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We consider one-phase nonclassical unidimensional Stefan problems for a source function F which
depends on the heat flux, or the temperature on the fixed face x = 0. In the first case, we assume a
temperature boundary condition, and in the second case we assume a heat flux boundary condition
or a convective boundary condition at the fixed face. Exact solutions of a similarity type are
obtained in all cases.

1. Introduction

The one-phase Stefan problem for a semi-infinite material is a free boundary problem for
the classical heat equation which requires the determination of the temperature distribution
u of the liquid phase (melting problem) or the solid phase (solidification problem) and
the evolution of the free boundary x = s(t). Phase change problems appear frequently in
industrial processes and other problems of technological interest [1-4].

Nonclassical heat conduction problem for a semi-infinite material was studied in [5-
11]. A problem of this type is the following:

() U — e = —F(W(),t), x>0,1t>0,
(ii) u(0,t) = f(t), t>0, (1.1)
(iii) u(x,0) = h(x), x>0,

where functions f = f(t) and h = h(x) are continuous real functions, and F is a given function
of two variables. A particular and interesting case is the following:

F(W(t),t) = =

W) (Ao >0), (1.2)
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where W = W(t) represents the heat flux on the boundary x = 0, that is W(t) =
u,(0,t). Problems of the types (1.1) and (1.2) can be thought of by modelling of a system of
temperature regulation in isotropic mediums [10, 11], with a nonuniform source term which
provides a cooling or heating effect depending upon the properties of F related to the course
of the heat flux (or the temperature in other cases) at the boundary x = 0 [10].

In the particular case of a bounded domain, a class of problems, when the heat source
is uniform and belongs to a given multivalued function from R into itself, was studied in
[8] regarding existence, uniqueness, and asymptotic behavior. Moreover, in [5] conditions
are given on the nonlinearity of the source term F so as to accelerate the convergence of the
solution to the steady-state solution. Other references on the subject are in [7, 12, 13].

Nonclassical free boundary problems of the Stefan type were recently studied in [14-
16] from a theoretical point of view by using an equivalent formulation through a system
of second kind Volterra integral equations [17-19]. A large bibliography on free boundary
problems for the heat equation was given in [20].

In this paper, firstly we consider a free boundary problem which consists in
determining the temperature u = wu(x,t) and the free boundary x = s(t) such that the
following conditions are satisfied:

pcus — kg, = -yF(W(t),t), 0<x<s(t), t>0, (1.3)
u(0,t)=f>0, t>0, (1.4)
u(s(t),t)=0, t>0, (1.5)

kuy(s(t), t) = —pls(t), >0, (1.6)

s(0) =0, (1.7)

where the thermal coefficients k, p, ¢, [, y > 0, the boundary temperature f > 0, and the control
function F depend on the evolution of the heat flux at the boundary x = 0 as follows:

W(t) =ux(0,8),  FW(t),t) = F(ux(0,1),t) = %ux(of t), (1.8)

where 1 > 0is a given constant. The existence and the uniqueness of the solution of a general
free boundary problem of the type (1.3)-(1.8) was given recently in [14, 15]. Moreover, we
consider other two free boundary problems which consist in determining the temperature
u = u(x,t) and the free boundary x = s(t) such that (1.3), (1.5), (1.6), and (1.7) are satisfied,
and in these cases the control function F depends on the evolution of the temperature at the
boundary x = 0 as follows:

WO =uO1),  FOVO,0 = Fu,,) = u(0,n), >0 (19
In this case, a heat flux boundary condition

kit (0,£) = _7’7: >0, t>0 (1.10)
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or a convective boundary condition
qo
ku,(0,t) = —(u(0,t) - f) >0, t>0 1.11
©,1) \/i( ©,5) - f) (1.11)

can be considered at the fixed face x = 0 in order to obtain the corresponding explicit
solutions.

The plan of this paper is the following. In Section 2, we show an explicit solution of a
similarity type for the nonclassical one-phase Stefan problem (1.3)—(1.7) for a control function
F given by (1.8).

In Sections 3 and 4, we obtain sufficient conditions on data in order to have a similarity
type solution to the problems (1.3), (1.5), (1.6), and (1.7), where the control function F is
given by (1.9) (instead of (1.8)) and we take into account the heat flux condition (1.10) or the
convective condition (1.11) at the fixed face x = 0, respectively.

The restrictions on data we have obtained for these two free boundary problems with
a heat flux boundary condition (1.10) or a convective boundary condition (1.11) at the fixed
face x = 0 can be interpreted in the same way as we have obtained in the classical Stefan
problem with the same boundary conditions in [21, 22] in order to have an instantaneous
phase-change problem (see, e.g., sufficient condition Ay < pc/2y in Theorems 3.2 and 4.1).

2. Explicit Solution to a One-Phase Stefan Problem for
a Nonclassical Heat Equation with Control Function of

the Type F(u,(0,t),t) = (Ao/vH)u,(0,t) and
a Temperature Condition at the Fixed Boundary

We consider the following free boundary problem for a semi-infinite material given by the
following conditions:

peuy — kg = =yF(u,(0,1),t), 0<x<s(t), t>0,
u0,t) =f>0, t>0,
u(s(t),t)=0, t>0, (2.1)
kuy(s(t),t) = —pls(t), t>0,
s(0) =0,

where the thermal coefficients k, p,c,l,y are positive and the control function F, which
depends on the evolution of the heat flux at the extremum x = 0, is given by (1.8).
In order to obtain an explicit solution of a similarity type, we define

O(y) = ulx,t), 1= ﬁ (2.2)



4 International Journal of Differential Equations

where a? = k/pc is the diffusion coefficient of the phase change material. The problem (2.1)
and (1.8) become

D" (1) +2n@'(17) = 2AD'(0), 0 <7 <1, (2.3)
®(0) = £, (2.4)

@(10) =0, (2.5)

@'(10) = —Z;Irzo, (2.6)

where the dimensionless parameter A is defined by

A
A= % >0, 2.7)

and the free boundary s(t) must be of the type

s(t) = 2anovt, (2.8)

where 79 is an unknown parameter to be determined later. The general solution of the
differential equation (2.3) is given by

(D(TZ) = Cz + C1

n
\/TE erf(n) + ZAJ‘ fl(z)dz] , (2.9)
0
where C; and C; are arbitrary constants, and
_ 2 ( 2 _ N (F 2
erf(x) = \/_.77' fo exp(—z )dz, fi(x) = exp(—x > —[0 exp<r )dr (2.10)

are the error function and the Dawson’s integral (see [23, page 298] and [24, page 43]),
respectively.
After some elementary computations, from (2.3), (2.4), and (2.5) we obtain

A
@(n) = f[l - ]f(%,)b))]f 0<n<no, (2.11)

where

E(x,\) = erf(x) + % J: fi(r)dr. (2.12)
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Taking into account condition (2.6), the unknown parameter 79 = #o(, Ste) must be
the solution of the following equation:

\S/L; exp(—x2> +21f (x)] =X [erf(x) + % J: fl(z)dz] ;x>0 (2.13)

where Ste = fc/l > 0 is the Stefan’s number. Equation (2.13) is equivalent to the following
one:

Wi (x) =2AW;y(x), x>0, (2.14)
where the real functions W; and W, are defined by
Wi (x) = Ste exp <—x2> - Varxerf(x), (2.15)

Wy (x) =2x j: f1(r)dr — Ste f1(x). (2.16)

Remark 2.1. If A = 0 (i.e., 1o = 0), then the problem (2.1) and (1.8) represented the classical
Lamé-Clapeyron problem [25]. In this case, there exists a unique solution 79 of (2.17)
(equivalent to (2.13)) given by

Fo(x) = \S/L;, x>0, (2.17)
where
Fo(x) = x erf(x) exp <x2>, (2.18)

and the explicit solution is given by [2, 23]:

erf(7) el X
erf(ro) |’ 1= sav =1 (2.19)

s(t) = Zaqoox/f.

u(x,t) = f[l -

In order to solve (2.14), we will study firstly the behavior of function f;. We obtain
some preliminary properties.
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Lemma 2.2. The Dawson'’s integral satisfies the following properties:
(@) f1(0) =0,
(i) f1(+o0) =0,
(iii)

>0 if0<x<ux,
filx) =1-2xfi(x) =4=0 ifx=x, (2.20)

<0 ifx>x,

where x1 = 0.924, f1(x;) =0.541,
(iv)

<0 f0<x<uxy,
;'(x):-2[1+f1(x)(1—2x2)]: =0 ifx=1x, (2.21)

>0 if x> x,

where x, = 1.502, f1(x;) =0.428,
(v) imy— 402xf1(x) = 1.

Proof. The properties (i)—(iv) have been proved in [23, page 298] (see also [24, pages 42-45])
(v) By the L'Hopital Theorem, we have

2x [ 2)d N 2)dr + 2
lim 2xfi(x) = lim M - lim [T exp(r?)dr + xexp(x?)
X — +00 X — +00 exp(x?) x—+oo x exp(x?)
. (2.22)
N d
=i (14 0 OPEDAN <1+ f—l(x)> -1,
X —+0o0 x exp(x?) X —+o0 x
then (v) holds. O
Next, we define the following auxiliary functions:
@ = [ fidr, @ =xpe =x [ A,
0 0
(2.23)

p3(x) =xfi(x),  ga(x) =x(2xf1(x) - 1) = -xf(x),
ps5(x) = fi(x) — xfi(x), 6 (x) = Ste —2(1 + Ste)x f1(x).

We have the following results.
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Lemma 2.3.
(a) Function ¢ satisfies the following properties:
(i) ¢1(0) =0,
(ii) ¢ (x) = f1(x),
(iii) ¢, (07) =0,
(iv) ¢1(+00) = +00,

v)

>0 f0<x<ux,

¢i(x) = fi(x) =1-2xf1(x) = $=0 if x=x,
<0 ifx>x,

(Vi) ity on (91 (%) / log (x)) = 1/2,
(vii) limy - 4o0p1 (%) f1 (x) = 0.

(b) Function 4 satisfies the following properties:

(i) 9a(07) = 07,
(ii) ¢, (x) = -1 +4xfi(x) - 2x*(2x f1(x) - 1),
(iii) ¢p4(+o0) =07,
(iv) ¢3(0%) = -1,
(v) ¢y (+00) =07,
(vi) @4(x) =0 & x = x1 (the maximum point of f1),
(vii) ¢} (x1) = 1.

(c) Function 3 satisfies the following properties:

(i) ¢3(07) =0,
(ii) ¢3(+00) =1/2,
(i) 5(x) = f1(x) + x(1 - 2xf1(x)),
(iv) ¢5(0%) =0,
(V) ¢5(+0) =0,
(vi) @3(x1) = x1f1(x1) = 0.4999,
(Vﬁ) (P3(3C2) = XQfl (XZ) = (0.64.
(d) Function ¢, satisfies the following properties:
(i) ¢2(07) =0,
(ii) 2 (+00) = +o00,
(iii) ¢4 (x) = @1(x) + xf1(x) >0, forall x > 0,
(iv) ¢3(0%) =0,
(V) ¢y (+o0) = +oo,
(Vi) @5 (x) =2f1(x) - x(2xf1(x) - 1),
(vii) 5 (+00) =0,
(viii) (pg(OJ') =0.

(2.24)
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(e) Function s satisfies the following properties:

(i) ¢5(07) =0,
(ii) s(+00) = 0%,
(iii)
>0 f0<x<xy,
p(x) =—xfl(x) =3 =0 ifx=x,, (2.25)

<0 ifx>x,

(iv) ¢s5(x) >0, for all x > 0.
(f) Function e satisfies the following properties:

(i) @e(0%) = Ste >0,

(ii) g(+00) = -1,
(iii) g (x) = =2(1 + Ste)p(x),
(iv) ¢z (0) =0,

(v) ¢ (+0) =0,
(vi) @6(x1) = x1 f1 (1) = 0.4999,
(vii) @g(x2) = x2 f1(x2) = 0.64.

Proof. (a) Taking into account properties of f1, we have
¢i(x) = fi(x) >0, Vx>0, ¢1(0) = f1(0) =0, (2.26)

and (v) holds. If we consider Lemma 2.2(v), we get ¢ (+o0) = +oo0 and we have

p1(x) . 1
x~>+oolog(x) - xEIFooxfl (.X) - EI (227)
then (iv) and (vi) hold.
To prove (vii), we consider
0 fi0 = fo ALOr) Fi(x) = FiOxfi ), (2.28)

where ¢ = ¢(x) € (0,x). Then limy . ., ¢1(x) f (x) = 0 because lim, . ,,xf;(x) =0and f; isa
bounded function.
(b) From the definition of ¢4, we obtain (i) and (ii). To prove (iii), we have

i) = Jim x(ef) - = tim 21
(2.29)

~ lim o [f1(x) + x(1-2xf1(x))]

X —+oo 1/x2

= 2xl_i)r£1OO [x2f1 (x) +xx(1-2xf; (x))],
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then

xlir£1wx(2xf1 (x)-1) = 2xlir£1oo [xzx(fol(x) -1)-x%*f; (x)]. (2.30)

If we suppose that

xlirzlwx(fol (x)-1)=L>0, (2.31)
we get
L= 2x1ir£100 [xzx(fol (x)-1) - x2f1(x)] =+, (2.32)

which is a contradiction. If we suppose that

xlir?wx(fol(x) -1) = +oo, (2.33)
then
Pilroo) = lim 1+ dxfi(x) - 222 (2xfi () ~ 1) = oo, (234)

which is also a contradiction. Therefore, limy _, .. x(2x f1(x) — 1) = 0 and (iii) hold.
Taking into account (ii), we have ¢/, (x) = =1 +4x f1(x) — 2x*(2x f1(x) — 1), then ¢/, (0) =
-1 and if we consider (iii) we have ¢ (+o0) = 0*. From properties of f1, we have

Ps(x) =0 = 2xf1(x)-1=0= fi(x) =0 = x =x1, (2.35)

and (vi) holds. Taking into account f;(x) = 1 - 2x f1(x) = 0, we get ¢} (x1) = 1.

(c) From Lemmas 2.2 and 2.3(b) we get (i)—(vii).

(d) We have ¢, (x) = xp1(x) = x fg fi1(r)dr, then from (a) and (b) (iii) we get (i)—(vi).

(e) As we have @s(x) = fi(x) - xf; (x) = fi(x) + @4(x), then by using the properties of
f1 and (b) we obtain the properties of ¢s.

(f) We have ¢g(x) = Ste—2(1+Ste)x f1(x) = Ste—2(1+5te)p3(x), and from the properties
of (3,we obtain (i)—(v). O

Corollary 2.4. One has
(1) lirnx—>+c>ox2 [zxfl(x) - 1] = 1/2/
(ii) limy - 4oox[x2(2x f1(x) = 1) = xf1(x)] = 0.

Now, we are in conditions to enunciate properties of functions Wy and W, in order to
study after (2.14).

Lemma 2.5. The functions Wy (x) and Wy (x), defined by (2.15) and (2.16), respectively, satisfy the
following properties.
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(a) Properties of function Wy:

(i) W1(0) = Ste,
(ii) Wi(+o0) = —o0,
(iii) Himy— 400 (W1 () /x) = =/,
(iv) limye— 400 (Wi (x) + v/rx) = 0,
(v) Wi(x) <0, forall x >0,
(vi) Wi(noo) = 0, where 1o is the unique solution of (2.17),

(vii)

<0 f0<x<ux,
Wi(x)=3=0 ifx=ux, (2.36)

<0 if x> x,

where

[ 3+2Ste
X = m/ (2.37)

(viii) W} (0%) = -2(3 +2Ste) < 0.
(b) Properties of function W5 :

(i) W2(0) =0,

(ii) Wa(+00) = +oo,
(iii) there exists a unique x4 > 0 such that W, (x4) =0,
(iv) Wy(x) =2 fg f1(r)dr + 2x f1(x) (1 + Ste) — Ste,
(v) there exists a unique x3 > 0 such that W,(x3) = 0 and W»(x3) <0,
(vi) W,(0%) = -Ste <0,

(vii) W) (+00) = +o0,

(viil) Wy (x) = 2(1 + Ste)x + 21 (x) [2 + Ste =2(1 + Ste)x?],
(ix) W3 (0%) =0,
(%) Wa(noo) <O0.

Proof. (a) Taking into account the definition of the function W;, we get (i) and (ii).

(iii) We have

X —+0o X X — +00

lim LAIC lim [Stew - \/Eerf(x)] = —\/. (2.38)
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(iv) We have

im (W3 (x) + Vrx) = lim <Ste exp( x2> — Jzxerf(x) + ﬁx)
(
(
)

lim exp <—x2 (Ste+Q(x)) =0,

X — +00

lim <Ste exp > + X erfc(x))

X — +00
42

lim <Ste exp(—x > +Q(x) exp(—x2>>

X — +00

where Q is the function defined by
Q(x) = Vrxexp <x2> erfc(x), erfc(x)=1-erf(x),
which satisfies the following properties:
Q) =0, Q(+) =1, Q'(x)>0, Vx>0.
(v) We have

Wi(x) = —vmerf(x) - 2x exp(—x2> [Ste+1] <0, Vx>0.

11

(2.39)

(2.40)

(2.41)

(2.42)

(vi) Taking into account (i), (iii), and (v), we get that there exists a unique zero of W;

which is given by #0,the unique solution of (2.17).
(vii) We have

Wi (x) = -2exp <—x2> [3 +2Ste — 4(1 + Ste)xz] ,

3 + 2Ste
" — 4(1 2 = 2 = = —_—
Wi (x) =0 & 4(1 +Ste)x” =3 +2Ste &= x = xo \,4(1+Ste)

Since sign(W (x)) =sign(4(1 + Ste)x? — 3 — 2Ste) then we obtain (vii).
(b) Taking into account Lemmas 2.2 and 2.3, we have (i) and (ii).
We can write

then

Wy(x) =2 J‘; fi(r)dr + 2x f1(x) (1 + Ste) — Ste = 2¢1 (x) — e(x),

(2.43)

(2.44)

(2.45)

then W;(0%) = —-Ste, W} (+0) = +oo and W (x) = 2¢) (x) — ¢, (x) satisfies W7 (0*) = 0. Then

(iv), (vi), (vii), (viii), and (ix) hold.
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We have

Wi (x) =0 & 2¢p(x) = Ste f1(x), (2.46)

then taking into account the properties of ¢, and fi, we get that there exists a unique x4 >
0 such that

Wy(x)=0, x>0. (2.47)
Moreover, we have
(=0 ifx=0,
<0 f0<x<axy,
Wa(x) = 1 (2.48)
= if x = xy,

>0 if x> xy4.
In the same way, we have
W(x) = 0 == 201 (x) = g (). (2.49)

Then, if we consider the properties of the functions ¢; and ¢,, we have that there exists a
unique x3 such that W} (x3) = 0. Moreover, W»(x3) = —2x§ f1(x3) —Ste ¢5(x3) < 0and then (v)
holds.

To prove (x), we take into account that

Wh(x) =2x J: f1(r)dr — Stefi(x)

= rxerf(x)F(x) —xx fx erf(r) exp <r2>dr — Ste exp (—x2>F(x) (2.50)
0
= /T exp <—x2> [Fo(x) - \S/L;r F(x) - +mx fx erf(r) exp <r2> dr,
0

where F(x) = fg exp(r?)dr and F, was defined in (2.18). Then by using (2.17), we have

Ho

Wa(1100) = =100 Jo ' erf(r) exp <r2>dr <0. (2.51)

O
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Lemma 2.6. For each A > 0, there exists a unique solution 1o of (2.14). This solution 19 = 1o(X)
satisfies the following properties:

(i) Ho (0%) = Hoo,

(ii) 70(+00) = x4, (2.52)

(iii) 770 = 110(\) is an increasing function on A,

where 1o and x4 are the unique solution of (2.17) and (2.47), respectively.

Proof. Taking into account Lemma 2.5, we get that there exists a unique solution 7y of (2.14).
Let 0 < Ay < A, be given, taking into account properties of function W5, we obtain that the
real functions Z; and Z, defined by

Zi(x) =2uWa(x),  Zy(x) =20 Ws(x) (2.53)

satisfy the following properties:

Zr(x) < Zi(x) if 0<x < xy,
Zr(x) = Z1(x) if x = x4, (2.54)

Zr(x) > Z1(x) if x > x4.

Then 7o(A1) < 70(\2), where 70(J;) is the solution of equation Z;(x) = Wi(x),i =
1,2. Therefore, 179 = 170(1) is an increasing function on A. Moreover, we obtain 79 < 770(1) <
x4 because W»(190) < 0. O

Then, we have proved the following result.

Theorem 2.7. For each A > 0, the free boundary problem (2.1), where F is defined by (1.8), has a
unique similarity solution of the type

u(x,t,A)=f|:1— E(m, 1) ]

E(0(1), 1)
s(t, \) = 2ano(\)Vt,

x
<n= m <no(A), (2.55)

where
E(n,\) =erf(n) + % J’: fi(r)dr (2.56)

and 1o = 1o () is the unique solution of (2.14) with ny < 1Mo(L) < x4.
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3. Explicit Solution to a One-Phase Stefan Problem for
a Nonclassical Heat Equation with Control Function of
the Type F(u(0,t),t) = (Ao/t)u(0,t) and
a Heat Flux Condition at the Fixed Face

In this section, the free boundary problem consists in determining the temperature u = u(x, t)
and the free boundary x = s(t) with a control function F which depends on the evolution of
the temperature at the extremum x = 0 given by the following conditions:

peuy — kg, = —yF(u(0,t),t), 0<x<s(t), t>0,

u(s(t),t)=0, t>0, (3.1)

ku,(s(t),t) = —pls(t), t>0,
s(0) =0,

where the coefficient g9 > 0 characterizes the heat flux on the x = 0 [21] and the control
function F is given by (1.9).

In order to obtain an explicit solution of a similarity type, we define the same
transformation given by (2.2). The problem (3.1) and (1.9) are equivalent to the following
one:

@"(n) +2n®' (1) = AD0), 0<1<po, (3.2)
' (0) = 3, (33)

®(po) =0, (34)

& (o) =~ o, (35)

where the dimensionless parameters A and g are defined by

4y) 2
S L Y (3.6)

A pc k

s(t) = 2apo V't (3.7)

is the free boundary, where g is an unknown parameter to be determined.
From (3.2), (3.3), and (3.4), we obtain the similarity solution

O01) = 3o fert ()Gl ) st (G0 D), 0<n<m, G
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where

G(x,A) =1+ Afx fi(r)dr =1+ Aypi(x), (3.9)
0

and f; is the Dawson’s integral and ¢; is given by (2.23).
By condition (3.5), the unknown parameter p = po(A, I, ¢, q;) must be solution of the
following equation:

Aerf(x) fi(x) = %G(x, A) [exp(—x2> - cqu* x], x>0, (3.10)
0

which is equivalent to the following one:

Hy(x) = H3(x), x>0, (3.11)

where the real functions H, and Hj are defined by

Hj(x) = Aerf(x) fi(x), (3.12)

Hj3(x) = \/iEG(x, A)H;(x), (3.13)

Hi(x) = [exp(—x2> - 2l x]. (3.14)
cqy

Remark 3.1. If A =0 (i.e., Ay = 0), we have the solution

(1) = %;/5 [erf(poo) —erf(n)], 0 <1< o, (3.15)

where pq is the unique solution of the following equation:

exp(—x2> = Ci,la x. (3.16)

In order to solve (3.11), we consider properties of Dawson’s integral, error function,
and some auxiliary functions, and then we obtain the following result.
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Theorem 3.2. For each Ay < pc/2y, the free boundary problem (3.1), where F is defined by (1.9), has
a unique similarity solution of the type

u(xr £ )LO) =

q0ay'T < x ) < 4mo>
f G A 7
kG (o), drio/pey 1<\ 2avi ) oo =

—erf(‘uo()to))G< x_ 41k )]

2avt pc (3.17)
x
0< <up(lg), t>0,
2avi po(Lo)
s(t, L) = 2auo(Ao)Vt, t>0,
where po = po(\o) is the unique solution of (3.11), 0 < po(Lo) < poo-
Proof. We follow a similar method developed in Theorem 2.7. O

4. Explicit Solution to a One-Phase Stefan Problem for
a Nonclassical Heat Equation with Control Function of
the Type F(u(0,t),t) = (Ao/t)u(0,t) and
a Convective Condition at the Fixed Face

In this section, we consider a similar problem to the one given in Section 3 for a convective
boundary condition [22, 26] on the fixed face given by

peuy — kg = =yF(u(0,1),t), O0<x<s(t), t>0,

ku,(0,t) = %(u(o,t) -f)>0, t>0,

u(s(t),t)=0, t>0, (4.1)

ku,(s(t),t) = —pls(t), t>0,
s(0) =0,
where F is defined by (1.9) and hg characterizes the heat transfer coefficients [22, 26]. To solve

this problem, we consider again a similarity type solution given by (2.2). Then, the problem
(4.1) and (1.9) are equivalent to the following one:

" (1) +2n®'(17) = AD(0), 0<7<po, (4.2)
@(0) = Hy(@(0) - f), By = 220, (43)
D(po) =0, (4.4)

, 21
D' (o) = =—Ho, (4.5)
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where the dimensionless parameter A is defined by (3.6) and
s(t) = 2apoV't (4.6)

is the free boundary, where pg is an unknown parameter to be determined. We obtain the
solution

oy - MV Lerf ()G ) —erf ()Gl V)]
VT T GG, A + (g /m/2) erf (o)

, 0<n<po, (4.7)

where G(x,A) is given by (3.9). Taking into account the condition (4.5), the unknown
parameter po = po(A, 1, ¢, hj) must be the solution of the following equation:

Aerf(x) f1(x) + % erf(x)x = %G(x,/\) [exp<—x2> - %x], x>0, (4.8)

which is equivalent to

Hj(x) = Hj(x), x>0, (4.9)
where

H;(x) = Hy(x) + i erf(x)x, x>0,
’ (4.10)

. 2
H(x) = ﬁc(x, A) [exP<_x2> - h*stex], x>0,
0

and the function H; is defined by (3.12).
Similarly to the previous cases, we can enunciate the following result.

Theorem 4.1. (a) For each A <2 (Ao < pc/2y), the free boundary problem (4.1), where F is defined
by (1.9), has a unique similarity solution given by

_heaf/T erf(x/2avt) G (o (ho), 4ylo/ pc)

w0t 40) = 5 | Gy R) ext Gao(ha)) + G Gaa (o), dyh/ pe)

erf(‘uo()uo))G(x/Za\/f, o /pc>
~ (hoafVx/k) erf(uo(Mo)) + G(po(do), 4yho/pc) |

(4.11)

X

0<
2av/t

<po(Lo), £>0,
s(t, lo) = 2aug(Ao)Vt, t>0,

where po = po(\o) is the unique solution of (4.9).
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(b) Let M(x) = Af1(x) and N(x) = 2xG(x, ) be, there exists a unique solution x* > 0 of
the equation M(x) = N (x).

Foreach A > 2(Ag > pc/2y) such that M (a(A))—N(a(A)) < 2/hjSte, where 0 < a(A) < x*
satisfies M'(a(A)) — N'(a(A)) = 0,there exists a unique similarity solution to the free boundary
problem (3.1), where F is defined by (1.9). The solution is given by (4.11).
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