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1. Introduction
For p € R, the power mean M,(a, b) of order p of two positive numbers a and b is defined by

af +bP\ /P 0
M, (a,b) = < 2 >  P7D

Vab, p=0.

(1.1)

In the recent past, the power mean M, (a, b) has been the subject of intensive research.
In particular, many remarkable inequalities for the mean can be found in literature [1-11]. It
is well-known that M,(a, b) is continuous and strictly increasing with respect to p € R for
fixed a and b.

If we denote by
a\ 1/(a-b) b-
1 a_ 7 b # a/ —al b # a/
I(a,b) =4 e\b® L(a,b) = { logb—loga (1.2)

a, b=a, a, b=a,
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A(a,b) = (a+b)/2,G(a,b) = +vaband H(a,b) = 2ab/(a + b) the identric mean, logarithmic
mean, arithmetic mean, geometric mean and the harmonic mean, of two positive real
numbers a and b, respectively, then

min{a, b} < H(a,b) = M_1(a,b) < G(a,b) = My(a,b) < L(a,b)
1.3
<I(a,b) < A(a,b) = M1(a,b) < max{a,b} (13)

with equality if and only if b = a in each inequality.
In [12], Alzer and Janous established the following sharp double inequality (see also
[13, page 350]):

2 1
Miog2/1053(a,b) < 5 A(a,b) + 3G(a,b) < Maya(a,b) (14)

for all real numbers a,b > 0.
In [14], Mao proved

Mi3(a,b) < %A(a, b) + %G(a, b) < My,z2(a,b) (1.5)

for all real numbers a,b > 0, and the constant 1/3 in the left side inequality cannot be
improved.
In [15-17], the authors presented the bounds for L and I in terms of A and G as follows:

G*3(a,b)A'3(a,b) < L(a,b) < %A(a, b) + %G(a, b),
(1.6)
%G(a, b) + %A(a,b) <1I(a,b)

forall a,b > 0 with a#b.
Alzer [18] proved

\/G(a,b)A(a,b) <\/L(a,b)I(a,b) < %(L(a, b) + I(a,b)) < %(G(a, b) + A(a,b).  (1.7)

In [5], Alzer and Qiu established
aA(a,b)+ (1-a)G(a,b) <I(a,b) <pA(a,b)+ (1-p)G(a,b) (1.8)

fora <2/3,>2/e=0.73575...and a,b > 0 with a #b.

The main purpose of this paper is to present the optimal bounds for A%(a, b)L'~%(a, b)
and G%(a,b)L'"%(a,b) for all a € (0,1) in terms of the power mean M, (a,b). Moreover, two
optimal inequalities among A(a, b), G(a,b), L(a,b) and M,(a,b) are proved.
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2. Lemmas

In order to establish our main results we need two inequalities, which we present in this
section.

Lemma 2.1. Ifr € (0,1), then
g(t) = =[£+ 1023 4 (1= 27) (1020340 4 )| logt
(2.1)
+(1-7) <t(1+27)/3+2 _ %2073 L 42 1) >0
fort e (1,+00).
Proof. Let p = (1+2r)/3, gi(t) = t'7g'(t), 2(t) = g (t), g5(t) = 1Py (t), ga(t) = tPg5(h),

gs(t) = 57Pg (1), go(t) = 1P gL(t), g7 (t) = t'PgL(t), and gs(t) = 1P g, (t), then simple computation
yields

g(1) =0, (2.2)

q(t) = —[th"” +(1=-2ntP+1-2r)(p+1)t+ p] logt

+(1=r)(p+2)P = (1 =2r)t+(1-2r)7

2.3)
—(1-2nNt"P-p(1-7)-1,

81(1) = 0/

o) =-22-p)t+1A-2r(p+ )" + (1-2r)(1-p)] logt
+2(1=71)(2+p)t"* = (1 =2r)(p + 2)tF — pt'™! 0
+(Q2rp—4r-p)t-(1-2r)(2-p),

82(1) = O/

g(t) = -2 -p)t' 7 +p(p+1)(1-2r)| logt + p(1 - p)t”
+Qrp—dr+p-Ht'F —(1-2r)(1-p)t?

2.5)
+21-rQ2+p)(1+p)t- (1—2r)<p2+3p+1>,
$(1)=6p-2-4r =0,

gu(t) =-2(1-p)(2-p)logt+2(1-7r)(2+p) (L +p)t’
—p(L+p)A-2ntt+p(p-DF 2 +p(1-p)(1-2r)t"! 26

2.6

—p*-2rp* +6rp—4r+7p -8,
(1) =12p-4-8r =0,
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g0 =200~ (p+1) (p+ 2 + p(1-p2) (1 - 20}t

-22-p)(A-p)P-p(l-p)(A-2nt'7+p(p-1)(p-2),

g5(1) =2p° +2(1 - 4r)p* +4(3 -r)p — 4

(2.7)

_ 8 3 2
—2—7<—10r —15¢ +24r+1> >0,

%) =4p(p+1)(p+2)(1 - )P 4 p(l —p2>(1 - 2r)tP

-22-p)*(1-p)t-p1-p)*(1-27),
(2.8)
g6(1) = 4p® +4(1 - 4r)p* +8(3 -1)p -8

- ﬁ<—10r —15¢2 + 247 + 1) >0,
o) =4p2+p)A+p)’(1-rt-2(1-p)2-p)’t'?

+ pz (1 - p2> (1-2r),
(2.9)
g7(1) = B3-2rp* +2(9-8r)p> + 11(1 - 2r)p* +8(3 - r)p - 8

1
=5 <—32r5 — 4007* — 88873 — 41212 + 15767 + 156) >0,

gs(t) =4p(1+p)*(2+p) (1 -1)P —2(1-p)*2-p)?, (2.10)

gs(1) =2(1 - 2r)p* + 4(7 - 4r)p® - 2(3 + 10r)p* + 8(4 —1)p - 8
o (2.11)
_ 2 (_sd 4 _ 3 _ 2
= 5 1( 875 — 60r* — 8213 — 7972 + 1987 +31) > 0.

From (2.10) we clearly see that gs(t) is strictly increasing in (1,+o0). Therefore,
Lemma 2.1 follows from (2.2)—(2.9) and (2.11) together with the monotonicity of gs(t). O

Lemma 2.2. Ifr € (0,1), then

g(t) = [1’1E(1_r)/3+1 +(r =2t 4 (r - 2)t+ r] logt
(2.12)
+2(1 =) (1003 0B 1) > 0

fort e (1,+00).
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Proof. Letp = (1-7)/3, g1(t) = 1Pg'(t), ©(t) = P g (1), g3(t) = ' P g (t), ga(t) = tP*?g4(t), and

gs(t) = t17Pg)(t), then simple computation leads to

g() =0,

gi(t) = [r(p+ )t + (r =287 + p(r - 2)| logt =tV + £ 7
+Q+2p-2pr—-r)t+2pr-2p+r-2,

81(1) =0,

) =[r(p+ D+ (1-p)(r-2)]logt+ 2p +2 —rp)t’
+pr =2 —rptt +pr-2,

£(1) =0,

) =pr(p+1)logt+ (r-2)(1-p)t P +rpt P
+p(p-1) (-2t +2p* —rp* +pr+2p+r,

$1)=6p+2r-2=0,

sut) =p(p+ 1)rt" +p(1-p)(r - 2)t
—p(1=-p)(r=-2)t-p(p+1)r,

g(1) =0,

gs(t) =rp(L+p?’t+p(1-p)@- Nt +p*(1-p)(r-2),

gs(1) =2p(p* +2rp-2p +1)

_2(1-7)
27

<—5r2 +10r + 4) > 0.

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)

From (2.18) we clearly see that gs(t) is strictly increasing in (1,+o0). Therefore,
Lemma 2.2 follows from (2.13)-(2.17) and (2.19) together with the monotonicity of gs(t). O

3. Main Results

Theorem 3.1. If a € (0,1), then

Aa(a/ b)Llia(ar b) < M(1+2a)/3(a1 b)

with equality if and only if a = b, and the parameter (1 + 2a) /3 cannot be improved.

Proof. If a = b, then we clearly see that

a=A%a,b)L""%(a,b) = M124)/3(a, b) = b.

(3.1)

(3.2)
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If a #b, then without loss of generality we assume that a > band lett = a/b > 1; hence
elementary calculation yields

3/(1+2a) a 1-a
Ava by a ) = b | (004 (L)t
M1120)/3(a, b) — A%(a,b)L"(a,b) = b [< 2 2 logt '

(3.3)
Let
ft) = 1 fZa log<t(1+2“>/3 + 1) -7 +320c log2 - alog % +alog2 3.4
- (1-a)log(t-1)+ (1 -a)log(logt),
then
limf(t) =0, (3.5)
f® = HE+ 1) (E— 1)(gt§1t22a>/3 +1)logt’ (36)
where
g(t) = —[t2 + 192073 (1 ) (t<1+2“>/ 341 4 t>] log t
+(1-a) <t(1+2a)/3+2 _p2m)/3 2 1>‘ G2
From Lemma 2.1 and (3.6) we know that
f'(t)>0 (3.8)
fort € (1,+c0).
Therefore, we get
Mi420)/3(a,b) > A*(a,b)L'"*(a,b) (3.9)

for a > b that follows from (3.3)—(3.5) and (3.8).
Next, we prove that the parameter (1 + 2a) /3 cannot be improved.
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Forany 0 <e < (1+2a)/3,let0 <t <1, then (1.1) leads to

A+ 1, 1)L (F+1,1) = M(szay/a-(t+1,1)

B <1 . t>11 [ t 1-a (t + 1)(1+2u)/3—5 + 1 1/((1+2u)/3_€)
B 2 log(t+1)

2 (3.10)
_ fi(t)
[log(1 + 6] '
where
a (1+2a-3¢)/3 3/(1+2a-3¢)
filt) = <1 + %) e [(t +1) 5 i 1] [log(1 +5)]"™. (3.11)
Making use of the Taylor expansion we get
_|&p 2\|[ . 1-a
filh = |5t +o<t )] fi-e. (3.12)

Equations (3.10) and (3.12) imply that for any a € (0,1) and 0 < € < (1 + 2a) /3, there
exists 0 < 61(g,a) < 1, such that

A L1+ L1, 1+ 1) > Msaays-e(1,1+1) (3.13)

for t € (0,61). O

Remark 3.2. For any 0 < « <1 we have
My(a,b) < A%(a,b)L*"*(a,b) (3.14)

for all a,b > 0, with equality if and only if a = b, and the parameter 0 in the lower bound
cannot be improved.

In fact, if a = b, then we clearly see that My(a, b) = A%(a, b)L'"*(a,b) = a.If a#b, then
My(a,b) < A%(a,b)L'"%(a,b) follows from My(a,b) < L(a,b) < A(a,b).

Next, we prove that the parameter 0 in the lower bound cannot be improved.

For any ¢ > 0, we have

o My ((t°+1)/2)°
= A%(t, 1)L (E1) = ((£41)/2)% (- 1)/ logt) '™

A+t /2)YE(log )™ (3.15)
= lim
CE(ern/2) -t

= +o0.
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Equation (3.15) implies that for any € > 0, there exists T; = Ti(¢) > 1, such that
A*(t, 1)L7%(t,1) < M(t,1) (3.16)

for t € (Ty, +o0).

Theorem 3.3. If a € (0,1), then
G*(a,b)L""*(a,b) < M(1-)/3(a, b) (3.17)

forall a,b > 0, with equality if and only if a = b, and the parameter (1 — a) /3 cannot be improved.

Proof. If a = b, then we clearly see that
a=G"(a,b)L"*(a,b) = M(1_a)3(a,b) = b. (3.18)

If a#b, then without loss of generality, we assume that a > b, let t = a/b > 1; hence
simple computation leads to

(1-a)/3 3/(1-a) Nl
Mu_u)/a(a,b)—G“(a,le-“(a,b)=b[<%> () | e

log t
Let
3 3 t+1
_ (1-a)/3 _ _ i+l
h(t) -2 log<t + 1) - log2 — alog >t alog?2 (3:20)
- (1-a)log(t-1)+ (1 -a)log(logt),
then
}13} h(t) =0, (3.21)
: g(t)
K (t) = , .
® 2t(t - 1) (t0-0/3 + 1) log ¢ (3.22)
where
g(t) = [adf(l“")/3+1 + (a2t 0B 4 (@ - 2)t + a] log t
(3.23)
#2(1 - ) (107031 103 4 7).
From Lemma 2.2 and (3.22) we know that
Ht) >0 (3.24)

fort € (1,+c0).
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Therefore, we get
M1-a)/3(a,b) > G*(a,b)L'*(a, b) (3.25)

for a > b that follows from (3.19)—(3.21) and (3.24).
Next, we prove that the constants (1 — a) /3 cannot be improved.
Forany 0 <e < (1-a)/3,let0 <t <1, then (1.1) leads to

G*(t+ 1, 1)L (t+1,1) = M1-ay/3-(t +1,1)

1-a (1-a)/3-¢ 1/((1-a)/3-¢)
e [ ] [
log(t+1) 2 (3.26)
A0
[log(1 + )]
where
(1-a-3¢)/3 3/(1-a=3¢)
hﬂn:(1+nW2¢*“—[U+D 5 +1] [log(1 +£)]"™*. (3.27)
Making use of the Taylor expansion we get
ha(f) = gtz + o<t2>] e, (3.28)

Equations (3.26) and (3.28) imply that for any a € (0,1) and 0 < € < (1 — a)/3, there
exists 0 < 63(g,a) < 1, such that

AL+ L1, 1+ ) > Mgy s-e(1,1+1) (3.29)

fort € (0,6,). O

Remark 3.4. For any € > 0, we have

M,(t,1) ) (£ +1)/2)V¢
m = 11m
= GY(t, LI (1) t=opa2((t-1)/logt)' ™
(3.30)
(A +tE)/2) e 2 (log )
= lim T =+00
t— oo (1 _ t—l)

Therefore, (3.30) implies that inequality

Mo (a,b) < G*(a,b)L'"*(a,b) (3.31)
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holds for all « € (0,1) and a,b > 0, with equality if and only if a = b and the parameter 0 in
the lower bound cannot be improved.
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