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The author discusses the multiple positive solutions for an infinite boundary value problem of
first-order impulsive superlinear integrodifferential equations on the half line in a Banach space
by means of the fixed point theorem of cone expansion and compression with norm type.

1. Introduction

Let E be a real Banach space and P a cone in E which defines a partial ordering in E by x < y
if and only if y — x € P. P is said to be normal if there exists a positive constant N such that
0 < x < y implies ||x|| £ N||y||, where 0 denotes the zero element of E and the smallest N is
called the normal constant of P. If x < i and x #y, we write x < y. For details on cone theory,
see [1].

In paper [2], we considered the infinite boundary value problem (IBVP) for first-order
impulsive nonlinear integrodifferential equation of mixed type on the half line in E:

u'(t) = f(tu(t), (Tu)(t), (Su)(t)), Vte],
Auly = I(u(t)) (k=1,2,3,...), (1.1)
u(oo) = pu(0),

where | = [0,00), 0 <t <+ <t <..,tx = oo, ' =J\{t1,..., t,...}, fEC[JxPxPxP,P],
I, e C[P,P] (k=1,2,3,...), p>1, u(oo) = lim;_, ,u(t), and

(Tu)(t) = J‘; K(t,s)u(s)ds, (Su)(t) = J? H(t,s)u(s)ds, (1.2)
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K € CID,R,], D = {(t,s) € Jx] :t > s}, H e C[] x],R;], R, denotes the set of all
nonnegative numbers. Aul,_, denotes the jump of u(t) at t = t, that is,

Bl = u () ~u(ty), (13)

where u(t;) and u(t,) represent the right and left limits of u(t) at t = ti, respectively. By
using the fixed point index theory, we discussed the multiple positive solutions of IBVP(1.1).
But the discussion dealt with sublinear equations, that is, we assume that there exists ¢ €
C[J,R.]n L[], R,] such that

[1£ ¢t w0, )]

— 0 asu,v,wéeDP, |ul|+]|o|+|w|]— oo (1.4)
c®)(lull + [lo| + |loll)

uniformly for ¢ € J (see condition (Hs) in [2]).

Now, in this paper, we discuss the multiple positive solutions of an infinite three-point
boundary value problem (which includes IBVP(1.1) as a special case) for superlinear case by
means of different method, that is, by using the fixed point theorem of cone expansion and
compression with norm type, which was established by the author in [3] (see also [1]), and
the key point is to introduce a new cone Q.

Consider the infinite three-point boundary value problem for first-order impulsive
nonlinear integrodifferential equation of mixed type on the half line in E:

u'(t) = ftu(t), (Tu)(t), (Su)(t), Vte],
Aulpy, = L(u(t)) (k=1,2,3,..), (1.5)
u(eo) = yu(n) +pu0),

where 0 <y <1, p+vy>1,and t,—1 <1 <ty (for some m). It is clear that IBVP(1.5) includes
IBVP(1.1) as a special case when y = 0.

Let PC[J,E] = {u : u is a map from J into E such that u(f) is continuous at t##,
left continuous at t = #, and u(t]) exists, k = 1,2,3,...} and BPC[J,E] = {u € PC[] E] :
supte}||u(t)|| < oo}. Itis clear that BPC[ ], E] is a Banach space with norm

llullp = supllu®)]. (1.6)
te]

Let BPC[J,P] = {u € BPC[J,E] : u(t) > 6, Vt € J} and Q = {u € BPC[J,P] : u(t) >
(1 - y)u(s), Vt,s € J}. Obviously, BPC[], P] and Q are two cones in space BPC[], E] and
Q C BPC[J, P]. u € BPC[], P] N C![J', E] is called a positive solution of IBVP(1.5) if u(t) > 0
for t € J and u(t) satisfies (1.5).

2. Several Lemmas
Let us list some conditions.

(Hi) sup,, fé K(t,s)ds < oo, sup,; [;° H(t,s)ds < o0, and

lim fw|H(t’,s) CH(ts)|ds=0, VteJ. @.1)
0

t—t
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In this case, let
[e'e]

t
k* =sup | K(t,s)ds, h*=sup | H(t,s)ds. (2.2)
te] Jo te] Jo

(H;) There exist a € C[], R,] and g € C[R. x R, x R, R.] such that

£t w,0,w)|| <a®)glul, ol lwl), Vte], w,v,weP,

© (2.3)
a* = f a(t)dt < co.
0

(H3) There existyx >0 (k=1,2,3,...) and F € C[R,, R;] such that

k@)l < yeF(llul), VYueP (k=1,2,3,...),

% (2.4)
Y* = ZYk < o0.
k=1

(Hy) Forany t € Jandr >0, f(t, P, P, P) = {f(t, u,v,w) : u,v,w € P} and Ix(P;) =
{Ix(u) : u € P} (k =1,2,3,...) are relatively compact in E, where P, = {u € P :
[[ul] <7}.

Remark 2.1. Obviously, condition (Hjy) is satisfied automatically when E is finite dimensional.

Remark 2.2. 1t is clear that if condition (H;) is satisfied, then the operators T and S defined
by (1.2) are bounded linear operators from BPC[], E] into BPC[], E] and ||T|| < k*, ||S|| < h*;
moreover, we have T (BPC[], P]) ¢ BPC[J, P] and S(BPC[]J, P]) c BPC[], P].

We shall reduce IBVP(1.5) to an impulsive integral equation. To this end, we consider
the operator A defined by

(Au) () = lﬂlﬁ { f j f(s,u(s), (Tu)(s), (Su)(s))ds + (1~ )
1 00 m—-1
x fo f(s,u(s), (Tu)(s), (Su)(s))ds+ > Ie(u(te))+(1-y) Zlk(u(tk))}
k=m k=1

t
+ fof(sfu(S), (Tu)(s), (Su)(s))ds + > Ie(u(ty)), Vie].

O<ti<t

(2.5)

In what follows, we write J; = [0,£1], Jx = (tk-1, tk] (k =2,3,4,...).

Lemma 2.3. If conditions (H1)—(Hy) are satisfied, then operator A defined by (2.5) is a completely
continuous (i.e., continuous and compact) operator from BPC[ ], P] into Q.
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Proof. Let r > 0 be given. Let

M, =max{g(x,y,2z) :0<x<r, 0<y<k'r, 0<z<h'r},

N, =max{F(x):0<x<r}.

For u € BPC[], P], ||ul|g < r, we see that by virtue of condition (H,) and (2.6),

| £ (£, u(t), (Tu)(t), (Su) ()| < M,a(t), Vte],

which implies the convergence of the infinite integral

f:of(t,u(t),(Tu)(t),(Su)(t))dt,

Hf f b u(®), (Tu)(t), (Su) ()t

(2.6)

(2.7)

(2.8)

(2.9)

< fo ||f (& u(t), (Tu)(t), (Su)(t))||dt < M,a*.  (2.10)

On the other hand, condition (H3) and (2.7) imply the convergence of the infinite series

SIu(to),

k=1
S b)) < SHwE) < Ny,
k=1 k=1

It follows from (2.5), (2.10), and (2.12) that

1

AW @l < 5

{fw I (s, u(s), (Tu)(s), (Sw)(s))||ds + (1 - y)
n
n
x fo |lf (s, u(s), (Tu)(s), (Su)(s))||ds

<) m-1
+ > e (u(ti)|| + (1 - Y)lelk(u(fk))ll}
k=m k=1

(2.11)

(2.12)
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t
+ f0||f(51u(S), (Tu)(s), (Su)(s))[|ds + D [T (u(t)l|

O<ti<t

ﬂ+Y 1“ | (s, u(s), (Tu)(s), (Su)(s))||ds+2||1k(u tk))“}

+ L £ (s, u(s), (Tu)(s), (Su)(s)) ||ds + D[k (u(t)l
k=1

AR {f [1£ (s, u(s), (Tu)(s), (Su)(s>>||ds+lefk<” tk”“}

p+y-1
< PV (Mo Ny, Ve,
= ﬁ + ’)/' _ 1 r r 7 7
(2.13)
which implies that Au € BPC[], P] and
ﬂ
[ Aullp < B+ ) (2.14)

Moreover, by (2.5), we have

(Au)(t) >

254y ! {Jm f(s,u(s), (Tu)(s), (Su)(s))ds+ (1 -y)
1

n 00 m-1
XIO f(s,u(s), (Tu)(s), (Su)(s))ds+ > Ie(u(tc)) + (L= y) D Ie(u(ty)) }
k=m k=1

Vte ],
(2.15)
(Au) (o) < [ﬁ{ | rs.uts), (runes), sy snds + (1-y)
n
1
< s uts), (o), (S5
(2.16)

s m-1
+> e (u(te) + (1- y)ZIk(u(tk))}
k=m k=1

f f(s,u(s), (Tu)(s), (Su)(s)) ds+ZIk(u(tk) vt e J.

k=1
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It is clear that

[ 75 uts), Tue), (Suy(s)ds + 3 1ute)
k=1

© n
<t s, a0 [! e, o, s
Y i 0

0 m-1
+ > Ie(u(t) + (1-y) D Tk (u(ty)) }
k=m k=1
(2.17)

so, (2.16) and (2.17) imply

o 1
x {f f(s,u(s), (Tu)(s), (Su)(s))ds + (1 —y) 4[0 f(s,u(s), (Tu)(s), (Su)(s))ds
1

0 m-1
+ D Ie(u(t) + (1 —y)ZIk(u(tk))}, VteJ.
k=m k=1

(2.18)
It follows from (2.15) and (2.18) that
1 1 1 \"
(Au)(t) > Gy <ﬂ v 1 _Y> (Au)(s) = (1 -y)(Au)(s), Vtse]. (2.19)

Hence, Au € Q. That is, A maps BPC[J, P] into Q.
Now, we are going to show that A is continuous. Let u,, u € BPC[], P], ||u, —ullp —
0 (n — o). Then r = sup, ||u,||p < oo and [[ul|p < . Similar to (2.14), it is easy to get

| Aun — Autl|g

< Py
T p+y-1

{ fo | £ (s, un(s), (Tun)(s), (Sun)(s)) — f(s,u(s), (Tw)(s), (Su)(s))ds||

+i”1k(un(tk)) - Ik(ﬁ(tk))ll} (n=1,2,3,...).
k=1
(2.20)

It is clear that

[t un(t), (Tun)(t), (Sun)(£)) — f(&,u(t), (Tu)(t), (Su)(t)) asn-—oo, Vi ]  (2.21)
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Moreover, we see from (2.8) that

| f (8 un(t), (Tun) (1), (Sun) (1)) = £, u(t), (TU)(t), (Su)(®))|

<2M,a(t)=0c(t), Vte] (n=1,2,3,...); c€L[],R,].

It follows from (2.21), (2.22) and the dominated convergence theorem that

Jim, fo 1 (& (8), (Taan) (), (Sua) (8)) = f (£, 508), (T) (1), (Si)(1))]| bt = 0.

On the other hand, for any € > 0, we can choose a positive integer j such that

=3
N, Z Yk <E€.
k=j+1

And then, choose a positive integer nj such that
j —_—
Dk (un(ti)) = Ie(u(ti))|| < e, Vn > ng.
k=1
From (2.24) and (2.25), we get

D Mk (un(te)) = Ie(te)) |l < € + 2N, D' yx <3e, Vn>ny,
k=1 k=j+1

hence

Tim i (ua (8)) ~ L@ )] = 0.
k=1

(2.22)

(2.23)

(2.24)

(2.25)

(2.26)

(2.27)

It follows from (2.20), (2.23), and (2.51) that ||Au, — Au||pg — 0 as n — oo, and the continuity

of A is proved.

Finally, we prove that A is compact. Let V = {u,,} ¢ BPC[], P] be bounded and ||u,||p <

r(n=1,2,3,...). Consider J; = (t;_1, ;] for any fixed i. By (2.5) and (2.8), we have

[| (Aun) (F) = (Aun) (B)]| < J‘t | £ (s, un(s), (Tun)(s), (Sun)(s))||ds

t/
< Mrf a(s)ds, Vt,t e, t>tn=1,23,..),
t

(2.28)
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which implies that the functions {w,(t)} (n=1,2,3,...) defined by

{(Aun)(t)r Vte Ji = (ti1, til,
wy(t) = (n=1,2,3,..) (2.29)

(Auy,)(tr,), Vt=tiq

((Auy)(t! ;) denotes the right limit of (Au,)(t) at t = t;_1) are equicontinuous on T = [ti1, ti].
On the other hand, for any e > 0, choose a sufficiently large 7 > 7 and a sufficiently large

positive integer j > m such that

M,f a(syds<e, N, > ye<e. (2.30)
T k=j+1

We have, by (2.29), (2.5), (2.8), (2.30), and condition (H3),

wn(t)
= S,Un(S), 1 Un ’

+ I f(s,un(s), (Tun)(s), (Sun)(s)ds) + (1 -y)

j o
x f:ﬂs, a(5), (Tup)(5), (Sun)())dds + S L (utn(te)) + S T (un(t0))
k=m

k=j+1
m-1
+(1-y) ZIk(un(fk))}
k=1
t
+ L f(s,un(s), (Tun)(s), (Sun)(s))ds

i-1
+Zlk(un(tk))/ vtEJZ (Tl=1,2,3,...),
k=1

(2.31)
fwf(s, uy(s), (Tuy)(s), (Su,)(s))ds||<e (n=1,2,3,...), (2.32)
i Ie(u, (k) || <e (n=1,2,3,...). (2.33)

k=j+1
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It follows from (2.31), (2.32), (2.33), (2.8), and [4, Theorem 1.2.3] that

1
aW ) < 5o

{2 Jq a(f(s,V(s),(TV)(s),(SV)(s)))ds + 2e
1

1
+2(1-vy) fo a(f(s,V(s),(TV)(s),(SV)(s)))ds
]_ B (2.34)
+Z“(Ik(v(tk))) +2e+(1- Y)Z“(Ik(v(fk)))}
k=m k=1

t i-1
+2 fo a(f(s,V(s),(TV)(s),(SV)(s)))ds + > a(x(V(t))), Vte ],
k=1

where W (t) = {w,(t) : n=1,2,3,...}, V(s) = {u,(s) : n=1,2,3,...}, (TV)(s) = {(Tuy,)(s) :
n=1,2,3,...},(SV)(s) = {(Su,)(s) :n=1,2,3,...} and a(U) denotes the Kuratowski measure
of noncompactness of bounded set U C E (see [4, Section 1.2]). Since V' (s), (TV)(s), (SV)(s) C
P, for s € J, where r* = max{r, k*r, h*r}, we see that, by condition (Hj),

a(f(s,V(s),(TV)(s),(SV)(s))) =0, Vte], (2.35)

aly(V(#)) =0 (k=1,2,3,...). (2.36)
It follows from (2.34)—(2.36) that

a(W (b)) < Vie T, (2.37)

_ €
p+y-1’

which implies by virtue of the arbitrariness of e that a(W(t)) =0 fort € 7.

By Ascoli-Arzela theorem (see [4, Theorem 1.2.5]), we conclude that W = {w, :
n =1,2,3,...} is relatively compact in C [J;, E]; hence, {w,(t)} has a subsequence which is
convergent uniformly on 71-, 50, { (Au,(t)} has a subsequence which is convergent uniformly
on J;. Since i may be any positive integer, so, by diagonal method, we can choose a
subsequence {(Auy,)(t)} of { (Au,)(t)} such that {(Au,,)(t)} is convergent uniformly on each
Jk (k=1,2,3,...). Let

lim (Au,,)(t) =ov(t), Vie]. (2.38)
It is clear that v € PC[], P]. By (2.14), we have

”Auni”B < %(Mra* + NrY*)/ (l = 1/2/3/- . -)/ (239)

p+
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which implies that v € BPC[], P] and
lolls < <PV (M, a* + N,y (2.40)
B = p+y-1
Let € > 0 be arbitrarily given and choose a sufficiently large positive number 7 such that

Mrf a(s)ds + NrZYk <e. (2.41)

tk>T

For any 7 < t < oo, we have, by (2.5),

t
(Aun,)(t) = (Aup,) (7) =J f(s,un (5), (Tun,)(s), (Sun,)(s))ds

(2.42)
+ Z Ik(uni(t))r (l= 112131-”)1
Tt <t
which implies by virtue of (2.8), condition (Hs3) and (2.41) that
t
(At () = (At (7)]] < Mrf a(s)ds+N, Y ye<e, (i=1,23..).  (249)
T T<ti<t
Letting i — oo in (2.43), we get
o) —v(T)|| <€, Vi>T. (2.44)

On the other hand, since {(Au,,)(t)} converges uniformly to v(t) on [0,7] asi — oo, there
exists a positive integer iy such that

[ (Aun)(t) —v(t)ll <e, Vte[0,7], i> 1. (2.45)
It follows from (2.43)—(2.45) that

1(Aw,) (8) = 0(O)|| < [1(Astn) (£) = (A, ) (D) || + [|(Ast,) (7) = 0(7) || + [[0(7) =0 (B) |

<3¢, Vt>rt,1i>1).

46)

By (2.45) and (2.46), we have

|Au,, —v||; <3¢, Vi>ip, (2.47)

hence ||Auy,, —v||p — 0asi — oo, and the compactness of A is proved. O
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Lemma 2.4. Let conditions (H1)—(Hy) be satisfied. Then u € BPC[], P] N C'[]J', E] is a solution of
IBVP(1.5) if and only if u € Q is a solution of the following impulsive integral equation:

u(t) = ﬁ-l-lﬁ {f; f(s,u(s), (Tu)(s), (Su)(s))ds + (1 -y)
1 0 m-1
X fo f(s,u(s), (Tu)(s), (Su)(s))ds + Zlk(u(tk)) +(1- Y)ka(u(tk))}
k=m k=1

t
+f f(s,u(s), (Tu)(s), (Su)(s))ds + Z I (u(ty)), Vte].
0

O<ti<t
(2.48)
that is, u is a fixed point of operator A defined by (2.5) in Q.
Proof. For u € PC[J,E] N C![J', E], it is easy to get the following formula:
t
u(t) = u(0) +j u'(s)ds + Z [u(t) —ute)], Viel]. (2.49)
0 O<ti<t

Let u € BPC[J, P] N C![J', E] be a solution of IBVP(1.5). By (1.5) and (2.49), we have

u(t) = u(0) + fof(sfu(S), (Tu)(s), (Su)(s))ds + D Ie(u(t)), Vie]. (2.50)

O<ty<t

We have shown in the proof of Lemma 2.3 that the infinite integral (2.9) and the infinite series
(2.11) are convergent, so, by taking limits as t — oo in both sides of (2.50), we get

(o0) = u(0) + f:o £s,u(s), (Tu)(s), (Su)(s))ds + 3 Lu(u(t). (251)
k=1

On the other hand, by (1.5) and (2.50), we have

u(oo) = yu(n) + pu(0), (2.52)
1 m-1

() = 0) + [ F5,u(6), (Tu)(9), (Su)(s)s + 3,1t (253)
k=1
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It follows from (2.51)—(2.53) that

1

O

o) n
{j F(s,u(s), (Tu)(s), (Su)(s))ds + (1 - ) fo F(s,u(s), (Tu)(s), (Su)(s))ds
n

o m-1
+Zlk(u(tk)) +(1- Y)ZIk(u(tk))}/
k=m k=1
(2.54)

and, substituting it into (2.50), we see that u(t) satisfies (2.48), that is, u = Au. Since Au € Q
by virtue of Lemma 2.3, we conclude that u € Q.
Conversely, assume that u € Q is a solution of (2.48). We have, by (2.48),

u(0) = i }1/ 7 {J:o f(s,u(s), (Tu)(s), (Su)(s))ds + (1 - y) J:l f(s,u(s), (Tu)(s), (Su)(s))ds

o m-1
+ D Ik(u(ti) + (1 -Y)Zlk(u(tk))},
k=1

k=m

(2.55)

1 [ee]
u(n) = m {L f(s,u(s), (Tu)(s), (Su)(s))ds + (1 —y)

1 =] m—1
<[ £ ue), Tu)s), (S e)ds + 3Tt + (1- y)ZIk(u(tk»}
k=m k=1
1 m-1
| (s u06), (Tu)(5), (S (65 + 3Tt
k=1
(2.56)

Moreover, by taking limits as t — oo in (2.33), we see that u(o0) exists and

1

R Ea

*® 1
{f f(s,u(s), (Tu)(s), (Su)(s))ds + (1~ ) fo F(s,u(s), (Tu)(s), (Su)(s))ds
1
O m-1
+Zhwm»+o—wznwm»}
k=m k=1

' f: f(s,u(s), (Tu)(s), (Su)(s))ds + 3 L(u(t)).
k=1
(2.57)
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It follows from (2.55)—(2.57) that
yu(n) + pu(0) = u(o). (2.58)

On the other hand, direct differentiation of (2.48) gives

W (t) = f(tu(t), (Tu)(t), (Su)(t), Vte], (2.59)

and, it is clear, by (2.48),
Auly = Le(u(te) (k=1,2,3,...). (2.60)
Hence, u € C'[J', E] and u(t) satisfies (1.5). O

Corollary 2.5. Let cone P be normal. If u is a fixed point of operator A defined by (1.5) in Q and
[|lul|g > O, then u(t) > 0 for t € J, so, u is a positive solution of IBVP(1.5).

Proof. For u € Q, we have

u(t) 2 p(1-y)u(s) 26, vt se], (2.61)
s0,

lu@®ll > N7 (1 =y)llullp, V€], (2.62)

where N denotes the normal constant of P. Since ||u|lg > 0, (2.61) and (2.62) imply that
u(t) >0 forte]. O

Lemma 2.6 (Fixed point theorem of cone expansion and compression with norm type, see [3,
Theorem 3] or [1, Theorem 2.3.4]). Let P be a cone in real Banach space E and €, two bounded

open sets in E such that 0 € Q, Q. C Q,, where 0 denotes the zero element of E and Q, denotes the
closure of Qy. Let operator A : PN (Qy \ Q1) — P be completely continuous. Suppose that one of the
following two conditions is satisfied:

(a)

|Ax|| <|lxl, VxePndQi;  ||Ax| > |lx], ¥xe€PnoQy,, (2.63)

where 082; denotes the boundary of Q; (i=1,2).
(b)

|Ax|| > ||lx], YxePndQi, |Ax| <|x|, YxePnoQ,. (2.64)

Then A has at least one fixed point in P 0 (Qy \ Q1).
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3. Main Theorems

Let us list more conditions.

(Hs) There exist ug € P\ {6}, b € C[J,R;], and T € C[P, R,] such that

ft,u,0,w) >b(t)r(W)uy, Vte], u,v,weP,

(1)
— P
Tl — o0 asuepb |u| — oo, (3.1)
b* = f b(t)dt < oo.
0
Remark 3.1. Condition (Hs) means that f (¢, u, v, w) is superlinear with respect to u.
(Hg) There existu; € P\ {0}, c € C[J,R,], and 0 € C[P, R,] such that
ft,u,v,w) 2 ct)o(wu, Vte], u,o,weP,
o(u)
— — asu € P, ||lul| — 0,

c* = f c(t)dt < co.

0

Theorem 3.2. Let cone P be normal and conditions (Hy)—(Hg) satisfied. Assume that there exists a
¢ > 0 such that

N
%(Mga* + Ngy*) < g, (3.3)

where

M; =max{g(x,y,z) :0<x<¢, 0<y<k*¢, 0<z<h*¢),
(3.4)
N; =max{F(x) : 0 < x <¢}.

(for g(x,y,z),F(x),a* and y*, see conditions (H,) and (H3)). Then IBVP(1.5) has at least two
positive solutions u*, u** € Q N C[J', E] such that 0 < ||u*||p < ¢ < ||[u**||5.

Proof. By Lemmas 2.3, 2.4, and Corollary 2.5, operator A defined by (2.5) is completely con-
tinuous from Q into Q, and we need to prove that A has two fixed points ©* and ©** in Q such
that 0 < ||lu*||p < § < |[u[|5.

By condition (Hs), there exists an rq > 0 such that

(s PEHY - DN

= =)0 ] [ul, YueP, |lul>n, (3.5)
_Y * U
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where N denotes the normal constant of P, so,

PB+y-1)N?|u ||

flt,u,0,w) > Huy, Vte ], u,v,weP, ||ul|>r.

(1= 7)b*||uo
Choose
> max{Nﬁ(l - y)flrl,é}.
For u € Q, ||u||p = r2; we have by (2.62) and (3.7),
lu@®l 2 N (1 -y)lullp=N"p (A-y)ra>r, Vie],

so, (2.5), (3.8), (3.6), and (2.62) imply

Y [ee)
(Au)(t) > ,3 <I f(s,u(s), (Tu)(s), (Su)(s))ds)

> mq I b(s)ds g

Nijully f piords e - Nlls,
2b*nuon( “) ol </

and consequently,
lAullp 2 [[ully, YueQ, |lulls =r.

Similarly, by condition (Hg), there exists r3 > 0 such that

+y-1)N?
o(u) > MH”W ViueP, 0<lul <7,

(L=y)"c* [l
SO,

1)N?

ft,u,o,w) > P(B+y - )Nl ctyuy, Vte], u,v,weP, 0<||u|| <rs.
(1-y) el

Choose

0 <74 <min{rs,¢}.
For u € Q, ||ullg = rs, we have by (3.13) and (2.62),

r3> |[u@®)l > N7 (A -y)llullp =N (1-y)rs >0,

15

(3.6)

(3.7)

(3.8)

(3.9)

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)
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so, similar to (3.9), we get by (2.5), (3.12), and (3.14)

(Au)(t) > ﬂ o

> e i i ( f la(s)lie()ds )

Nllully ( f ) _ Nllul,
> ds us,
Tl \J, < T

hence

[Aullp > llullp, YueQ, |lull =rs.

(f f(s,u(s), (Tu)(s), <Su)<s)>ds>

(3.15)

(3.16)

On the other hand, for u € Q, ||u||p = ¢, by condition (H), condition (H3), (3.4), we have

| £ (8, u(t), (Tu)(t), (Su)(B)|| < Mea(t),

I (u(t)|| € Neye  (k=1,2,3,...).

It is clear that

ﬂ+Y
p+y

(Au)(t) <

It follows from (3.17)—(3.19) that

| Aull; < (ﬂ Y’(Mga+Nr)

p+
Thus, (3.20) and (3.3) imply

[Aullp < llullp, YueQ, |lulp =4

<f:° £(5,u(s), (Tu)(s), (Su)(5))ds + ﬁ]lk(u(tk))) Vel
k=1

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)

From (3.7) and (3.13), we know 0 < 74 < ¢ < 1p; hence, (3.10), (3.16), (3.21), and Lemma 2.6
imply that A has two fixed points u*, u** € Q such that ry < |[u*||p < & < [[u™||p < 12. The

proof is complete.

O
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Theorem 3.3. Let cone P be normal and conditions (Hy)—(Hs) satisfied. Assume that

MHO asx+y+z— 07,
X+y+z (322)
@—m as x — 0.

(for g(x,y,z) and F(x), see conditions (Hy) and (Hsz)). Then IBVP(1.5) has at least one positive
solution u* € QN C[]', E].

Proof. As in the proof of Theorem 3.2, we can choose r, > 0 such that (3.10) holds (in this case,
we only choose 1, > NS(1 - y)_lrl instead of (3.7)). On the other hand, by (3.22), there exists
75 > 0 such that

g(x,y,z)<e(x+y+z), VO<x+y+z<rs,

(3.23)
F(x) <ex, YO<x<rs,
where
_ p+y-1
CENGr Ak hya ] (5.24)
Choose
0<rg< min{ﬁ, T‘z}. (3.25)
For u € Q, ||ullg = 16, we have by (2.62) and (3.25),
O< N (A-y)re <llu®)l| <re <15, V€],
(3.26)
0< NP1 =y)re < [lu®l + (Tw) O] +[[(Sw) (D] < A+ k* + h*)re <75, Vi€ ],
s0, (3.23) imply
U@L, [(Tu) O [[(Su) (D) < e[| + [[(Tu) B + ||(Su) (B)]])
<e(l+k*+h")rs, Vte], (3.27)

F([Jut)l) < eollu(ti)ll < eors,  (k=1,2,3,...).
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It follows from (3.19), condition (H3), condition (H3), (3.27), and (3.24) that

lAwol < Y Y){eo<1+k*+h*>r6f a(s)ds+eor62n}

b . (3.28)
:%{(1+k*+h*)a*+y*}:m, Vte ],
and consequently,
|Au|lg < llullg, YueQ, ||lullg=re. (3.29)

Since 0 < 1 < r; by virtue of (3.25), we conclude from (3.10), (3.29), and Lemma 2.6 that A
has a fixed point u* € Q such that r¢ < ||u*||p < 2. The theorem is proved. O

Example 3.4. Consider the infinite system of scalar first-order impulsive integrodifferential
equations of mixed type on the half line:

0 2 1os)
u,(t) = 81—26—5t<|:un+1(t) + Zum(t)] + J3u2n(t) + Zum(t)>
n m=1 m=1
1 & ' ~(t+D)s ’ © Una(s)ds ’
o3¢ { <J‘o e un(s)ds> + fo Qrtro) ,

VO<t<oo, t#k (k=1,2,3,...; n=1,2,3,...),

(3.30)

’k<[un(k)]2 + [un+2(k)]2>, (k=1,23,...; n=1,2,3,...),

1
Aun|t=k = @3

u(oo) = %un<;> +6u,(0), (n=1,23...).

Evidently, u,(t) =0 (n=1,2,3,...) is the trivial solution of infinite system (3.30).

Conclusion. Infinite system (3.30) has at least two positive solutions {u}(t)} (n = 1,2,3,...)
and {1*(t)} (n=1,2,3,...) such that

0< 1nf Zu (t) < sup Zu () <1< sup Zu**(t) inf Zu;*(t) > 0. (3.31)
0<t<oo =1 0<t<oo =1 Ost<eo =
Proof. Let E = I' = {u = (w1,...,Upn,...) : 2,1 ©lus| < oo} with norm |[u|| = 32 |u,|

and P = (uy,...,uy,...) :u, >0, n=1,2,3,...}. Then P is a normal cone in E with normal
constant N = 1, and infinite system (3.30) can be regarded as an infinite three-point boundary
value problem of form (1.5). In this situation, u = (uy1,...,uUp,...), v = (V1,...,0p,...),
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w=(Wy,..., Wy,...), tk =k (k=1,2,3,...), K(t,s) = e Vs, H(t,s) = (1 +t+s) %, n=9/2,
y=1/2,p=6,f=(f1,..., fn,...),and Ix = (Ix1, ..., Ixn ...), in which

2
1 _ =) e’} 1 ~
fu(t,u,v,w) = 52¢ o [un+1 + Zum] + 4| 3oy + Zum * 5.5 6‘(7),21 + w%z),
m=1 m=1 (3.32)

Vie J=1[0,0), u,v,weP (n=1,2,3,...),

1
Tin (1) = @3*(»&1 +u§n+1>, VueP (k=1,2,3,...; n=1,2,3,...). (3.33)

It is easy to see that f € C[J x Px Px P,P], I € C[P,P] (k =1,2,3,...), and condition (H;)
is satisfied and k* <1, h* < 1. We have, by (3.32),

0 an(tlulvlw)

1 1
< gz ™ (2 + ) + 55 (ol + o)

1 s/l 0o 1 1.2 1 3 _
< ;e <§||u|| + 1 [|u]] + §||v|| + §||w|| , Yte], u,v,weP (n=1,23..),
(3.34)
so, observing the inequality 352, (1/n?) < 2, we get
< -5t 2, 1 2, 2. 2 3
17t u,0,w)|| = 3 fult,u,0,00) < e Jull® + 54/ lull + S0l + Sl ),
- 2 9 9
n=1 (335)
Vte ], u,v,weP,
which implies that condition (H,) is satisfied for a(t) = e (*=1/5) and
1 2 2
g(x,y,z) =x*+ sV/x+ syt + =2 (3.36)
2 9 9
By (3.33), we have
1
0 < Iin(u) < @3_k||u||2, VueP (k=1,2,3,...; n=1,2,3,...), (3.37)

so, condition (H3) is satisfied for yx = 37%1(y* = 1/6) and

F(x) = x%. (3.38)
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On the other hand, (3.32) implies

1
fult,u,0,w) > — eMul?, Vte], uv,weP (n=1,2,3,...),

8 (3.39)

1
fa(t,u,0,w) > 8—e lul|, Vte], u,v,weP (n=1,23,...),

so, we see that condition (Hs) is satisfied for b(t) = (1/8)e™> (b* = 1/40), T(u) = ||u||* and uy =
(1,...,1/n?,...), and condition (Hp) is satisfied for c(t) = (1/8)e > (c* = 1/40), o(u) = \/||ul|,
and let u; = (1,...,1/n?,...). Now, we check that condition (H,) is satisfied. Let t € J and

r > 0 be fixed, and {z™} be any sequence in f(t, P,, P, P,), where z(™ = (zgm) Lz ).
Then, we have, by (3.34),
0<z™ < l(% 2 -\f+ 5" > (n,m=1,2,3,...). (3.40)

So, {zslm)} is bounded, and, by diagonal method, we can choose a subsequence {m;} C {m}
such that

Z(mi) — En asi— oo (Tl = 1/ 2/ 3/ .. ')/ (341)

which implies by virtue of (3.40) that

1

Oszns—2<11 ?
n

- _f+ r> (n=1,23,...). (3.42)

Consequently, z = (z1,...,2Zn,...) € I =E.Lete > 0be given. Choose a positive integer

such that
& 1\ 1 15\ €
S r 4~ €. 4
<n:%+1 ><18 4‘/;+9r)<3 (343)

By (3.41), we see that there exists a positive integer i such that

Zy ' _En

< 3ino Visio (n=1,2,...,1). (3.44)

It follows from (3.40)—(3.44) that

[ole] no [oe]
”z(m") —E” = Z|z,(1mi) —En' < Z Zy Zn| + Z zilm")|
n=1 n=1 n=np+1
(3.45)
€ €
+ Znl < = + —+-=¢, Vi>i
Z | n| 3 3 0

n=np+1
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Thus, we have proved that f (¢, P, P,, P,) is relatively compact in E. Similarly, by using (3.37),
we can prove that I (P;) is relatively compact in E. Hence, condition (Hy) is satisfied. Finally,
it is easy to check that inequality (3.3) is satisfied for ¢ = 1 (in this case, M; < 17/36 and
N; = 1). Hence, our conclusion follows from Theorem 3.2. O

Example 3.5. Consider the infinite system of scalar first-order impulsive integrodifferential
equations of mixed type on the half line:

3 4
, B 1 x 1 ! Uzn(s)ds
u,(t) = BAD)] <”n(t) + 2un i (t) + Z”m(t)> " ni(1+1)* <-[o 1+ts+ sz>

m=1

1 (Jm e Ssin?(t — S)u3n(5)ds>5f

t 5
n®(1 +t) 0
(3.46)
VO<t<oo, t#2k (k=1,2,3,...; n=1,2,3,...),

1 1
Aty |y = ;e‘k[un(Zk)]S + mz-k[uZ,Hl(zk)]‘*, (k=1,2,3,...; n=1,2,3,...),

4uy, (o0) = 3u,(7) + 2u,(0), (n=1,23,...).

Evidently, u,(t) =0 (n=1,2,3,...) is the trivial solution of infinite system (3.46).

Conclusion. Infinite system (3.46) has at least one positive solution {u}(t)} (n = 1,2,3,...)
such that

0

Oglfwn:lun(t) > 0. (3.47)

Proof. Let E=1' = ({u = (u1,...,Un,...) : 221 |tn| < 0o} with norm ||u|| = 37, |u,| and P =
fu=(u,...,u,,...) € M:u,>0, n= 1,2,3,...}. Then P is a normal cone in E with normal
constant N = 1, and infinite system (3.46) can be regarded as an infinite three-point boundary
value problem of form (1.5) in E. In this situation, u = (uy,...,uy,...), v = (V1,...,0p,...),
w=(wy,...,Wy,...), tk =2k (k=1,2,3,...), K(t,s) = (1 +ts+ 52)_1, H(t,s) = eSsin®(t - s),
n=7,y=3/4,p=1/2, f =(f1,---, fu,-..),and Iy = (I1, .., In, .. .), in which

3
1 & 1 1
fu(t,u,v,w) = 1?(1 + t)_3 <un + 22Uy + Zum> + E(l + t)_4v‘21n + ﬁ(l + t)_Swg‘n,

m=1

Vte J=[0,00), u,v,weP (n=1,2,3,...), (3.48)

1 1
Tin(u) = me-"ui’, + Fz-ku‘gml, (k=1,2,3,...; n=1,2,3,...).
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It is clear that f € C[J x P x P x P,P], Iy € C[P,P] (k =1,2,3,...), and condition (H;) is
satisfied and k* < or/2, h* < 1. We have

1
0< fultu,v,w) < —(1+ (@Il + Il + llwl®) , VE€ ], wv,weP (n=1,23,..),

0 < Iin(u) < %2_k<||u||3 + ||u||4), VueP (k=1,2,3,..., n=1,2,3,...),

(3.49)
so, condition (H,) is satisfied for a(t) = (1 +#)(a* = (1/2)) and
g(x,y,z) =54x° + 2y* + 22°, (3.50)
and (H3) is satisfied for y, = 27%(y* = 1) and
F(x) = 2x> + 2x*. (3.51)
From
fult, u,0,w) > %(1 +07 P, Vte], uv,weP (n=1,2,3,..), (3.52)

we see that condition (Hs) is satisfied for b(t) = (1+ £ (b* = 1/2), 7(u) = ||ul]?, and
u =(1,...,1/ n,.. .). Moreover, it is clear that (3.22) are satisfied. Similar to the discussion
in Example 3.4, we can prove that f(t, P, P, P,) and It (P;) (for fixed t € J and r > 0;
k =1,2,3,...) are relatively compact in E = I'; so, condition (H,) is satisfied. Hence, our
conclusion follows from Theorem 3.3. O
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