years, much attention has been paid to the study of periodic boundary
value problems for parabolic systems; for detail one can see [9-15] and the references therein.
Furthermore, many researchers studied the periodic boundary value problem for degenerate
parabolic systems, such as [16-19]. Taking into account the impact of periodic factors on
the species dynamics, we are also interested in the existence of the nontrivial periodic
solutions of the cooperative system (1.1)-(1.2). In this paper, we first show the existence of
the global generalized solution of the initial boundary value problem (1.1)—(1.4). Then under
the condition that

blfl > CMEeM, (1.8)
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where far = sup{f(x,t) | (x,t) € Q xR}, fi = inf{f(x,t) | (x,t) € Q x R}, we show
that the generalized solution is uniformly bounded. At last, by the method of monotone
iteration, we establish the existence of the nontrivial periodic solutions of the system (1.1)-
(1.2), which follows from the existence of a pair of large periodic supersolution and small
periodic subsolution. At last, we show the existence and the attractivity of the maximal
periodic solution.

Our main efforts center on the discussion of generalized solutions, since the regularity
follows from a quite standard approach. Hence we give the following definition of
generalized solutions of the problem (1.1)—(1.4).

Definition 1.1. A nonnegative and continuous vector-valued function (u,v) is said to be
a generalized solution of the problem (1.1)—(1.4) if, for any 0 < 7 < T and any functions
¢i € CHQ,) with ¢ilsaxor) =0 (i = 1,2), Vu™, Vo™ € L*(Q,), du™ /dt, dv™ /dt € L*(Qr)
and

0
ff u% - Vu™ Ve +u(a-bu+co)pidxdt = f u(x, )ep1(x, T)dx - f ug(x)e1(x,0)dx,
Q- Q Q

0
ff U% - Vo™V, + P (d+eu— fo)pdxdt = f v(x, 7)o (x, T)dx — f vo(x)p2(x,0)dx,
Q Q
(1.9)

where Q, = Q x (0, 1).

Similarly, we can define a weak supersolution (i, v) (subsolution (u, v)) if they satisfy
the inequalities obtained by replacing “=" with “<” (“>”) in (1.3), (1.4), and (1.9) and with
an additional assumption ¢; >0 (i =1, 2).

Definition 1.2. A vector-valued function (u,v) is said to be a T-periodic solution of the
problem (1.1)—(1.3) if it is a solution in [0, T] such that u(-,0) = u(-,T), v(-,0) = v(,T) in
Q. A vector-valued function (u,?) is said to be a T-periodic supersolution of the problem
(1.1)-(1.3) if it is a supersolution in [0, T] such that u(-,0) > u(-, T), ©(-,0) > 9(-,T) in Q. A
vector-valued function (u, v) is said to be a T-periodic subsolution of the problem (1.1)—(1.3),
if it is a subsolution in [0, T] such that u(-,0) < u(:,T), v(-,0) <v(;, T) in Q.

This paper is organized as follows. In Section 2, we show the existence of generalized
solutions to the initial boundary value problem and also establish the comparison principle.
Section 3 is devoted to the proof of the existence of the nonnegative nontrivial periodic
solutions by using the monotone iteration technique.

2. The Initial Boundary Value Problem

To solve the problem (1.1)-(1.4), we consider the following regularized problem:

ou

a—; = div<<mu;"r1 + £> Vug> +ul(a-bu.+cv.), (x,t)€Qr, (2.1)
ove _ . .
rT d1v<<mv‘g Ty s) VUE> + vf (d+eu. - fv.), (x,t)€Qr, (2.2)

us(x,t) =0, ve(x,t)=0, (xt) €0Qx(0,T), (2.3)
us(x/ 0) = uOs(x)/ vs(x/ O) = 0o (x)/ x €Q, (24)



4 Abstract and Applied Analysis

where Qr = Qx(0,T),0 < e <1, up, voe € C{(£2) are nonnegative bounded smooth functions
and satisfy

0 < uge < |[uoll (), 0 < voe < w0l (), s
2.5

my

my . 1,2
e — 1, inW,"(Q)ase—0.

ug —uy', v

The standard parabolic theory (cf. [20, 21]) shows that (2.1)-(2.4) admits a nonnegative
classical solution (u,, v¢). So, the desired solution of the problem (1.1)—(1.4) will be obtained
as a limit point of the solutions (u,, v¢) of the problem (2.1)—(2.4). In the following, we show
some important uniform estimates for (u,, v).

Lemma 2.1. Let (1., ve) be a solution of the problem (2.1)—(2.4).

(1) If 1 < (my1 — a) (my — ), then there exist positive constants r and s large enough such that

1 mp+r—1

< -a, 2.
mz—ﬂ m2+s—1 o (6)

luellr oy < G el s opy < G, (2.7)

where C is a positive constant only depending on my, my, a, B, 1, s, |Q|, and T.
(2) If 1 = (my — a)(my — P), then (2.7) also holds when |Q| is small enough.
Proof. Multiplying (2.1) by uZ™! (r > 1) and integrating over Q, we have that

ou’. dy = — 4r(r - 1)ymy
o Of (my +7r—-1)

2
f |Vu£ml+r71)/2| dx + rf u™" ! (a - bu + cv)dx. (2.8)
Q Q

By Poincaré’s inequality, we have that
2
Kf w1y < f |Vu£m1+r71)/2 dx, (2.9)
Q Q

where K is a constant depending only on |Q| and N and becomes very large when the
measure of the domain  becomes small. Since a < m;, Young’s inequality shows that

aug&r—l < Kr(r - 1)11112 £ﬂ1+r—1 4 CK—(u+r—1)/(m1—u)/
(m1 +r— 1) (2 10)
< KT(T - 1)1111 um1+r—1

Cu?+r—1v S 4 CK—(u+r—1)/(m1—u)v§m1 +r-1)/(mi-a) )

B (m1+r—1)
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For convenience, here and below, C denotes a positive constant which is independent of ¢
and may take different values on different occasions. Complying (2.8) with (2.9) and (2.10),
we obtain

6u§ dx < _ZKT(T - 1)7”11 f M=l gy 4 CK—(u+r—1)/(m1—u) f ,Uémﬁrfl)/(mra)dx
o Ot T om+r-12%Ja ¢ Q (2.11)
+ CKf(aJrrfl)/(mlfa) .
As a similar argument as above, for v, and positive constant s > 1, we have that
0v; dx < _ZKS(S - 1)my f o™ 1 gy 4 CK-Brs—1)/ (ma—p) f u£m2+5*1)/(m2*ﬂ)dx
= £
o Of (my+s-1)* Ja Q (2.12)

+ CK-B+s=D/(m-p)_

Thus we have that

J‘ <au§ + avj >dx < _ZKT(T - 1)m1 f umlﬂ_ldx + CK,(ﬂJrs,l)/(mz,‘g) J‘ u(m2+s—1)/(mz—ﬂ)dx
= £
o\ ot ot (mi+r-1)% Jo ° Q

_ 2Ks(s - 1)”122 J. v;nz+s—1dx 4 CK(arr=1)/(m~a) f U£m1+r—1)/(m1—“)dx
(my+s-1)°" Jo Q

+ CK—(u+r—1)/(m1—u) + CK—(ﬂ+s—1)/(m2—[5).

(2.13)
For the case of 1 < (m; — a)(my — f), there exist r, s large enough such that
1 my+s-—1
- p. 2.14
1111—Lt<1111+r—1<m2 p ( )
By Young’s inequality, we have that
J‘ u[(;m2+5—1)/(m2—ﬂ)dx < r(r - 1)m1]<(mz+s—1)2/(mz—ﬂ) J‘ ug”l”_ldx + CKT
Q Cimi+r-1) Q
(2.15)
-1 -
J' Uém”r—l)/(ml_u)dx < s(s — l)mzK(m1+r )/ (my-a) J‘ v;"ﬁs’ldx + CK™,
o C(my+s-1)" a
where
. (my +s—1)?
| = ,
my — my—p)(mi+r—-1)—(my+s-1)
[rm2 = Pl [(m2 = B) ] 216)
m +71—1)*
" (my )

- [my —a][(m —a)(my+s-1)— (my +7r-1)]
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Together with (2.13), we have that

[L(3F )i oot o)
Q

(2.17)
+ CK—(u+r—1)/(m1—u) + CK—(ﬂ+s—1)/(m2—ﬂ)’
where
6, - (m+s-1)+(m+r-1)(f+s-1) - (m+r-1D)+(m+s-1)(a+r-1)
(my=P)(mi+r-1)—(ma+s-1) (m—a)(my+s—1)—(m+r—1)
(2.18)
Furthermore, by Holder’s and Young's inequalities, from (2.17) we obtain
0 6 s
f ( e, 90 >dx < KI (1l +3)dx + C (K0 + K + 2K|Q)
o\ Ot Ot (2.19)
+ CK—(u+r—1)/(m1—u) + CK—(ﬂ+s—1)/(m2—[5)'
Then by Gronwall’s inequality, we obtain
f (ul +0v3)dx <C. (2.20)
Q

Now we consider the case of 1 = (m; — a)(my — ). It is easy to see that there exist
positive constants 7, s large enough such that

1 my+s—1
m—-a m+r—1

=m, - . (2.21)

Due to the continuous dependence of K upon |Q]in (2.9), from (2.13) we have that

au aU > f 1, m (pa=1)+s-1
dx < -K | (um+1 4o/ dx+C (2.22)
f Q< ot ot )

when |Q] is small enough. Then by Young’s and Gronwall’s inequalities we can also obtain
(2.20), and thus we complete the proof of this lemma. O

Taking u;", v;™ as the test functions, we can easily obtain the following lemma.

Lemma 2.2. Let (u,,ve) be a solution of (2.1)—(2.4); then

” |Vu™*dx dt < C, ” Vo™ P dx dt < C, (2.23)
Qr Qr

where C is a positive constant independent of .
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Lemma 2.3. Let (u,,v,) be a solution of (2.1)—(2.4), then

lltell e oy < G 9ell o) < G (2.24)

where C is a positive constant independent of €.

Proof. For a positive constant k > |luge||1=(q), multiplying (2.1) by (u: — k)" X[t and
integrating the results over Qr, we have that

a .- k mi+1
II (u ) XIt1,t2] dx dt + J.J. |V(u€ _ k)T1X[t1,t2]|2dx dt
my +1 Qr Qr

(2.25)

< ff aul™™ (a + cvg)dx dt,
Qr
where s, = max{0, s} and x|, ] is the characteristic function of [¢;,t,] (0 <t <t, <T). Let
Ie(t) = f (ue — k)™ dx; (2.26)
Q

then Ii(t) is absolutely continuous on [0,T]. Denote by o the point where Ii(t) takes its
maximum. Assume that o > 0, for a sufficient small positive constant e. Taking t; = 0 — ¢,
t, = 0 in (2.25), we obtain

foef Md dt + - f J‘ |V (e — k)™ |*dx dt

(m1 + 1)6
(2.27)
1 (o)
<= f f ul™ (a + cve)dx dt.
€Jo-cJa
From
_ 1 ymtl
f f Oue k) —= 7+ dxdt=1Ix(0) -Ix(c—€) >0, (2.28)

we have that

o (o)
% f f |V (ue — k)™ [Pdx dt < % f f U™ (a + cv,)dx dt. (2.29)
o—€ v Q e/ Q

o—
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Letting e — 0%, we have that

fQ |V (ue(x,0) — k)" |2dx < fQ uf™(x,0)(a + cv:(x, 0))dx. (2.30)
Denote Ax(t) = {x : ue(x,t) > k} and py = Supte(o,T)|Ak(t)|" then

f |V<ue—k):"1|2dxﬁf ug™ (a + cve)dx. (231)
Ak(O') Ak(G)

By Sobolev’s theorem,

1/2

1/p
<f ((ue - k)i'“)”dx> < c<f |V (e — k)™ |2dx> , (2.32)
Ak(G) Ak(G)

with
+00, N<2,
2<p< N N (2.33)
N _ 2/ 4
we obtain

2/p
<f ((ue —k)Tl)”dx> < cf |V (e — k)™ |*dx
Ak (o) Ak (o)

ud™™ (a +v;)dx
Ak (0)

(my+a) /1 (r-mi-a)/r
< C<f uzdx> <f (a+ Ug)r/(r_ml_“)dx>
Ak (O') Ak (O')
(r-my—a)/r
< c<f (a+v.)"” <”"1“>dx>
Ax (o)

1/s
<C f (a+vg)sdx> |Ax(0)|COmm=n/sr
Ax(0)

< C‘ul((s(r—ml—a)—r)/sr

7

(2.34)
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where r > p(m1 +a)/(p - 2), s > pr/(p(r — m1 — a) — 2r) and C denotes various positive

constants independent of . By Holder’s inequality, it yields

L(0) = fQ (e — k)"l = fA (e — k)™l

k(o)

(my+1)/mip
< <J‘ (e — k)Tlpdx> #i_(mﬁl)/mlp
Ak (o)

< C#i+[sp(r—m1—a)—pr—25r](m1+1)/2psrm1 )

Then
Ik(i’) <Ii (0) < C#i+[sp(r—m1—a)—pr—25r](m1+1)/2psrm1’ te [0, T].

On the other hand, for any h > k and t € [0, T], we have that

Ii(t) 2 f (ue — k)" dx > (h— k)™ Ap(t)].
Ak(t)

Combined with (2.35), it yields

(I’l _ k)m1+1/4h < C#1+[sp(r—m1—u)—pr—Zsr](m1+1)/2psrm1
= k

7

that is,

m < C /41+[sp(r—m1—u)—pr—Zsr](m1+l)/2psrm1'
(h. _ k)m1+1 k

It is easy to see that

ro1+ [sp(r - mi — a) — pr — 2sr]| (m1 + 1) o1

2psrmy

Then by the De Giorgi iteration lemma [22], we have that
Hisvd = sup|Aia(t)| =0,

where d = Cl/(m1+1)yl(y_1)/(m”l)ZY/(Y’l). That is,

u.<l+d ae. in Qr.

It is the same for the second inequality of (2.24). The proof is completed.

(2.35)

(2.36)

(2.37)

(2.38)

(2.39)

(2.40)

(2.41)

(2.42)
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Lemma 2.4. The solution (u., v,) of (2.1)—(2.4) satisfies the following:

2
” dxdt<C, ”
Qr Qr

where C is a positive constant independent of .

2
ou" ov”

dxdt < C, (2.43)

Proof. Multiplying (2.1) by (0/9t)u;" and integrating over Q, by (2.3), (2.4) and Young's
inequality we have that

4my J'J' ‘gu(mﬁl)/Z 2
(my + 1)2 Qr ot *

my
= ” Oute e 1 iy
o, Of ot

dx dt

1 1
-1 f V™ (x, 0)Pdx E,[ \Vu™ (x, T)Pdx
Q Q

+ mu®™ " (a - bu, + cvg)%dx dt
or ot
(2.44)
1 m 2 1 m 2
=—| |Vul"(x,0)dx— = | |Vul'(x,T)[ dx
2)q 2)q

(m1+1)/2

2m armi-1)/2 u
+ ff o 1u§ D20 by, + cv.) 5 dxdt

1
< 3 f |Vu™ (x,0)|*dx + 2m1ff W™= (g —bu, + cv.)*dx dt
Q Qr

.\ 2my J'J' ‘éumm/zz
(my+1)*) ) o 108

which together with the bound of a, b, ¢, u,, v, shows that

Il

where C is a positive constant independent of ¢. Noticing the bound of u,, we have that

IIQT (m?m:l) J.J.QT uet

It is the same for the second inequality. The proof is completed. O

dx dt,

(m1+1)/2 |2
O dxdt < C, (2.45)

m
ou;'! m1+1)/2

e di <C. (2.46)

From the above estimates of u,, v,, we have the following results.
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Theorem 2.5. The problem (1.1)—(1.4) admits a generalized solution.

Proof. By Lemmas 2.2, 2.3, and 2.4, we can see that there exist subsequences of {u.}, {v.}
(denoted by themselves for simplicity) and functions u, v such that

u. —u, v.— v, a.ein Qr,

oul ou™ ovl”? o™
— —
ot ot ’ ot ot ’

Vu™ — Vu™, Vo™ — Vo™, weakly in L*(Qr),

weakly in L*(Qr), (2.47)

as ¢ — 0.Then a rather standard argument as [23] shows that (1, v) is a generalized solution
of (1.1)—(1.4) in the sense of Definition 1.1. O

In order to prove that the generalized solution of (1.1)—(1.4) is uniformly bounded, we
need the following comparison principle.

Lemma 2.6. Let (u,v) be a subsolution of the problem (1.1)—(1.4) with the initial value (u,, v,) and
(u, ) a supersolution with a positive lower bound of the problem (1.1)—(1.4) with the initial value
(10, 00)- If wy < 0o, uy < o, then u(x,t) <u(x,t), v(x,t) <o(x,t) on Qr.

Proof. Without loss of generality, we might assume that [u(x,t)|lr=r), 11(x, )||L>(0r),
lo(x, )l (0r), [T(x, t)llL2(0r) < M, where M is a positive constant. By the definitions of

subsolution and supersolution, we have that

! 0
ff —u—90+Vum1V(pdxdT+f u(x,t)(p(x,t)dx—f uy(x)p(x,0)dx
oJo Tot  ~ o~ Qo

t
Sf f u*(a—bu+ cv)pdx dr,
0Je

t (2.48)

0
f J. —ﬁ—(P + Vu" Vdxdr + f u(x, t)p(x, t)dx - J. Do (x)¢p(x,0)dx

0Jo Of Q Q

t
> f f u"(a - bu + cv)pdx dr.
0Ja
Take the test function as
P, 1) = He(u™ (x, ) - 7" (x, 1)), (2.49)

where H,(s) is a monotone increasing smooth approximation of the function H(s) defined
as follows:

1, 0,
H(s) = { °” (2.50)

0, otherwise.
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It is easy to see that H.(s) — 6(s) as e — 0. Since ou™ /0t, ou™ /ot € L*(Qr), the test
function ¢(x, t) is suitable. By the positivity of a, b, c we have that

[ @-ma -y [ [ e

t
o | Hin )| -7 Pax dr (251)
0/Q

t
<[ [ atwr - Hwn ) eue - ) H. (w7 dx dr,
0/Q

where C is a positive constant depending on ||a(x, t)||cq,), llc(x,t)llcq,)- Letting e — 0 and
noticing that

t
f f HL(u™ -7™)|V (" - 7")|*dx dr >0, (2.52)
0/Q
we arrive at
t
f [E(X, t) —u(x, t)]+dx < Cf f (Ea —ﬂ“>+ +2(Ea —ﬂ“>+ +ﬂ“(g—5)+dx dr. (2.53)
Q 0/Q

Let (1, v) be a supsolution with a positive lower bound o. Noticing that
(x*-y"), <C(a)(x-y),, fora>1,
(2.54)

(x*=y"), <x*x-y), <y*'(x-y), fora<l,

with x, y > 0, we have that

[ -, votue ), +w(-0) axar<c[ [ w-m),+ @-9),dxar
0/Q 0/Q (255)

where C is a positive constant depending upon «a, o, M.
Similarly, we also have that

J. [o(x, 1) —O(x, )], dx < Cft f (u-u), +(v-20), dxdr. (2.56)
Q 0Ja
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Combining the above two inequalities, we obtain
t
f [w(x, t) —2(x, 1)], + [o(x, 1) =O(x, )], dx < Cf f (u-u), +(v-20), dxdr. (2.57)
Q 0Ja

By Gronwall’s lemma, we see that u <u, v <. The proof is completed. O

Corollary 2.7. If bifi > cymem, then the problem (1.1)—(1.4) admits at most one global solution
which is uniformly bounded in Q x [0, co).

Proof. The uniqueness comes from the comparison principle immediately. In order to prove
that the solution is global, we just need to construct a bounded positive supersolution of
(1.1)-(1.4).

Let p1 = (am fi + dmem)/ (bifi — cmem) and pr = (amen + dmbr) / (br fi — cmem), since
bi fi > cmem; then pi, p2 > 0 and satisfy

am — b1p1 + CMp2 = 0, dM + emMp1 — flPZ =0. (258)

Let (1,0) = (np1,1p2), where 1 > 1 is a constant such that (1o, vo) < (77p1, 11p2); then we have
that

U- AT =0>T(a-bu+cD), T - AT™ =027 (d +eui - fD). (2.59)

That is, (u,7) = (1p1,1p2) is a positive supersolution of (1.1)—(1.4). Since u, v are global and
uniformly bounded, so are u and v. O

3. Periodic Solutions

In order to establish the existence of the nontrivial nonnegative periodic solutions of the
problem (1.1)—(1.3), we need the following lemmas. Firstly, we construct a pair of T-periodic
supersolution and T-periodic subsolution as follows.

Lemma 3.1. In case of by f; > cmem, there exists a pair of T-periodic supersolution and T-periodic
subsolution of the problem (1.1)—(1.3).

Proof. We first construct a T-periodic subsolution of (1.1)—(1.3). Let A be the first eigenvalue
and ¢ be the uniqueness solution of the following elliptic problem:

“Ap=Lp, x€Q, $=0, xed (3.1)

then we have that

>0, ¢(x)>0 inQ, |Vp|>0 ondQ, M =maxep(x) < oo. (3.2)

xeQ
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Let
(E’g) — <£¢2/m1 (X),E¢2/m2(x)>, (3_3)

where ¢ > 0 is a small constant to be determined. We will show that (1, v) is a (time
independent, hence T-periodic) subsolution of (1.1)—(1.3).
Taking the nonnegative function ¢ (x, t) € C'(Qy) as the test function, we have that

0
ff <u£ + Au™ gy +u*(a-bu+ cv)gm)dx dt
Qr \ ot h h o
| 0091 (3,0) - e, Ty, T
Q
= f (u*(a—bu+cv) + Au™)pdx dt
Qr
= ff u®(a—bu+cv)pidxdt - ff Vu™ Vprdx dt
Qr Qr
(3.4)
= ff u®(a—bu+ cv)pidxdt - 2e™ ff $V - Vidx dt
Qr Qr
= ff u*(a-bu+cv)pidxdt —2e™ ff VOV (1) — | Vo[ prdx dt
Qr Qr

= ff u*(a—bu+ cv)pidxdt —2e™ ff —-div(Ve)pyp1 — |ng|2(p1dx dt
Qr Qr

- ff u®(a—bu+ cv)pidxdt —2e™ ff <)L¢2 - |V¢|2>(p1dx dt.
Qr Qr
Similarly, for any nonnegative test function ¢, (x,t) € C! (@T), we have that

0
[[ (2% a0mgaee(a+eu-fo)gn)dxdis | ox0a(x,0) - px Dol Tylx
Qr Q

= IIQTQﬂ (d +eu— fQ)‘Pzdx dt — ZstJ.J.QT <)L¢2 _ |V¢|2>(p2dx at.
(3.5)

We just need to prove the nonnegativity of the right-hand side of (3.4) and (3.5).
Since ¢1 = ¢ =0, |V1|,[Vs| > 0 on 0L, then there exists 6 > 0 such that

AP = V[P <0, xeQs, (3.6)
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where Qs = {x € Q | dist(x, dQ) < §}. Choosing

sgmin{

aj dl
DM VT } (3.7)

then we have that

T T
2™ f f (A¢? - |V$|* )grdxdr <0 < f f u’(a—bu+co)pdxdt,
0 Q& 0 Q«S
(3.8)

T T
ngsz <l¢2—|V¢|2>(P2dthSOSJ.f o (d + e~ fo)padx dt,
0 Qs 0 Qs

which shows that (1, v) is a positive (time independent, hence T-periodic) subsolution of
(1.1)-(1.3) on Qs x (0, T).
Moreover, we can see that, for some ¢ > 0,

P(x)>0>0, xeQ\Qs. (3.9)

Choosing

a a 1/(my-a) d; d; 1/(m2—p)
£ <min , , , ’
2bar M?2/m <4)LM2(m1*11)/m1 ) ZfMMZ/mz <4J\M2(mz*ﬁ)/mz)

(3.10)
then
£a¢2a/m1a _ b£a+1¢2(a+1)/m1 + C£a¢2a/m1£¢2/mz _ 2£ml)t(i)2 > 0,
(3.11)
Eﬂ¢2ﬂ/m2d + e£¢2/m1€ﬂ¢2ﬁ/mz _ f6ﬂ+1¢2(ﬂ+1)/m2 _ 2Emzj\¢2 >0
on Qr, that is
ff u*(a—-bu+ cv)pidxdt - nglff <)L¢2 - |V¢|2>(pldx dt >0,
Q Q
! ! (3.12)

ff P (d+eu~ fo)podxdt - ngsz <)L¢2 - |V<;b|2>(pzdx dt > 0.
Qr Qr

These relations show that (1, v) = (5(1)%/ m (x),sgbi/ "™ (x)) is a positive (time independent,
hence T-periodic) subsolution of (1.1)—(1.3).
Letting (1, 0) = (1p1,np2), where 17, p1, p2 are taken as those in Corollary 2.7, it is easy
to see that (11, 0) is a positive (time independent, hence T-periodic) subsolution of (1.1)—(1.3).
Obviously, we may assume that u(x,t) < u(x,t), v(x,t) < v(x,t) by changing 7, €
appropriately. O
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Lemma 3.2 (see [24, 25]). Let u be the solution of the following Dirichlet boundary value problem

a_u =Au"+ f(x,t), (x,t)€Qx(0,T),

ot (3.13)
u(x,t) =0, (x,t) €3Qx (0,T),

where f € L*(Q x (0,T)), then there exist positive constants K and a € (0, 1) depending only upon
T € (0,T) and || f|| 1 @x(o,1)), such that, for any (x;, ;) € Qx [7,T] (i=1,2),

ju(xr, b) = (o, 12)] < K (1 = 22l + |t — £2]72). (3.14)

Lemma 3.3 (see [26]). Define a Poincaré mapping

P : L®(Q) x L®(Q) — L*(Q) x L*(Q),

Pi(uo(x),v0(x)) := (u(x,t),v(x, 1)) (t>0),

(3.15)

where (u(x,t),v(x,t)) is the solution of (1.1)—(1.4) with initial value (uy(x), vo(x)). According to
Lemmas 2.6 and 3.2 and Theorem 2.5, the map P; has the following properties:

(i) P is defined for any t > 0 and order preserving;
(ii) P is order preserving;

(iii) Py is compact.

Observe that the operator Pr is the classical Poincaré map and thus a fixed point of the
Poincaré map gives a T-periodic solution setting. This will be made by the following iteration
procedure.

Theorem 3.4. Assume that by fi > cprem and there exists a pair of nontrivial nonnegative T-periodic
subsolution (u(x,t),v(x,t)) and T-periodic supersolution (u(x,t), v(x,t)) of the problem (1.1)—(1.3)
with u(x,0) < u(x,0); then the problem (1.1)—(1.3) admits a pair of nontrivial nonnegative periodic
solutions (u.(x,t),v.(x,t)), (u*(x,t),v*(x,t)) such that

u(x,t) <u(x, t) <u*(x,t) <u(x,t), v(xt)<ve(xt) <v*(x,t)<ov(x,t), inQr. (3.16)

Proof. Taking u(x,t), u(x,t) as those in Lemma 3.1 and choosing suitable B(x, §), B(xo,6'), Q',
ki, ko, and K, we can obtain u(x,0) < u(x,0). By Lemma 2.6, we have that Pr(u(-,0)) > u(-, T).
Hence by Definition 1.2 we get Pr(u(-,0)) > u(-,0), which implies P.1)r (u(-,0)) > Per(u(-,0))
for any k € N. Similarly we have that Pr(u(-,0)) <u(-, T) < u(-,0), and hence Px+1)r (1(-,0)) <
Per(u(-,0)) for any k € N. By Lemma 2.6, we have that Per(u(-,0)) < Per(#(-,0)) for any k € N.
Then

. (x,0) = klijr;o Per(u(x,0)),  u*(x,0) = I}gr;o Per (u(x,0)) (3.17)

exist for almost every x € Q. Since the operator Pr is compact (see Lemma 3.3), the above
limits exist in L*(Q), too. Moreover, both u,(x,0) and u*(x,0) are fixed points of Pr. With



Abstract and Applied Analysis 17

the similar method as [26], it is easy to show that the even extension of the function u,(x, f),
which is the solution of the problem (1.1)—(1.4) with the initial value u.(x,0), is indeed a
nontrivial nonnegative periodic solution of the problem (1.1)—(1.3). It is the same for the
existence of u*(x, t). Furthermore, by Lemma 2.6, we obtain (3.16) immediately, and thus we
complete the proof. O

Furthermore, by De Giorgi iteration technique, we can also establish a prior upper
bound of all nonnegative periodic solutions of (1.1)—(1.3). Then with a similar method as
[18], we have the following remark which shows the existence and attractivity of the maximal
periodic solution.

Remark 3.5. If bifi > cmem, the problem (1.1)-(1.3) admits a maximal periodic solution
(U, V). Moreover, if (u,v) is the solution of the initial boundary value problem (1.1)—(1.4)
with nonnegative initial value (1, vp), then, for any € > 0, there exists t depending on u, vy,
and ¢, such that

0<u<U+eg, 0<0v<V+eg forxeQ, t>t (3.18)
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