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1. Introduction

Consider the following generalized neural networks with arbitrary delays:
x'(t) = A(t, x(t)) [B(t, x(t)) + F(t, x1)], (1.1)

where A(t,x(t)) = diag(ai(t,x1(t)), ax(t,x2(t)),..., an(t,x,(t)),B(t,x(t)) = bi(t,x1()),
ba(t,x2(8)), ..., bu(t, xu (D)), Et,x0) = (fi(t,xe), fa(t, x0), ..., fult, x))T, filt,x:) = fi(t, xus,
X2ty e, Xnt), Xt = (xlt,th,...,xnt)T is defined by x;(0) = x(t + 0) = (x1(t + 0),x2(t + 0),
e X (B4 9))T, 0 € E, and E is a subset of R~ = (-0, 0].

System (1.1) contains many neural networks, for examples, the higher-order Cohen-
Grossberg type neural networks with delays (see [1])
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xXj(t) = —ai(xi () | bi(xi(1) = D aij (D) g (x(t) = D bij (1) gj (x (£ = 7;(t)))
= i

. (1.2)
=D D bin(t) g (xj (t =7 ())) &t — (1)) + Lt) |,
i=11=1

i=1,2,...,n,

the Cohen-Grossberg neural networks with bounded and unbounded delays (see [2])

xé(t) = —ai(t, xi(t)) [bi(t, xi(t)) - Zci]-(t)fj (x]- (t - Tij(t)))

j=1
(1.3)
= dij(t) gj<f Kij(u)x;(t - u)du) + Ii(t)], i=12,...,n,
j=1 0
the Cohen-Grossberg neural networks with time-varying delays (see [3])
x;(t) = —ai(t, xi(t)) [bi(t/ xi(8)) = () fi (x; (D))
j=1
] (1.4)
—Zdi]-(t)fj(xj (t — Tij(t))) + Il(t)] , 1=1,2,...,n,
j=1
the celluar neural networks (see [4, Page 193]):
xXi(t) = —ri(t)xi(t) + D ai (1) g (x;(t))
=1
] (1.5)

+ > bij()g(x;(t—7j(h)) + Li(t), i=1,2,...,m,

j=1

and so on.

Since the model of Cohen-Grossberg neural networks was first introduced by Cohen
and Grossberg in [5], the dynamical characteristics (including stable, unstable, and periodic
oscillatory) of Cohen-Grossberg neural networks have been widely investigated for the sake
of theoretical interest as well as application considerations. Many good results have already
been obtained by some authors in [6-15] and the references cited therein. Moreover, the
existing results are based on the assumption that demanding either the activation functions,
the behaved functions, or delays is bounded in the above-mentioned literature. However, to
the best of our knowledge, few authors have discussed the existence and exponential stability
of periodic solutions of (1.1). In this paper, by using the continuation theorem of coincidence
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degree and M-matrix theory, we study model (1.1), and get some sufficient conditions for
the existence and exponential stability of the periodic solution of system (1.1); our results
generalize and improve many existing ones.

Let A = (ai]-)nxn, B = (bif)nxn € R™" be two matrices, u = (ul,uz,...,un)T ER", v=
(01,05, ...,0,)" € R" be two vectors. For convenience, we introduce the following notations.

(i) A>0 (A > 0) means that each element a;; is nonnegative (positive) respectively,

(ii) A>B (>B) means A-B >0 (>0),

)
)
(iii) # > 0 (u > 0) means each element u; > 0 (u; > 0),
ivyu<ov (u<v)meansv-u>0 (v—u>0),

)

T
W) [ul = (ja, |zl - ., [unl) "

For continuous w-periodic function g : R — R, we denote |g| = maxoc<o|g(t)|, Cr =
C[E,R"] is the family of continuous functions ¢ = (¢1, ¢», ... ,¢n)T from E C (-o0,0] to R".
Clearly, it is a Banach space with the norm [|¢|| = maxo<i<x|$i|, where |$;| = sup,yg|pi(0)]. The
initial conditions of system (1.1) are of the form

xo=¢, thatis, x;(0) =¢i(0), O6€E, i=1,2,...,n, (1.6)

where ¢ = (¢1, 2, ..., ¢n)" € Cr. For V(t) € C((a, +0), R), let

D(t +h) - D(t) D(t +h) - D(t)

D™V (t) = lim sup , D7V(t) =lim hin(f)_T, t € (a,+o0).

h—0~
17)

Throughout this paper, we assume the following;:

(Hy) Fori=1,2,...,n, a;,b; € C[R*R], fi € C[R x Cg, R] and are w-periodic for their
first arguments, respectively, thatis, a;(t+w, u) = a;(t,u), bi(t+w,u) = bi(t,u), fi(t+
w,P) = fi(t,P) so A(t + w,u) = A(t,u), B(t +w,u) = B(t,u), F(t+w,$) = F(t, ),
forallte R, ue R", ¢ € Cg.

(H;) There exists a positive diagonal matrix A = diag(ai, ay, ..., a,) such that A(t,u) >
A, for all (t,u) € R™.

(H3) There is a positive diagonal matrix B = diag(bs, by, ..., b,) such that |B(t, u)| > Blu|,
and b;(t, u;)u; > 0 or b;(t,u;)u; <0 forall (t,u) e R, i=1,2,...,n.

(Hy) There exist a nonnegative matrix C = (¢j),,, € R"" and a nonnegative vector
D = (Dy,D,,...,D,)" such that |F(t,¢)| < C|$| + D, for all (t,$) € R x Cr, where
¢ = (1, ¢2,--., n)" €Cr, 1Dl = (1], 92, -, )

2. Preliminaries

In this section, we first introduce some definitions and lemmas which play an important role
in the proof of our main results in this paper.
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Definition 2.1. Let X(t) = (il(t),iz(t),...,fn(t))T be an w-periodic solution of system (1.1)
with initial value ¢ € Cg, if there exist two constants « > 0 and M > 1 such that for every
solution x(£) = (x1(£), x2(t), ..., xn)" of system (1.1) with initial value (1.6),

|xi(t) — %:(t)| < M||¢ - 4~>||e-“t, VE>0,i=1,2,...,n (2.1)

Then X(t) is said to be globally exponential stable.

Definition 2.2. A real matrix W = (wj;),, € R™" is said to be an M-matrix if w;; <0, i,j =
1,2,...,n, i#j,and W1 > 0.

Lemma 2.3 (see [15, 16]). Assume that A is an M-matrix and Au < d,u, d € R", then u < A™'d.

Lemma 2.4 (see [15, 16]). Let W = (wif)nxn with wij < 0, 1,j = 1,2,...,n, i#], then the
following statements are equivalent.

(i) W is an M-matrix.
(ii) There exists a positive vector 1) = (11,12, ..., Mn) > 0 such that yW > 0.
(iii) There exists a positive vector & = (é1,&o, . .. L&) " > 0 such that W > 0.

Lemma 2.5 (see [15,16]). Let A > 0 be an n x n matrix and p(A) <1, then (E, — A >0, where
E,, denotes the identity matrix of size n, so E, — A is an M-matrix.

Now we introduce Mawhin’s continuation theorem which will be fundamental in this
paper.

Lemma 2.6 (see [17]). Let X and Y be two Banach spaces and L a Fredholm mapping of index zero.
Assume that Q C X is an open bounded set and N : X — Z is a continuous operator which is
L-compact on Q. Then Lx = Nx has at least one solution in Dom L N Q, if the following conditions
are satisfied:

(1) Lx # ANx, for all (x,A) € (Dom L N 0Q) x (0,1),
(2) QNx#0, forall x € 0Q2 N Ker L,
(3) deg{JON ., 1o, QN KerL,0}#0.

Let

X=Y= {x = (x1,%2, ..., %) € C(R,R") : x(t+w) = x(t), t € R} (2.2)

with the norm defined by ||x| = maXi<i<u|x;|, where |x;| = maXe[o,w] |Xi(f)|. Clearly, X and
Y are two Banach spaces. Let x = (x1,xp,... ,xn)T € X =Y, we define the linear operator
L:DomLcX — Yas

(Lx)(t) = x'(t) = (x’l(t),x’z(t),...,x;(t))T, DomL={xeX:x' €Y}, (2.3)
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and the operators N: X — X, P: X — X, Q:Y — Y as
(Nx)(t) = A(t, x(8)) [B(t, x(t)) + F(t, x:)] := A(t, xt),

1 w
Px=Qx = ;fo x(t)dt (2.4)

_ (éf:xl(t)dt, %f:xz(t)dt,. ..,if:xn(t)dt)T.

It is not difficult to show that P and Q are continuous projectors and the following conditions
are satisfied:

Ker L=R"=Im P=Im Q,

ImL:{er:X:f:y(t)dt:O}:KerQ:Im(I—Q), (2.5)

Im Lis closed in Y, dim Ker L =#n = codim Im L.

Thus, the mapping L is a Fredholm mapping of index zero and the isomorphism J : Im Q —
Ker L is the identity operator; the generalized inverse (of Lpom rrker ) Kp : Im L — Ker PN
Dom L exists, which has the form

(Kpx)(t) = Jt)x(s) ds - éf:’[;x(s)ds dt, Vx€Im L. (2.6)

Therefore

@Nx)®) = f :A(t, x)dt,
2.7)

(Kp(I —=Q)Nx)(t) = I;A(s,xs)ds - %J‘:j;A(s,xs)ds dt + <% - é)J‘:A(s,xs)ds.

3. Existence of Periodic Solutions

In this section, we shall use Lemma 2.6 to study the existence of at least one periodic solution
of system (1.1).

Theorem 3.1. Let (H1)—(Hy) hold. Moveover, suppose that
(Hs) E - K is a M-matrix, where the matrix K = (kij), . = B~C.
then

(i) system (1.1) has at least one cw-periodic solution;

(ii) there exists a nonnegative constant & such that for all w-periodic solution x(t) =
(x1(8), x2(8), ..., xp(£)T of system (1.1), |x;(t)| <6, i=1,2,...,n.
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Proof. Clearly, QN and Kp(I — Q)N are continuous functions and for every bounded subset
Q c X, QN(Q), Kp(I - Q)N(Q), and (Kp(I - Q)Nx), x € Q are bounded. By using the
Arzela-Ascoli theorem, QN (Q) and Kp(I — Q)N (Q) are compact, therefore N is L-compact
on Q. Consider the following operator equation:

Lx=ANx, A€ (0,1). (3.1)
That is,
x'(t) = LA(t, x(8)) [B(t, x(t)) + F(t, x1)], (3.2)
or
xi(t) = Aai(t, x; (1)) [bi(t, xi (1)) + fi(t, xp)], i=1,2,...,n (3.3)

Assume that x(¢) = (x1(t), x2(£),.. ., x.(t))T € X is a solution of (3.3) forsome A € (0,1). Then,
foranyi=1,2,...,n,x;(t) are all continuous w-periodic functions, and there exist t; € [0, w],
such that

|lxi ()| = tg[})az]|x,-(t)| =l x(t)=0,i=1,2,...,n, (3.4)
from (H;), we have
bi(ti,xi(ti)) +fl~(t1-,xti) =0, i=12,...,n. (35)
It follows from (Hj3) that

biloi] < it xi(t:)] = | fi(ti, x|

n no_ (3.6)
SZci]-|x]~ti|+Di§Zci7~|x]-|+Di, i:1,2,...,n.
=1 j=1
Thus
—_ n _—
lxil <b7' > cii|xj| +b7'D;, i=1,2,...,n, (3.7)

j=1

— — T
we denote the vector d = (dy, d, ..., d,)", |x| = (|x1],|x2],. .., [xa]) , where d; = b;Y(D;i+1) >
0,i=1,2,...,n. It follows from (3.7) that

(E - K)|x| < d. (3.8)
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Since (Hs), and application of Lemma 2.3 yields
[x| < (E-K)"'d=(h,hy,...,h)" =h, (3.9)

where h satisfies the equation h = Kh + d, that is, h; = Z}Ll kijh; +d; > 0.
Take

Q:{xeX:Mdzi,i=1,2,...,n}. (3.10)

It is easy to see that Q satisfies condition (1) in Lemma 2.6.
For all x = (x1,x2,..., xn)T € 0Q NKer L, x is a constant vector in R"” and there exists

somei€ {1,2,...,n} such that |x;| = |x;| = h;, we claim that

[(QNx);| >0, so that QNx#0. (3.11)

We firstly claim that

(1) if b;(t, uj)u; > 0, then x;(QNx),; > 0,
(2) if bi(t, uj)u; <0, then x;(QNx); < 0.

We only prove (1), since the proof of (2) is similar. If b; (¢, u;)u; > 0, we have

x;i [bi(t, xi () + fi(t, x1)] > bix} — |xi] I:icij|x_j| + Di]

j=1

> bih; | hi - <Zb;lc,-,-h,- + d,->] (3.12)
! =1

= bihi h,’ - < k,’jh]’ + d,>] =0.
L\

X(QN); =@ ailt w0 [t 1)) + filt x)]de >0 (3.13)
0

Therefore

Thus (3.11) is valid.
Next, we define continuous functions H; : (QNnKer L) x [0,1] - QnKer L, i =1,2,

by

Hy(x,t) =tx+ (1-t)QNx, V(x,t) e (QnKer L) x[0,1],
3.14
Hy(x,t) =—tx+ (1-)QNx, V(x,t) e (QnKer L) x[0,1], G
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respectively. If b;(t, u;)u; > 0, from (i) we have

Hi(x,t) #0, V(x,t) € Ker L(0Qx [0,1], (3.15)
If b;(t, u;)u; < 0, from (2) we can get

H,(x,t)#0, V(x,t) € Ker L[)0Q x [0,1]. (3.16)
Using the homotopy invariance theorem, we obtain if b;(t, u;)u; > 0,

deg{JON|g ke 1, QNKer L,0} = deg{H:(-,0), QN Ker L,0}
=deg{Hi(-,1),QnKer L,0} (3.17)
=deg{x,QNnKer L,0} =1,

orif b;(t, u;)u; <0,

deg{JONlg ke 1,2 NKer L,0} = deg{H>(-,0), QN Ker L,0}
=deg{H>(-,1),QnKer L,0} (3.18)
=deg{-x,QnKer L,0} = (-1)".

To summarize, Q satisfies all the conditions of Lemma 2.6. This completes the proof of (i).

For all w-periodic solution x(t) = (x1(t), x2(t), ... xn (D)7 of system (1.1), from (3.3)-
(3.7) we have

[l <671 eyl ] + 7Dy,
j=1 (3.19)

X[ S(E-K)l'v=v=,v,..., ),

S p— — T
where v = (vl,vz,...,vn)T, lx| = (Jx1l, |2, .-, |xa]) , vi = bi‘lDi >0,i=1,2,...,n. Notes
6 = maxi<i<pVi > 0, thus |x;(t)| < 6, foralli=1,2,...,n. This completes the proof of (ii). O

From the proof of Theorem 3.1, we can easily obtain the following corollary.

Corollary 3.2. Suppose that (H1)—(Hs) hold, and D = 0 in (Hy), then system (1.1) has only one
w-periodic solution x(t) = 0.

Some special cases of Theorem 3.1 are in what follows.

Corollary 3.3. Equation (1.3) has at least one w-periodic solution, if the following conditions are
satisfied.

(Ay) Fori,j = 1,2,...,n, a;,b;,ai,bij,7j,I; : R — R are continuous w-periodic (w > 0)
functions.
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(Ap) Fori=1,2,...,n, a;j(x) are positive, and there exist a; > 0 such that a;(x) > a; > 0.

(A3) Fori=1,2,...,n, there exist b; > 0 such that

|bi(x)| > bi|x|, bi(x)x>0, or bi(x)x<0, VYxeR. (3.20)

(A4) Fori=1,2,...,n, there exist G;, pi, qi > 0 such that

|gi(x)| <Gi, |gi(x)| < pilx| + gi. (3.21)

(A5) p(K) <1, K = (kij) @ Kij = b7 ([l + [byj] + Sy (03l GDpy, i, =1,2,...,m.

Proof. It is clear that

A(t, x) = diag(ai(x1), az(x2),. .., an(xn))

> diag(ai, az, ..., a,) = A,
IB(t, x)| = (|br(x1)], [b2(22) , - ., [bu(2)])
> (bilxa], balxal, ..., blxa])

= diag(by, by, ..., by)(Ix1], 2|, ..., |xa])" = Blx|,

£t )] = | S0, (950)) + Sy (B1g; (3, (-,0))
j=1 j=t

+> > biji(t) g (¢ (=7 (1)) g1 (Pi (-7 (t))) — Li(t)

i=11=1

(3.22)

< leaii|[Pi|¢i| +a;] + Dbl [pil 951 + 45
£

j=1

+ 3> Gilbij| (pj|§;| + a;) + 1Tl

j=11=1
= Zl[|aij| + [bij] + IZ|bz‘ﬂ|GI]Pj|¢z‘|
j= =]

n n . n
+ |:|aij|+|bij|+Z|bijl|Gl]qj+|Ii|:Zcij|¢j|+Di/ i:1,2,...,n.
-1 =1

j I=1

Thus

|f(t. )| <C|¢| +D, (3.23)
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where C = (Cif)nxn € R™", D = (Dl,Dz,. . .,Dn)T, Cij = [W + Ib_ljl + Z?:l mGl]pJ >0, D; =
Z;’zl [laij] + |bij| + 2 bijilGilg; + 1Ii| > 0, i,j = 1,2,...,n. Therefore, by using Lemma 2.5 and
Theorem 3.1, we know that (1.3) has an w-periodic solution. The proof is complete. O

Remark 3.4. For [1, Equation (1.2)], 7j(t),j = 1,2,...,n are continuous differentiable w-
periodic solutions and 0 < T]f(t) < 1, this implies that 7;(t),j = 1,2,...,n are constant
functions, thus §; = 1, j = 1,2,...,n. It is not difficult to verify that all of conditions
of Corollary 3.3 are satisfied under the conditions of [1, Theorem 1] moreover the other
requirements of [1, Theorem 1] are more restrictive than ours. Therefore, Corollary 3.3
improves the corresponding result obtained in [1].

Corollary 3.5. If the following conditions are satisfied:

(B1) fori,j=1,2,...,n, cij,dij, 7ij, I : R — Rare continuous w-periodic (w > 0) functions,
a;,b; are continuous functions on R?, and are w-periodic for their first arguments,
respectively,

(By) fori=1,2,...,n, there exist positive constants a; such that a;(t,u) > a;, forall t,u € R,

(Bs) fori = 1,2,...,n, there exist positive constants b; such that |b;(t,u)| > bilu|, bi(u)u >
0 or bj(u)u<O0,forallt,ueR,

(By) there exist nonnegative constants p{ , q{ ,pf , qf such that

|fi(w)| Sp]f|u|+q{, |gi(w)] Sp]ig|u|+qf, VueRr, j=12,...,n, (3.24)

(Bs) the delay kernels K;; : [0, 0] — R satisfy

f |K,-]-(s)|ds < ki]', l,] = 1,2,...,1’1, (325)
0

(Be) p(K) <1, K = (ki)),,,,, € R™", where kij = b (lcylp] + dglksp?), i,j=1,2,...,n.
then (1.3) has at least one w-periodic solution.

Remark 3.6. In [2, Theorem3.1], the activation functions f;(u),gj(u), j = 1,2,...,n, are
required to be Lipschitzian, which implies that condition (B3) in Corollary 3.5 holds.
Therefore, Corollary 3.5 improves Theorem 3. In 2.

Corollary 3.7. Assume that the following conditions are satisfied:

(C1) cij, dij, Tij, Ii : R — Rare continuous w-periodic (w > 0) functions, a;, b; are continuous
functions on R?, and are w-periodic in the first variable,

(Cy) there exist positive constants a; such that

ai(t,u) >a;, VtueR, i=1,2,...,n, (3.26)
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(C3) there exist positive constants b; such that

|bi(t,u)| > bilu|, bij(w)u>0 or bi(u)u<0, VtueR, i=12,...,n, (3.27)

(C4) There exist nonnegative constants p;, q; such that

|fiw)| <pilul+q;, YueR, i=12,...,n, (3.28)

(Cs) p(K) <1, where K = (kij), . € R™" and kij = b*(|cij| + |dyj|)pj, i,j=1,2,...,n.
Then (1.4) has at least one w-periodic solution.
Remark 3.8. In [3, Theorem 3.1], the activation functions f;(u), j = 1,2,...,n, are Lipschitzian
(which also implies that condition (Cy4) in Corollary 3.7 holds) and the behaved functions
bi(t,u) are required to satisfy that there exist positive constants Ql., b; such that 0 <
ub;(t,u), b;lu|l < |b;(t,u)| < EiIuI forall t,u € R, i = 1,2,...,n, which are more restrictive
than that of Corollary 3.7.
Corollary 3.9. Assume that the following conditions are satisfied

(D1) Fori,j=1,2,...,n, Ij,a;j,bij, 7ij : R — Rare continuous w-periodic solution (w > 0)
functions.

(Dy) Forj =1,2,...,n, g : R — Rare continuous functions and there exist nonnegative
constants p;, g; such that

|gi(@)| <pjlvl+q;, YveR, j=1,2,...,n, (3.29)

(Ds) p(K) <1, K = (kij), . € R™" and ki; = r;*(|ag| + by Dp;, i,j=1,2,...,m,

then (1.5) has at least one w-periodic solution.

The proofs of Corollaries 3.5-3.9 are the same as that of Corollary 3.3.

4. Uniqueness and Exponential Stability of Periodic Solution

In this section, we establish some results for the uniqueness and exponential stability of the
w-periodic solution of (1.1).

Theorem 4.1. Assume that E is a bounded subset of R™, and (H1)—(Hs3) and (Hs) hold. Suppose also
the following conditions are satisfied.

(Has)' There exists a nonnegative matrix C = (Cij) 1y € R™™ such that

IF(t,¢) - F(tg)| <Clgp—ol, V(L) (L) € RxCr, @)

where ¢ = (¢1f¢z,---,¢n)T, 9= (p1¢2...,00)" €Ce -0l = (p1 — 1], Id2 — 92,
e |Pn = al) "
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(He) ai, i=1,2,...,n, are Lipschitzian with Lipschitz constants L{ > 0, and there exist a; such
that

ai(t/ u) < ai/ |ai(tl u) - ai(t/ U)l < L;'l|u - U|/ v(tl u)/ (t/ U) € Rz/ i= 1/ 2/ c.e N (42)

(Hy) Forallt,u,v € R, i=1,2,...,n, there exist positive constants L;‘b such that

[ai(t,u)b;(t,u) — a;(t,0)b;(t,v)[(u—-v) <0, i=1,2,...,n,
(4.3)
|ai(t/ u)bi(t/ u) - ai(t/ v)bi(tl U)| 2 L?blu - Ul, i= 1/ 2/ s

(Hg) Fori=1,2,...,n, set A; = maxoc<w|fi(t,0)|, and assume that E, — W is an M-matrix,
where W = (wyj), € R™", and

-1
wyj = (L - L{A:) @+ LiS)cy, LI -LIA>0,i,j=1,2,...,n. (4.4)

Proof. Obviously, (Hy)' implies (Ha), since (H;)—(Hs) hold, it follows from Theorem 3.1 that
system (1.1) has at least one w-periodic solution

X(t) = (F1(1), % (t), ..., Xu(1)” (4.5)

with the initial value (iN) = ((}l, dN)z, ... ,(I;n)T € Cg. Let
x(t) = (x1(£), x2(t), ..., xu ()" (4.6)

be an arbitrary solution of system (1.1) with the initial value (1.6), set y(¢) = x(t) — X(t). Then
fori=1,2,...,n,

yi(t) = ai(t, yi(t) + X (1)) bi(t, yi(t) + X;(t)) — ai(t, X; (1)) bi(t, Xi(t))
+a;(t, yi(t) + Xi() [fi(t ye + %) - fi(t, %) (4.7)
+ fi(t, xp)[ai(t, xi(t)) — ai(t, Xi(t))].

Thus, fori=1,2,...,n,

j=1 j=1

D |yi(t)| < -L&|y:(t)| +EiZCi]‘|yit| + L yi(t)]| [ZCij|fit| + |fi(t,0)|]
(4.8)

< —<L?b - L?Ai> lyi@®)] + (@ + L?5);Cﬁ|yit|f
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for (Hg) and Lemma 2.4, there exist a positive constant o > 0 and a positive constant vector

¢=(&,&,...,&)" > 0such that (E, - W)¢ > (0,0,...,0) . Hence

& - D wijé >0, (4.9)
j=1

where w;; = (Lfb - L?Ai)_l(ﬁi +L{6)cij, i,j=1,2,...,n. Moreover foralli=1,2,...,n,

‘(L?b - LfAz)éi + (@i + L?(S)gcijéj < <L?b - L?Ai>0- (4.10)

Since, E is a bounded subset of R™, we can choose a positive constant a < 1, such that V6 € E
n

agi+ | -(L - LfA)& + (@ + L06) Dieyge™ [ <0, i=1,2,...,m, (4.11)
j=1

and also can choose a positive constant > 1 such that

pee™®>1, YO€E, i=12,...,n (4.12)
Set, forall e >0, forallt € E,
Zi(t) = B& [Z|y,o| + g] e ™, i=1,2,...,n (4.13)
j=1

It follows from (4.11) and (4.13) that

n

D_Z;(t) = —apéi [Z lyjo| + €] e

j=1

> [— <Liab — LlaAl>§z + (El + L?(S)znlcijéje_ael ‘B [zn: |y]0| + E] e‘“t
j=1 j=1

(4.14)

= (L - Lya)&p [Z|%‘0| + 5] e
j=1

+ (ﬁi + L?6)Zci]~§je’”(9”)[5 [Zly]0| + £] , VO € E.

j=1 j=1
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Thus

n
D_Zi(t) > -(L{" - LIA) Z(t) + (@i + LE6) D cii| Zil,
j=1

where |Zj| = supyZ;(t + 0), from (4.12) and (4.13), we can get

Zi(t) = péi [Z|]/j0| +€] e > Y yjo| +e> |vit)|, VteE.

=1 j=1
We claim that
lyi(t)| < Zi(t), VE>0,i=1,2,...,n
Suppose that it is not true, then there exits some i € {1,2,...,n} and ¢; > 0 such that
lyit)| = Zit), |yiO] < Zit), ¥e<t, j=1,2,...,n.
Thus

0 < D™ (|yi(t:)| - Zi(t))
= limsup ”yi(ti * h)l - Zi(ti+ h)] - [|yi(ti)| - Zi(t;)]

h—0- h
i(ti+h)| - |yt i(ti = Z;(t;
51imsup|y( hl )| |_1/( )| —lim ian (ki + h) — Zi(t)

h—0- h h—0- h

< D7 |yi(t)| - D-Zi(t;).

It follows from (4.8), (4.15), and (4.18) that

D~ Jya(t)] < =(L§" = LEA) [yt | + (@ + LI6) iy |
j=1

n
< —<Liab — LlaAl>|Zl(t,)| + (El + L?(S)ZCZ]|Z],51| < D_Zi(ti),
j=1

(4.15)

(4.16)

(4.17)

(4.18)

(4.19)

(4.20)

which contradicts to (4.19), thus (4.17) holds. Set ¢ — 0" and M = nmaxj<i<, (& +1} > 1,

from (4.17), we have
) = 50 = ] < B3l yole ™ < pan - e < Mg - 7
i=

wherei =1,2,...,n. This completes the proof of Theorem 4.1.

(4.21)
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5. Conclusion

In this paper, a class of generalized neural networks with arbitrary delays have been studied.
Some sufficient conditions for the existence and exponential stability of the periodic solutions
have been established. These obtained results are new and they improve and complement
previously known results.
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