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1. Introduction

Let p be a fixed prime. Throughout this paper Z,, Q,, C, and C, will, respectively, denote the
ring of p-adic rational integers, the field of p-adic rational numbers, the complex number
field, and the completion of algebraic closure of Q,. When one talks about g-extension, g is
variously considered as an indeterminate, a complex g € C, or a p-adic number g € C,; see
[1-14]. If g € C, then we assume |q| < 1. If g € C,, then we assume |1 - g|, < 1. For x € Q,,
we use the notation [x]q =(1-g%)/(1-¢q),and [x],L7 = (1-(-9)")/( +q); see [15, 16]. The
normalized valuation in C, is denoted by | - |, with |p|, = 1/p. We say that f is a uniformly
differentiable function at a point a € Z, and denote this property by f € UD(Z,), if the
difference quotients Fr(x,y) = (f(x) - f(y))/(x - y) have alimit] = f'(a) as (x,y) — (a,a).
For f € UD(Zy), let us start with the expression

1

> Af = > fGomg(i+pNZy), (1.1)

N
[ ]q OSf<PN 0§j<PN

representing a g-analogue of Riemann sums for f; see [15, 16]. The integral of f on Z, will
be defined as a limit (n — o) of those sums, when it exists. The g-deformed bosonic p-adic
integral of the function f € UD(Z,) is defined by

1 i
W)= [ F@d) = im i 3 0o (12)

q 0<x<dpN
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see [15]. Thus, we note that
-1
AL (f) = 1,(H) + (4= DO + 1 f O, (13)

where f1(x) = f(x+1), f'(0) =df(0)/dx.

The fermionic p-adic invariant integral on Z, is defined as

pN-1
> f) (-1, (1.4)

-1 x=0

P = [ F@dpa = im

N—oo [pN]

see [15].

In this paper, we prove an identity of symmetry for the Frobenius-Euler polynomials.
Finally we investigate the several further interesting properties of the symmetry for the
fermionic p-adic invariant integral on Z, related to the Frobenius-Euler polynomials and
numbers.

2. Some Identities of the Frobenius-Euler Polynomials

Letu(#1) € C, (or C) be algebraic. Then the nth Frobenius-Euler numbers H,, () are defined
as

Ho(u)=1, (H(u)+1)"-uH,(u)=0, ifn>1, (2.1)

with the usual convention about replacing H" (u) by H, (u).
The nth Frobenius-Euler polynomials H,,(u, x) are also defined as

H,(u,x) = i <7> X" Hy (u). (2.2)

1=0
From (1.4), we can easily derive
I1(f1) + 1 (f) =2f(0), where f,(x) = f(x +1). (2.3)

By continuing this process, we see that
n-1
La(fa) + (1)L (f) = 2D (-1 f(1),  where f,(x) = f(x +n). (2.4)
1=0
When 7 is an odd positive integer, we obtain

n-1
La(fa) + I (f) =22, (-D'F (D). (2.5)
1=0
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If n € N with n =0 (mod 2), then we have
&,
Li(fa) = 1a(f) =22,(-1)7 (D).
1=0
From (1.4) and (2.3), we derive

2 - (- q)_ 2 & N
xt XAy - = - = (= 1 .
ff P = i = g S

Thus, we note that

n 2
f xX"g*dp_1(x) = [2] —H,(-q~ b, (y+x)"qYdp-1(x) = B —H,(-q~ L x).
Zy q Zp q
Let n € Nwith n =1 (mod 2). Then we obtain
n-1 ;
21,2, (-1'q'1" = "Hu(-q "', n) + Hu(-q7").
1=0

For n € N with n =0 (mod 2), we have

,_\

q"Hu(-q7',n) = Hu(-q7") = qlz D
=0

By substituting f(x) = g*e* into (2.5), we can easily see that

nnt+

_22( 1)1 1 lt

’[ qn+xe(x+n)td‘u_1 (x) + J‘ quXtd/l_1 (x) —
Zy Zp

(2.6)

(2.7)

(2.8)

(2.9)

(2.10)

(2.11)

Let Skq(n) = Z;’:O(—l)llkql. Then Si4(n) is called the alternating sums of powers of
consecutive g-integers. From the definition of the fermionic p-adic invariant integral on Z,,

we can derive

2[, g*e*'du_1(x)
gre M dp () + | qretdpa () = '
Zp Zp J‘ZPe q dluil (X)

By (2.12), we easily see that

2

nx ,nxt —
fzpq AR =

(2.12)

(2.13)
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Let w1, w2 (€ N) be odd. By using double fermionic p-adic invariant integral on Z,, we
obtain

J‘ZpJ‘ZPe(w1x1+wzxz)tqw1x1+wzx2 d‘lzl_1 (xl)d,l/l—l (xz) 2(qwlwzewlet i 1)

= . 2.14
J'Zp ew wzxtqw1 wzxdl/Ll (x) (qw1 ewit 4 1) (quewzt + 1) ( )

Now we also consider the following fermionic p-adic invariant integral on Z,
associated with Frobenius-Euler polynomials:

ij .[Zp e(Wix1+w2x+10 wzx)tqwlxl e dy g (x1)dp- (x2) D pWiwaxt (qwl W pwiwat 4 1)

- . (215)
J’Zpewlwzxtqw1w2xdﬂ71 (x) (qw1 ewit ¢ 1) (quszt + 1)

From (2.15) and (2.12), we can derive

ZIZP gre*dp_1(x) w1
| 7, g dp (x) =

S (S ear) 219

Let

IZ IZ qw1x1+w2x2 e(w1x1+w2x2+w1w2x)td#_1 (xl )d,u—l (xz)
e

M(wl,wz)(t’ x) — (217)
J'Zpew1WZx3qu1wzx3d‘u71 (x3)
By (2.15), (2.16), and (2.17), we see that
ewlwzxt W Wy ewlwzf +1
M(wlrwz)(t, x) = (q ) (2.18)

(gt +1)(g2e™t +1)

From (2.17) we derive

M) (8, x) = <%J
7

Zj ewzxthwzxz dl/l—l (XZ)
B ) (2.19)

.er ewrwaxtguiwaxdy | (x)

R (x1 +w2x)tqw1x1 d#—l (.‘X1)> (

p
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By (2.16) and (2.19), we see that

M <1 +q < Z (-4 wlrwzx)—tl> <ZSI g (w1 — 1)—tl>
& (& /n\ Hi( - g™, wx) Y
i Z <Z <l> 1+ qwl Sn—i,qwz (w1 - 1)w1w£’ E

By the symmetry of p-adic invariant integral on Z,, we also see that

(2.20)

w1, W, = - n Hi(_ T2, wlx) i, n—i t"
M( 1 2)(t, .X') = Z<Z <1> 1q+—qwzsn—i,qm (WZ - 1)w2w1 >ﬁ/ (221)

n=0 \i=0

where H,,(—g7!, x) are the nth Frobenius-Euler polynomials.
By comparing the coefficients on the both sides of (2.20) and (2.21), we obtain the
following theorem.

Theorem 2.1. For w1, wy,n € Nwithn =1 (mod 2), w; =1 (mod 2), w, =1 (mod 2), one has

L /n\ Hi( - g%, wyx) -
Zo: (l) 1+g@ Sn-ige (w1 = wiwy™
=

(2.22)

n H( q ~ws wlx) o
; ( > 1+ g% S"—i,qw1 (ws — 1)wzw1 ,

where H,,(q, x) are the nth Frobenius-Euler polynomials.

If we take w, = 1 in Theorem 2.1, then we have

H,(-q'wix) & /n\ Hi(-q",x) i
T = g{; <l> Wsn_i,q(wl - 1)’(1)1 (223)

From (2.11) and (2.12), we derive

wywyxt ZIZ EWZXthwzxz dp1(x2)
M(wl,‘wz)(t, x) _ <e f ew1x1tq’aJ1X1d‘u1(xl)> < P >
2 Jg, [7, et g dp g (x)

EW1wZXt wix1t wix, I _w»l wzl
:< 5 Iz,,e ‘q dﬂl(x1)> (22( 1'q t)

— Z( 1)1 wzlJ‘ e(x1+w2x+(w2/w1)l)tw1qx1w1d‘u71(xl)
Zyp

(2.24)

1, wyx + (WQ/wl)l) qwzl> ﬂ

(Ha(-q7®
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From the symmetry of M @12 (t, x), we note that

© wy-1 _ gw n
M) (tx) = Z( Z (—l)lHn( q 7, ux + (ZU1/7U2)1) qwll> % (2.25)

w:
=0\ =0 L+q

By comparing the coefficients on the both sides of (2.24) and (2.25), we obtain the following
theorem.

Theorem 2.2. Let wy, wy(€ N) be odd, and let n € Z, with n =1 (mod 2). Then, one has

w1 H, (- g™, wx + (wy/wn)l w1 H,(- g™, wix + (w1 /w»)]
Z (_1)1 ( q - — >qwzl — Z (_1)1 ( q - — )qwll'
1=0 +q =0 +4q

(2.26)

By setting w, = 1in Theorem 2.2, we get the multiplication theorem for the Frobenius-
Euler polynomials as follows:

Hy(-qwx) *&
T_Z(_l)an<_q

x4 L). (2.27)
1=0

w1

Remark 2.3. By using the fermionic p-adic invariant g-integral on Z,, the symmetric properties
related to Frobenius-Euler polynomials are studied in [17]. In this paper, we have studied
the symmetric properties of Frobenius-Euler polynomials, which are different from the
symmetric properties treated in a previous paper [17]. To derive the symmetric properties
of Frobenius-Euler polynomials, we used the ordinary fermionic p-adic invariant integrals
on Z, in this paper.
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