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We construct a new Halpern type iterative scheme by hybrid methods and prove strong
convergence theorem for approximation of a common fixed point of two countable families of
weak relatively nonexpansive mappings in a uniformly convex and uniformly smooth real Banach
space using the properties of generalized f-projection operator. Using this result, we discuss strong

convergence theorem concerning general H-monotone mappings. Our results extend many known
recent results in the literature.

1. Introduction

Let E be a real Banach space with dual E* and let C be nonempty, closed and convex subset
of E. Amapping T : C — Cis called nonexpansive if

|Tx-Ty|| <||x-v|, VYxyeC. (1.1)

A point x € C is called a fixed point of T if Tx = x. The set of fixed points of T is denoted by
F(T):={xeC:Tx = x}.
We denote by J the normalized duality mapping from E to 2£" defined by

Je)={f e B (x f) = IIxI” = I £1°}- (1.2)

The following properties of J are well known. (The reader can consult [1-3] for more details).

(1) If E is uniformly smooth, then J is norm-to-norm uniformly continuous on each
bounded subset of E.
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(2) J(x)#0, x € E.
(3) If E is reflexive, then | is a mapping from E onto E*.
(4) If E is smooth, then ] is single valued.

Throughout this paper, we denote by ¢, the functional on E x E defined by

$(x,y) = Il = 2(x, T () + lylI*, Vx,y €E. (1.3)

From [4], in uniformly convex and uniformly smooth Banach spaces, we have

(Il = Iy 12)” < () < (el + [lwll)>, vy € E. 19)

Definition 1.1. Let C be a nonempty subset of E and let {T,},., be a countable family of
mappings from C into E. A point p € C is said to be a asymptotic fixed point of {T,},., if
C contains a sequence {x,},., which converges weakly to p and lim,_ . ||x, — Tuxs| = 0.
The set of asymptotic fixed points of T is denoted by F ({Tu}sep)- We say that {T,},—, is
countable family of relatively nonexpansive mappings (see, e.g., [5]) if the following conditions

are satisfied:

R1) F({Tn}320) #0;
(R2) ¢(p, Tux) < p(p,x),for all x e C, p € F(T,,), n>0;

(R3) Ni2o F(Tw) = F({Ta}i2)-

Definition 1.2. A point p € C is said to be a strong asymptotic fixed point of {T, };-, if C contains
a sequence {x,},-, which converges strongly to p and lim,_, .. ||x, — T,x,|| = 0. The set of
strong asymptotic fixed points of T is denoted by F({T,,}2,). We say that a mapping {T,}%,
is countable family of weak relatively nonexpansive mappings (see, e.g., [5]) if the following
conditions are satisfied:

(R1) F({T},%0) #6;

(R2) ¢(p, Tux) < ¢p(p,x), for all x € C, p € F(T,),n > 0;

(R3) (2o F(Tw) = F({Tu}i).
Definition 1.3. Let C be a nonempty subset of E and let T be a mapping from C into E. A
point p € C is said to be an asymptotic fixed point of T if C contains a sequence {xy},-, which
converges weakly to p and lim,, _, »-||x,, — Tx,|| = 0. The set of asymptotic fixed points of T is

denoted by F(T). We say that a mapping T is relatively nonexpansive (see, e.g., [6-11]) if the
following conditions are satisfied:

(R1) F(T) #0;
(R2) ¢(p, Tx) < P(p,x), for all x e C, p € F(T);
(R3) F(T) = E(T).

Definition 1.4. A point p € C is said to be an strong asymptotic fixed point of T if C contains a
sequence {x, },-, which converges strongly to p and lim, _, o, ||x, — Tx,|| = 0. The set of strong
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asymptotic fixed points of T is denoted by F(T). We say that a mapping T is weak relatively
nonexpansive (see, e.g., [12, 13]) if the following conditions are satisfied:

(R1) F(T)#0;
(R2) ¢(p, Tx) < p(p,x), forall x e C, p € F(T);
(R3) F(T) = E(T).

Definition 1.3 (Definition 1.4, resp.) is a special form of Definition 1.1 (Definition 1.2,
resp.) as T, = T, for all n > 0. Furthermore, Su et al. [5] gave an example which is a
countable family of weak relatively nonexpansive mappings but not a countable family of
relatively nonexpansive mappings. It is obvious that relatively nonexpansive mapping is
weak relatively nonexpansive mapping. In fact, for any mapping T : C — C, we have F(T) C
F(T)cF (T). Therefore, if T is relatively nonexpansive mapping, then F(T) = F(T)=F (T).
Kang et al. [12] gave an example of a weak relatively nonexpansive mapping which is not
relatively nonexpansive.

In [9], Matsushita and Takahashi introduced a hybrid iterative scheme for approxima-
tion of fixed points of relatively nonexpansive mapping in a uniformly convex real Banach
space which is also uniformly smooth: xy € C,

Yo = J Han]xn + (1 - ;) JTxy),
H, = {weC: ¢(w,yn) < P(w,xn)},
Wy ={weC:(x,~w,]xg— Jx,) >0},

(1.5)
Xn41 = Hg,aw, X0, n2>0.

They proved that {x,},, converges strongly to I'lrr)xo, where F(T) # 0.
In [14], Plubtieng and Ungchittrakool introduced the following hybrid projection
algorithm for a pair of relatively nonexpansive mappings: xo € C,

zn = J (B Txn + B T + B TS,
Yn = ]_1 (“n]xO + (1 —an)]zn),
C,= {z €C:Pp(z,yn) < P(z,xn) + otn<||x0||2 +2(w, Jxy, —]x0>> }, (1.6)
Qn=1{z€C:(xn-zJxu—Jx0) <0},
Xns1 = Pc,no, X0,

where {a,}, { S) } A 512)} and { 513)} are sequences in (0, 1) satisfying ﬂfll) + ﬁf) + ,65,3) =land T
and S are relatively nonexpansive mappings and ] is the single-valued duality mapping on
E. They proved under the appropriate conditions on the parameters that the sequence {x,}
generated by (1.6) converges strongly to a common fixed point of T and S.

Recently, Li et al. [15] introduced the following hybrid iterative scheme for
approximation of fixed points of a relatively nonexpansive mapping using the properties
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of generalized f-projection operator in a uniformly smooth real Banach space which is also
uniformly convex: xo € C,

Yo = J Han]xn + (1 - ;) JTxy),
Cui1 = {w eCy: G(w, ]yn) < G(w,]xn)}, (1.7)

f
Xpe1 = HCn+1 xg, n>1.

They proved a strong convergence theorem for finding an element in the fixed points set of
T. We remark here that the results of Li et al. [15] extended and improved on the results of
Matsushita and Takahashi, [9].

Quite recently, motivated by the results of Matsushita and Takahashi [9] and Plubtieng
and Ungchittrakool [14], Su et al. [5] proved the following strong convergence theorem
by Halpern type hybrid iterative scheme for approximation of common fixed point of two
countable families of weak relatively nonexpansive mappings in uniformly convex and
uniformly smooth Banach space.

Theorem 1.5. Let E be a uniformly convex real Banach space which is also uniformly smooth. Let C
be a nonempty, closed and convex subset of E. Suppose {T,, }yeq and {S, },—, are two countable families
of weak relatively nonexpansive mappings of C into itself such that F := (((y=1 F(Sn))eqF(Tn)) N
(M1 E(Sn)) #0. Suppose {x, } e is iteratively generated by xo € C,

Zp = ]_1 <[5511)]x0 + ﬁle)]Tnxn + ﬁf’)]Snxn),
Yn = ]_1(0‘71]211 + (1 —aun)Jxu),
Cun= {w €Cr1NQp: ¢(wl yn) < (1 - anﬂip)‘ﬁ(wr Xn) + “nﬁf})(]b(w/ xO)}/

Co={weC:¢(w,yo) < Pp(w,x0)},
Qn = {w € Cp an—l : (xn _w/]xO_]xn> > 0}/
Q=C,

Xne1 =1lc,n0, %0, n21,

(1.8)

with the conditions
(i) limy— oy = 0;
(ii) lim supnﬁmﬁﬁz)ﬂf) > 0.

Then, {x, }, converges strongly to ITgxy.

Motivated by the above mentioned results and the ongoing research, it is our purpose
in this paper to prove a strong convergence theorem by Halpern type iterative scheme for
two countable families of weak relatively nonexpansive mappings in a uniformly convex
and uniformly smooth real Banach space using the properties of generalized f-projection
operator. Our results extend the results of Su et al. [5] and many other recent known results
in the literature.
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2. Preliminaries

Let E be a real Banach space. The modulus of smoothness of E is the function pg : [0,00) —
[0, o0) defined by

1
pe(t) = sup{ 3 (Jx+ -yl - 15l < 1 ] <. @)

E is uniformly smooth if and only if

limPEH _ o, 2.2)
t—0 t

Let dim E > 2. The modulus of convexity of E is the function 6 : (0,2] — [0, 1] defined by
i X+
6e(e) = inf{ 1 |52 1l = vl =15 e = - } 23)

E is uniformly convex if for any e € (0, 2], there exists a 6 = 6(¢) > 0 such that if x, y € E with
lxll <1, Jly]| £1and ||x —y|| > €, then ||(1/2)(x + y)|| < 1 - 6. Equivalently, E is uniformly
convex if and only if 6g(e) > 0 for all € € (0,2]. A normed space E is called strictly convex if
forallx,y € E, x#y, ||x|| = |ly]| =1, we have ||[Ax + (1 - A)y| <1, for all A € (0, 1).

Let E be a smooth, strictly convex, and reflexive real Banach space and let C be a
nonempty, closed, and convex subset of E. Following Alber [16], the generalized projection
Il¢ from E onto C is defined by

e (x) = argryneiélgb(y,x), Vx € E. (2.4)

The existence and uniqueness of I'lc follows from the property of the functional ¢(x,y) and
strict monotonicity of the mapping J (see, e.g., [3, 4, 16-18]). If E is a Hilbert space, then I'lc
is the metric projection of H onto C.

Next, we recall the concept of generalized f-projector operator, together with its
properties. Let G : C x E* — R U {+o0} be a functional defined as follows:

G(& ) = 1217 - 2(&, ) + [|o|* +20£ (@), (2.5)

where ¢ € C, ¢ € E¥, pis a positive number and f : C — R U {+oo} is proper, convex,
and lower semicontinuous. From the definitions of G and f, it is easy to see the following
properties:

(i) G(¢, p) is convex and continuous with respect to ¢ when ¢ is fixed;

(ii) G(¢, @) is convex and lower semicontinuous with respect to £ when ¢ is fixed.
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Definition 2.1 (Wu and Huang [19]). Let E be a real Banach space with its dual E*. Let C be

a nonempty, closed, and convex subset of E. We say that H{: :E* - 2Cisa generalized
f-projection operator if

M,y = {uEC:G(u,(p) =££G(§,<p)}, Vo € E*. (2.6)

For the generalized f-projection operator, Wu and Huang [19] proved the following theorem
basic properties.

Lemma 2.2 (Wu and Huang [19]). Let E be a real reflexive Banach space with its dual E*. Let C be
a nonempty, closed, and convex subset of E. Then the following statements hold:

(1) Hé is a nonempty closed convex subset of C for all ¢ € E*;

(ii) if E is smooth, then for all p € E*, x € HJ; if and only if

(x-y,0-Jx)+pf(y)-pf(x) 20, VyeC (2.7)

(iii) if E is strictly convex and f : C — R U {+oo} is positive homogeneous (i.e., f (tx) = tf(x)
forall t > 0 such that tx € C where x € C), then H{j is a single valued mapping.

Fan et al. [20] showed that the condition f is positive homogeneous which appeared
in Lemma 2.2 can be removed.

Lemma 2.3 (Fan et al. [20]). Let E be a real reflexive Banach space with its dual E* and C a

nonempty, closed and convex subset of E. Then if E is strictly convex, then H{: is a single valued

mapping.

Recall that J is a single valued mapping when E is a smooth Banach space. There exists
a unique element ¢ € E* such that ¢ = Jx for each x € E. This substitution in (4.3) gives

G(&, Jx) = IgII* = 2(8, Jx) + llx[I* + 20 (2). (28)
Now, we consider the second generalized f-projection operator in a Banach space.

Definition 2.4. Let E be a real Banach space and C a nonempty, closed and convex subset of E.
We say that H{: : E — 2€ is a generalized f-projection operator if

Tx = {u €C: G, Jx) =infG(3, Jx) } Vx e E. (2.9)
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Obviously, the definition of {T,};-, is a countably family of weak relatively nonexpansive
mappings is equivalent to

(R1) F({Tu}20) #20;
(R'2) G(p, JTux) < G(p, Jx), for all x e C, p € F(T,,), n > 0.

(R'3) N2y F(Ty) = F({Tw}2y).

Lemma 2.5 (Li et al. [15]). Let E be a Banach space and f : E — R U {+o0} be a lower
semicontinuous convex functional. Then there exists x* € E* and a € R such that

f(x)>(x,x")+a, VxeE. (2.10)

We know that the following lemmas hold for operator Hé.

Lemma 2.6 (Lietal. [15]). Let C be a nonempty, closed, and convex subset of a smooth and reflexive
Banach space E. Then the following statements hold:

(i) Tcx/ is a nonempty closed, and convex subset of C for all x € E;

(i) for all x € E, X € Tcx/ if and only if

(X-y, Jx-Jx)+pf(y) —pf(x) 20, VyeC; (2.11)

(iii) if E is strictly convex, then Tlcx/! is a single valued mapping.

Lemma 2.7 (Liet al. [15]). Let C be a nonempty, closed, and convex subset of a smooth and reflexive
Banach space E. Let x € E and X € Héx. Then

$(y,%) +G(x,Jx) <G(y,Jx), VyeC. (2.12)

Lemma 2.8 (Su et al. [5]). Let C be a nonempty, closed, and convex subset of a smooth, strictly
convex Banach space E. Let T be a weak relatively nonexpansive mapping of C into itself. Then F(T)
is closed and convex.

Also, this following lemma will be used in the sequel.

Lemma 2.9 (Kamimura and Takahashi [4]). Let C be a nonempty, closed and convex subset of a
smooth, uniformly convex Banach space E. Let {xy } ey and {1y, };q be sequences in E such that either
{xn}me1 0 {Yn}oey s bounded. If lim, —, (X, Yu) = 0, then lim,, _, o ||x, — ¥l = 0.

Lemma 2.10 (Cho et al. [21]). Let E be a uniformly convex real Banach space. For arbitrary r > 0,
let B,(0) := {x € E : ||x|| < r} and A, u,y € [0,1] such that X + y +y = 1. Then, there exists a
continuous strictly increasing convex function

g:[0,2r] = R, g(0)=0 (2.13)
such that for every x,y, z € B,(0), the following inequality holds:

1 + gy + vz < Ml + el P = Aag (- ) (2.14)
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For the rest of this paper, the sequence {x,},., converges strongly to p will be denoted by

X, — pasn — oo and we will assume that ﬁ,(f), 512), 513) € [0,1] such that ﬂfll) + ﬂ,(f) + ﬂf) =
1, for all n > 0.

3. Main Results

Theorem 3.1. Let E be a uniformly convex real Banach space which is also uniformly smooth. Let
C be a nonempty, closed, and convex subset of E. Suppose {T,}, and {Sy}, are two countable
families of weak relatively nonexpansive mappings of C into itself such that F = ((;2, F(T,)) N
(Mo F(Sn)) #0. Let f : E — R be a convex and lower semicontinuous mapping with C C
int(D(f)) and suppose {x,}, is iteratively generated by xo € C, Cy = C,
2o = 7 (B T + B T Tk + B I Suxa),
Yn = ]_1 (an]zn+ (1 - an)Jxy),

(3.1)
Cpi1 = {w €Cy: G(w/ ]]/n) < <1 - anpr(ql)>G(wr Jxn) + an,ﬁle)c(wr ]xO)}/

f
Xpa =11 x0, n20,

with the conditions
(i) lim, o, = 0;
() 0<b<pP <1, 0<d<pl <1;
(iii) 0 < @ < ay < 1 for some a € (0, 1).
Then, {x, ) converges strongly to H];xo.

Proof. We first show that C,,, for all n > 0 is closed and convex. It is obvious that Cy = C is
closed and convex. Thus, we only need to show that C,, is closed and convex for each n > 1.

Since G(w, Jy,) < (1 - anﬁfll))G(w, Jx,) + anﬂ,(ql)G(w, Jxp) is equivalent to
2((w0, (1= anB) Joen + a0 = Jyn ) ) < (1= i) lall® + anf ol = lal|®. (32)

This implies that Cy.; is closed and convex for all n > 0.
We next show that F ¢ C,, for all n > 0. For n =0, we have F C C = Cy. Then for each
x* € F, we obtain

G(x*, Jyn) = G(x", (an] zn + (1 = @) J X))
= [|x*|* = 200 (x", Tzn) = 2(1 = ) (x", Jotu) + | 2 + (1 = ctn) J2cu > + 29 ()
<l I1P = 20 (x", Tzn) = 2(1 = @) (x", Jotu) + tullJzal* + (1 = ) [ J2u* + 20 f (x*)
= 2,G(x", Jzn) + (1 - ) G(x", Jx)
= (1= @)G(x", Jxa) + @G (2", B Jxo + B T T + B T S

< (1 -an)G(x", Jxn)
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(|11 = 2887 (%, Jxo) = 287 (", JTaaca) = 287 (x*, JSux)
+ B Izl + BN Tuall” + B2 ISwxall* + 20 f ()
= (1= )G, Jx) + an (PG, Jx0) + B G, TTox) + B G, TS,x))
< (1= an)G(x*, Jxn) + an (G x", Jx0) + B G(x, Jxa) + PG (2", T ) )
< (1-ap) G, Jx) + G, Jx0).

(3.3)

So, x* € C,,. This implies that F ¢ C,,, for all n > 0. Since C,,.; is closed and convex for all n >

Oand @#F c C,, for all n >0, it follows that Hémxo is well defined for all n > 0.
We now show that lim,, _, .G (x,, Jxo) exists. Since f : E — R is a convex and lower
semicontinuous, applying Lemma 2.5, we see that there exists u* € E* and a € R such that

fly) 2 (y,u*)+a, VyeE. (3.4)
It follows that

G (xtn, Jx0) = [12ull” = 2(xtn, Jx0) + l|x0]1* + 2p.f ()
> [loeull* = 2(xn, Jx0) + [|%0]1* + 2p(2n, u*) + 2pa
= ||xall® = 2(xu, Jxo = put*) + ||x0|I* + 2pax (35)
> |[xall® = 2llxull|| Jx0 = pre*|| + l|xo]l” + 2pex

= ([lnll = || Jx0 —pu*”)2 + |lxoll® = || Jx0 - pu*”2 +2pa.
Since x, = H{?n Xy, it follows from (3.5) that

G(x*, Jx0) > G(xn, Jx0) = (|2l = || 0 —,ou*||)2 + llxoll* = || Jxo0 - pu*||2 +2pat (3.6)

for each x* € F. This implies that {x,};., is bounded and so is {G(x,, Jx0)},;o- By the
construction of C,, we have that C,, ¢ C,, and x,, = Hémxo € C, for any positive integer
m > n. It then follows Lemma 2.7 that

P (X, xn) + G(xy, Jx0) < G(2m, JX0).- (3.7)

It is obvious that

G (Xm, %) > ([|Xm]l = 1xal)* > 0. (3.8)
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In particular,

P (xni1, xn) + G(xn, Jx0) < G(Xns1, Jx0),

(3.9)
¢ (Xns1, %n) 2 (| xns1ll = llxall)> 2 0,

and so {G(xn, Jx0) };ey is nondecreasing. It follows that the limit of {G(x,, Jxo) };—, exists.
Now, (3.7) implies that

P (xm, xXn) < G(xm, Jx0) = G(xn, JX0)- (3.10)
Taking the limit as m,n — oo in (3.10), we obtain

lim ¢ (x, x,) = 0. (3.11)

n—oo

It then follows from Lemma 2.9 that ||x,, — x,|| — 0as m,n — oo. Hence, {x,},., is Cauchy.
Since E is a Banach space and C is closed and convex, then there exists p € C such that
X, — pasn — oo.

Now since ¢(xy,, x,) — 0as m,n — oo we have in particular that ¢(xy.1, x,) —

0 as n — oo and this further implies that limy,_, o, ||Xn+1 — X, || = 0. Since x4 = Hémxo € Cpi1,
we have
(1) O
¢ (Xns1,Yn) < (1 — anPn >¢(xn+1,xn) +anPu P(xni1, x0), Yn20. (3.12)
Then, we obtain
lim ¢ (xn11,yn) = 0. (3.13)
Since E is uniformly convex and smooth, we have from Lemma 2.9 that
Jim [| x40 = Xl = 0 = lim [[xpi1 = - (3.14)
So,
”x" - ]/n” < lxns1 = xall + ||xn+1 - ]/n” (3.15)
Hence,
lim |26, — yu | = 0. (3.16)

Since | is uniformly norm-to-norm continuous on bounded sets and lim,, —, o, ||x, — ¥4l = 0,
we obtain

Tim || Jacy = Jyn|| = 0. (3.17)
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Since0 < a < a,, <1, then

1
1Tz = J2nll = a—ll]xn —Jyul| — 0, asn — oo. (3.18)

Since J~! is uniformly norm-to-norm continuous on bounded sets, we have
lim ||z, — x| =0, (3.19)
n—oo

so that z, — p as n — oo. Since {x,} is bounded, so are {z,}, { JT,x,}, and {JS,x,}.
Let r := sup, .o {[|xull, ITnxnll, [|Snxx|l}. Then from Lemma 2.10, we have

G(X*r ]yn) =G(x*, (anJzn + (1 - an) Jxn))
= “x*llz =20,(x*, Jzu) = 2(1 = a ) (X", Jxp) + ||atn J 2 + (1 = “n)]anz + pr(x*)

<P = 2an(x*, J20) = 2(1 = an) (xX*, Jn) + @l Jzal* + (1 = &) | Jxul* + 20 (x*)
= a,G(x", Jz) + (1 - a,)G(x", Jx)

= (1= @) G, Jx) + G (x*, (B o + B2 T T + Y T Suxs) )
< (1- @) G, Jxy)
(117 = 281 (x°, Jx0) = 282 (%", T Tuxa) = 285(x", JSuxa) + B I
+ BTl + B ISuxall = B2 B U Tk = JSuxall) + 20 (x))
= (1= @) G(x", Jxn) + an (PG, Jx0) + B G(x*, T Tox) + B G(x', JSuka)
- BB g1 Txn — ISuxal))
< (1= an)G(x", Jxa) + an (PG (2", Jx0) + B G(x", Jxa) + BV G (2, Jxa)
- BB g Tuxn = JSuxall))
< (1= an) G, Jxn) + fi G(x", Jx0) + anG(x", Jxs)
— a2 B g (1T Toen = T Suiall)

= BVG(x*, Jx0) + G(x*, Jx) — anBEBY g (1T T = JSnnll)-
(3.20)

It then follows that

B B ST Tuxn = TSuxall) < B G(x*, x0) + G(x*, Jxu) = G(X*, ). (3.21)
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But

G(x*, Jxy) - G(x*, ]]/n) = ||xn||2 - ”]/n”z - 2<x*, Jxn - ]]/n>

< [l = NyallP| + 214", T = Ty

(3.22)
< |||xn” - ”ynnl(”xn” + ”yn”) +2”x*””]xn - ]yn”
S ”x" - y"”(”xn” + ”yn”) + 2||x*”||]xn - ]yn”
From limy, _, »||x, — ¥x|| = 0 and limy, _, - || J X — Jyu|| = 0, we obtain
G(x*, Jxn) = G(x*, Jyn,) — 0, n — co. (3.23)
Using the condition lim infnéooﬂ,(f) ﬂfﬁ) >0and a, > a > 0, we have
Jim g(|[JTuxn = JSuxnl)) = 0. (3.24)

By property of g, we have lim,, _, o, || JTuXy — J Snx,|| = 0. Since J~! is also uniformly norm-to-
norm continuous on bounded sets, we have

Tim ||, = Spaa| = 0. (3.25)

Furthermore,

160 = Tzall = || Tt = (B Tc0 + B T Tt + B TS )

= 1B (Jxn = Tx0) + B Utw = JTuxn) + B Jotw = JSuxn) (3.26)
2 512)(]xn = JTuxy) +ﬁ513)(]xn = JSnxn)|| - 511)(]3511 _]-XO)”-
This implies that
P (Jxtn = TTuxcn) + B (Jxn = TSuxa) || < 1T %0 = T2ull + BT %0 = Tx0]l- (3.27)
Since x, — p,z, — p and lim,_, B = 0, it follows from (3.27) that
Tim (|87 Jn = T Txn) + B (J 0 = T Suaca) | = 0. (3.28)
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On the other hand, by using the property of norm, we obtain

2 (Jtn = JTux) + B (Jxn = JSpixn)
2 (Jotn = T Tuxn) + By (JXn = J Snxn)
+ B Jtn = JTux) = B (J = JTxn)
= [| (B + ) Uxtn = JTxa) + B Tt = TSuxa)

(3.29)

> (B + B )1 xtn = TTatall = B 1 Tt = T Suxall
This follows that

(B2 + B Y1Jtn = TTucal < ||B2 Ut = TTxa) + B Jn = TSwxa) | + B 1 Tt = J Sl

(3.30)
By (3.27) and limy, _, oo || /Ty, — JSuxy|| = 0, we have
Jim (B + B ) 1o = I T = 0. (331)
Since 0 <b < B <land 0 <d <) <1, we have
Jim [|x, = Tl = 0. (3.32)
Similarly, we can show that
i [l = Spxal| = 0. (3.33)

Since x, — p and {T,}, {S,} are uniformly closed, we have p € (";2y F(T,)) N (M=o F(Sn)).

Finally, we show that p = HJ;xO. Since F = (N, F(T)) N (N5 F(Sy)) is a closed and
convex set, from Lemma 2.6, we know that HI{xo is single valued and denote w = HJ;xo. Since
X, = Hénxo and w € F c C,, we have

G(xy,, Jx0) < G(w, Jxg), VYn>D0. (3.34)

We know that G(¢, J) is convex and lower semicontinuous with respect to ¢ when ¢ is fixed.
This implies that

G(p, Jxo) < lim inf G(xz, Jxo) < limsup G(xs, Jx0) < G(w, ] xo). (3.35)

n—oo

From the definition of H{Txo and p € F, we see that p = w. This completes the proof. O
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Corollary 3.2. Let E be a uniformly convex real Banach space which is also uniformly smooth. Let
C be a nonempty, closed, and convex subset of E. Suppose {T,},- and {Sy}, are two countable
families of weak relatively nonexpansive mappings of C into itself such that F := ((;2y F(T,)) N
(Mo F(Sn)) #0. Suppose {x,} ;. is iteratively generated by xo € C, Cy = C

Zp = ]71 <ﬂ£11)]x0 + ﬂi(tz)]Tnxn + ﬁr(z3)]5nxn>/
Yn = ]71 (anJzn+ (1= ay)]xy),

(3.36)
Cun = {w € Cut (w0, yn) < (1= @i ) (w0, x) + anl p(w, x0) |,

X1 =1lg,, X0, n2>0,

n+l

with the conditions

(i) lim,— o = 0;
(i) 0<b<pP <1, 0<d<pd<1;
(iii) 0 < a < a, < 1 for some a € (0, 1).

Then, {x,}, converges strongly to ITpx.

Proof. Take f(x) = 0 for all x € E in Theorem 3.1, G(¢, Jx) = ¢(¢, x) and Héxo = I1cxp. Then,
the desired conclusion follows. O

Remark 3.3. Our Corollary 3.2 extends and improves on Theorem 1.5. In fact, the iterative
procedure (3.36) is simpler than (1.8) in the following two aspects: (a) the process of
computing Q, = {w € C,o1 N Qu1 & (x4 —w, Jxg — Jx,) > 0} is removed; (b) the process
of computing I'lc,ng, is replaced by computing I'lc,.

4. Applications

A mapping H from E to E* is said to be

(i) monotone if (Hx - Hy,x —y) >0,for all x,y € E;
(ii) strictly monotone if H is monotone and (Hx — Hy,x — y) = 0 if and only if x = y;
(iii) p-Lipschitz continuous if there exists a constant f > 0 such that |[Hx - Hy|| <
Pllx -y, for all x,y € E.

Let M be a set valued mapping from E to E* with domain D(M) = {z € E : Mz #0}
and range R(M) = J{Mz: z € D(M)}. A set-valued mapping M is said to be
(i) monotone if (x1 — X2, y1 — y2) > 0 for each x; € D(M) and y; € Mx;, i =1,2,
(i) r-strongly monotone if (x1 — x2, 1 — ¥2) > rllx1 — x2||* for each x; € D(M) and
Yi € Mx;, i=1,2,
(iii) maximal monotone if M is monotone and its graph G(M) := {(x,y) : y € Mx} is
not properly contained in the graph of any other monotone operator,

(iv) a general H-monotone if M is monotone and (H + AM)E = E* holds for every
A >0, where H is a mapping from E to E*.
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We denote the set {x € E : 0 € Mx} by M™'0. From Li et al. [15], we know that
if H: E — E*is strictly monotone and M : E — 2F" is general H-monotone mapping,
then M0 is closed and convex. Furthermore, for every A > 0 and x* € E*, there exists a
unique x € D(M) such that x = (H + AM) ' x*. Thus, we can define a single-value mapping
Ty:E— D(M)byT\x=(H+ AM) ' Hx. It is obvious that M0 = F(T,) for all A > 0.

Lemma 4.1 (Alber, [16]). If E is a uniformly convex and uniformly smooth Banach space, 6 (€) is
the modulus of convexity of E and pg(t) is the modulus of smoothness of E, then the inequalities

8d2ég<w> <P(x,2) < 4d2pg<@> (4.1)

hold for all x and & in E, where d = \/(Jx[% + [E]2)/2.

Lemma 4.2 (Xia and Huang, [22]). Let E be a Banach space with dual space E*, H : E — E* a
strictly monotone mapping and M : E — 2E" a general H-monotone mapping. Then

(i) (H+AM) isa single valued mapping;
(i) if E is reflexive and M : E — 2F is r-strongly monotone, (H + AM)™" is Lipschitz

continuous with constant 1/ (Ar), where r > 0.

Theorem 4.3. Let E be a uniformly convex real Banach space which is also uniformly smooth with
6e(e) > ke* and pg(t) < ct? for some k,c > 0. Suppose H : E — E* is a strictly monotone
and PB-Lipschitz continuous mapping and M; : E — 2F is a general H-monotone mapping
and ri-strongly monotone mapping with r; > 0, i = 1,2 such that F = M;'0 n M;'0#0.
Let Tiwi = (H+AMi)"1H, i=12and f : E — R bea convex and lower semicontinuous
mapping with D(f) = E and suppose for each n > 0, there exists a A, > 0 such that 64cf? <
min{(1/2)kA2r2, (1/2)kA3r3}. Let {xn}ie, be iteratively generated by xo € E, Co = E,

20 = (B Txo + PP TT 0+ 0T x,),
Yn = ]_1 (anJxn + (1 —an)]zy),

(4.2)
Crr = {w € Co: G(w, Jya) < (1- @ ) Glew, Jx) + @ G, Jx0) },

f
Xn+l = chﬂ xo, n2>0,

with the conditions
(i) lim, _ B = 0;
(i) 0<b<p <1, 0<d<p) <1,
(iii) 0 < a < a, < 1 for some a € (0,1);
(iv) lim inf, _, A, > 0.

Then, {x,}oq converges strongly to H’;xo.
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Proof. We only need to prove that {Ti\;I '} and {TJ{:I ?} are countable families of weak
relatively nonexpansive mappings with common fixed points sets ;- F (T){\:I ) = M;'0 and
Moo F (T){\f ?) = M0, respectively. Firstly, we have ;2 F (T/{:I ) = M;'0#0. Secondly, we
show that ¢(p, Tfflw) <¢p,w), forallweE, pe F(T){\fl), n > 0. Now, by Lemma 4.2 and
the Lipschitz continuity of H, we have

||Tj:‘1p - ijlw” - n (H + A, M) Hp - (H + /\an)‘le”

1
< H |Hp - Hw|| (4.3)

< -l

By (4.3) and Lemma 4.1,

¢(p, T){\f] w> = (j)(Ti\f] p, T){\f‘ w)

o (20

< 64c||Tj‘f1p—Tj‘flw||2 (4.4)

646[5
J\,% 12

1
¢<p,w>28d26ﬁ<”’” ”) Lilp-wl.

Since 64cf? < (1/2)kA2r?, it follows from (4.4) that ¢(p, T, 'w) < ¢(p,w), forallw € E, p €
F(T{""), n > 0. Thirdly, we show that F({T\""'}) = N2, F(T\"") = M;'0. We first show that
ﬁ({TiVIl}) C Milo. Letp € ﬁ({Ti\fl}), then there exists {x,} C E such that x, — p and

lim,, o ||, — Ti\f 'x,|| = 0. Since H is p-Lipschitz continuous,

”Hxn - HT"'x, ~ T, . (4.5)

Letting n — oo, we obtain

1
T <Hxn - HT" xn> 0. (4.6)
n
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It follows from (1/\,,)(Hx, — H Ti\f 'x,) € MlT){\f 'x, and the monotonicity of M; that

1
<x ~ T, X - T <Hxn - HT" xn>> >0 (4.7)

n
for all x € D(M;) and x* € M;x. Taking the limit as n — oo, we obtain

(x=p,x") 20 (4.8)

for all x € D(M;) and x* € M;x. By the maximality of M;, we know that p € MfO. On
the other hand, we know that F (Ti\;I = Mflo, F (Ti\;I ) C F (T}]‘\;I 1) for all n > 0, therefore,
M0 =2 F (Tf(\;I N = F(NZ, T;\f '). Thus, we have proved that {T;\;I '} is a countable family
of weak relatively nonexpansive mappings with common fixed points sets (-, F (T;\;I Y =
M;10. By following the same arguments, we can show that {Ti\:I *} is a countable family of

weak relatively nonexpansive mappings with common fixed points sets (-, F (Ti\f 2) = M,'0.
O

Let E be a uniformly convex and uniformly smooth Banach space, H = | and M
be a maximal monotone mapping. Then, we can define J, = (J + .)LM)_l J for all A > 0. We
know that ], is relatively nonexpansive and therefore weak relatively nonexpansive and
M0 = F(J,) for all A > 0 (see, e.g., [2]), where F(J)) denotes the fixed points set of J,.
By Corollary 3.2, we obtain the following theorem.

Theorem 4.4. Let E be a uniformly convex real Banach space which is also uniformly smooth. For
eachi=1,2,let M; C ExE* be a maximal monotone operator and let ];VI" = (]+)LMi)’1]for allA >0
and suppose C is a nonempty closed and convex subset of E such that D(M;) C C C J71 (N5 R(J +
AM;)) and F := MIloﬂ M;O #0. Let {x, ), be iteratively generated by xo € E, Cy = E,

2= 7 (B Txo + BT T + B JTT ),
Yn = ]_1 (anJxn + (1 —an)]zy),
(4.9)
Cni1 = {w €Cy: (,b(wryn) < <1 - anﬁg)>¢(w,xn) + txnﬁ,(il)()b(w,xo)},

Xp1 = 1Ilc,,,x0, n2>0,

n+l

with the conditions
(i) lim, oo By = 0;

0<b<pP<1,0<d<p? <1

O<a<a, <1forsomeac (0,1);

)
(ii)
(iii)
(iv) lim inf, _, A, > 0.

Then, {x, }5. converges strongly to TTgxy.
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