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1. Introduction

In this paper we are concerned with the almost periodicity of solutions of the differential
equation

W (t) = Au(t) + f(t) tER, (1.1)

where A is a linear, closed operator on a Hilbert space H and f is a function from R to H.
The asymptotic behavior and, in particular, the almost periodicity of solutions of (1.1) has
been a subject of intensive study for recent decades; see, for example, [1-5] and references
therein. A particular condition for almost periodicity is the countability of the spectrum of
the solution. In this paper we investigate the almost periodicity of mild solutions of (1.1),
when A is a linear, unbounded operator on a Hilbert space H. We use the Hilbert space
AP(R, H) introduced in [4], defined by what follows. Let (-, -) be the inner product of H, and
let APy (R, E) be the space of all almost periodic functions from R to H. The completion of
APy (R, E) is then a Hilbert space with the inner product defined by

T
(8= Jim = [ (F9),5(9)ds. (12)
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First, we establish the relationship between the Bohr transforms of the almost periodic
solutions of (1.1) and those of the inhomogeneity f. We then give a necessary and sufficient
condition so that (1.1) admits a unique almost periodic solution for each almost periodic
inhomogeneity f. As applications, in Section 4 we show a short proof of the Gearhart’s
theorem. If A is generator of a strongly continuous semigroup T(t), then 1 € o(T(1)) if and
only if 2kori € 9(A) and sup, || (2kori - A7 < oo.

2. The Hilbert Space of Almost Periodic Functions

Let us fix some notations. Recall that a bounded, uniformly continuous function f from R
to a Banach space H is almost periodic, if the set {S(t)f : t € R} is relatively compact in
BUC(R, H), the space of bounded uniformly continuous functions with sup-norm topology.
Let H be now a Hilbert space with (-,-), and let || - || be the inner product and the norm in
H, respectively. Let AP, (R, H) be the space of all almost periodic functions from R to H. In
APy (R, H) the following expression

.1 (T
(8= Jim 2 [ (7). 5(0)ds @)

exists and defines an inner product. Hence, AP,(R, H) is a pre-Hilbert space and its
completion, denoted by AP(R, H), is a Hilbert space. The inner product and the norm in
AP (R, H) are denoted by (f, g) and || - || op, respectively.

For each function f € AP(R, H), the Bohr transform is defined by

T
a(A, f) = Jim % f . f(s)e™ods. (2.2)

The set
O'(f) = {AeR:a(A,f);éO} (2.3)

is called the Bohr spectrum of f. It is well known that o(f) is countable for each function
f € AP(R, H), and the Fourier-Bohr series of f is

> a(h, f)et, (2.4)

Aéo(f)

and it converges to f in the norm topology of AP(R, E). The following Parseval’s equality
also holds

”f”i&P(]R,H) = Z la(r, £)I- (2.5)

Aéa(f)

For more information about the almost periodic functions and properties of the Hilbert space
AP(R, H), we refer readers to [2, 4].
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Let W>(AP) be the space consisting of all almost periodic functions f, such that f’ €
AP(R, H). W,(AP) is then a Hilbert space with the norm

2 2 2
||f||W2(AP) = ”f”AP(R,H) + ”f,“AP(R,H)' (2.6)

Note that the W, (AP)-topology is stronger than the sup-norm topology (see [6]). We will use
the following lemma.

Lemma 2.1. If F is a function in Wo(AP) and f = F', then we have

a(\, f) = Xi-a(), F). 2.7)

Proof. If A #0, using the integration by part we have

T 1 (T i\
5T _Te f(s)ds = ﬁF(t)e . + ﬁJ_TF(s)e ds -
2.8
_FMe ™ -F(Te 1 (T
= 5T + 1Aﬁf_TF(s)e ds.
Let T — oo, and note that F(t) is bounded, we have (2.7).
If A =0, then
.1 (T . F(T)-F(-T)
a(0,f) = TlgrloﬁJ‘_Tf(s)ds = TIE&T =0, (2.9)
which also satisfies (2.7). O

Finally, for a linear, closed operator A in a Hilbert space H, we denote the domain,
the range, the spectrum, and the resolvent set of A by D(A), Range(A), 0(A), and ¢(A),
respectively.

3. Almost Periodic Mild Solutions of Differential Equations

We now turn to the differential equation
u'(t) = Au(t) + f(t), teR. (3.1)

First we define two types of solutions to (3.1).

Definition 3.1. (1) A continuous function u is called a mild solution of (3.1) if
t t
u(t) = u(0) + AJ u(s)ds +J f(s)ds, (3.2)
0 0

forallt € R.
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(2) A function u is a classical solution of (3.1), if u(t) € D(A), u is continuously
differentiable, and (3.1) holds for t € R.

Remark 3.2. The mild solution to (3.1) defined by (3.2) is really an extension of classical
solution in the sense that every classical solution is a mild solution and conversely, if a mild
solution is continuously differentiable, then it is a classical solution.

If A is the generator of a Cy semigroup T(t), then a continuous function u : R — E is
a mild solution of (1.1) if and only if it has the form (see [7])

u(t) =T(t-s)u(s) + ItT(t -r)f(r)dr, fors<t. (3.3)

We now consider the almost periodic mild solutions of (3.1). The following proposition
describes the connection between the Bohr transforms of such solutions and those of f(t).

Proposition 3.3. Suppose f € AP(R, H) and u is an almost periodic mild solution of (3.1). Then
(Xi—A)a(r,u) =a(r, f), (3.4)

for every L € R.

Proof. Suppose A is a nonzero real number. Multiplying each side of (3.2) with e and taking
definite integral from —T to T on both sides, we have

T ) T ) T . t
J e Mu(t)dt = f e My (0)dt + AI e*’)‘tJ‘ u(s)dsdt
-T T 0 (3.5)

-T
T ot

+f e”)‘t’[ f(s)dsdt.
-T 0

Here we used the fact that fZAu(t)dt = Aqu(t)dt for a closed operator A. It is easy to see that

T —i i
J‘_Tei)‘tu(O)dt =-2 H”(O)i; Tu©) (3.6)

and, applying integration by part for any integrable function g(t), we have

T t t
J‘ e’i“J‘ g(s)dsdt = e’i)‘tJ‘ g(s)ds
-T 0 0

T 1 (T .
+7f e Mg (t)dt

o Wor
(3.7)

(T T 1 (T .
= e”)‘TJ‘ g(tdt — T f g(t)dt + o f e Mg(t)dt.
0 0 -T
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Using (3.7) for g(t) = u(t) and g(t) = f(t) in (3.5), respectively, we have

1 (T e My (0) — e u(0)
5T _Te u(t)dt = - 5T

—iAT T T

+ eZT <Af0u(t)dt+fof(t)dt>
i\T -T -T

- Z—T<Af0 u(t)dt + f 0 f(t)dt>

1 T gy
+ T <AITe u(t)dt + JTe f(t)dt

=Il +12+Ig,

where
~ e—i)LTu(O) _ ei)LTu(O)
hi=- ix2T 0

asT — oo;

e~ iT T T e\ T -T -T

I, = T <Af0u(t)dt + Iof(t)dt> - o7 (Ajo u(t)dt + fo f(t)dt)
e i\T pilT
= S (1) = u(0)) = S (u(=T) ~ u(0)) — 0

asT — oo, and

L=+ iAJT -Wu(t)dnif e Mf(tdt
s=a\ar?) ¢ 2T) '

Let ur := (1 /ZT)ffTe‘i“u(t)dt. It is clear that

Tlim ur = a(\,u),

(3.8)

(3.9)

(3.10)

(3.11)

(3.12)
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and from (3.11), we have

1 ("
Aur = —A| ™
ur = 5z J‘_Te u(t)dt

1 (T .
=i\ ——| e ™Mf(t)dt
TOT) f (3.13)
1 T i\t
=iMur-L-L)- = | e™Mf)dt
r-h-h)- o . f

— ila(d,u)-a(\, f) asT — oo.

Since A is a closed operator, from (3.12) and (3.13) we obtain a(\, u) € D(A) and Au(\, u) =
ila(A, u) —a(d, f), from which (3.4) is followed.

Finally, if A = O, let ur = (1/ 2T)ﬁTu(s)ds. Then, lim;_, ur = a(0,u) and, using the
definition of u in (3.2),

T _ _ T
Aur = %AJ‘_Tu(s)ds = w - %J‘_Tf(s)ds (3.14)

— -a(0,f) asT — oo.

Again, since A is a closed operator, it implies a(a,u) € D(A) and Au(0,u) = —a(0, f), from
which (3.4) is followed, and this completes the proof. O

Note that Proposition 3.3 also holds in a Banach space. We are now going to look for
conditions that (3.1) has an almost periodic mild solution.

Theorem 3.4. Suppose f is an almost periodic function, which is in Wo(AP). Then the following
statements are equivalent.

(i) Equation (3.1) has an almost periodic mild solution, which is in W, (AP).

(ii) For every A € o(f), a(A, f) € Range(A) and there exists a series {xA})Leg(f) in H
satisfying (il — A)xy = a(\, f), for which the following holds

> lxll? < oo, 3 APl < oo (3.15)
Aea(f) Aeo(f)

Proof. (i)=(ii) Let u(t) be an almost periodic solution to (3.1), which is in W,(AP). By
Proposition 3.3, (iA — A)a(X, u) = a(\, f). Hence a(}, f) € Range(A) forall A € o(f).

Put now xy := a(A,u) for X € o(f). Then it satisfies (iA — A)xy = a(A, f). Moreover,
ilxy = a(A, u'); hence,

2 2
>l = llullp,
Ao (f)

SRl = [ ]ps
rea(f)

(3.16)

which imply (3.15).
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(ii)=(i) Let {x, }Aeg(f) be a series in H satisfying (i — A)x, = a(\, f), for which (3.15)
holds. Put

@)= > eMa(), f),

Aeo(f), [M<N

_ (3.17)
un(t) == Z eMx).
Aeo(f), NN
It is then easy to find their norms:
2
luniP= " 37 =l et = D P (3.18)
Aeo(f), [N|<N Aea(f), IMI<N

From (3.15) it implies that uy — uand u;, — vas N — oo for some function u and v in the
topology of AP(R, H). Since the differential operator is closed, we obtain u € W5, u' = v and
limy_ un = u in the topology of W, (AP). Hence, u is almost periodic. It remains to show
that u is a mild solution of (1.1). In order to do that, note uy is a classical solution of (3.1),
and hence, a mild one, that is,

un(t) = un(0) + AJ;uN(s)ds + f;fN(s)ds. (3.19)

For each t € R, we have

t

I\}ilnmj;fN(s)ds = f;f(s)ds, I\}iinooJ‘;uN(s)ds = Iou(s)ds, (3.20)

and, using (3.19),

lim A tuN(s)ds = lim <uN(t) —un(0) - Ith(s)ds>
0 T—o 0

T— o
(3.21)
t
=u(t) — u(0) —I f(s)ds.
0
Since A is a closed operator, we obtain f(t)u(s)ds € D(A) and
t t
AI u(s)ds = u(t) — u(0) —J f(s)ds, (3.22)
0 0
which shows that u is a mild solution of (1.1) and the proof is complete. O

Note that if condition (ii) in Theorem 3.4 holds, (3.1) may have two or more almost
periodic mild solutions. We are going to find conditions such that for each almost periodic
function f, (3.1) has a unique almost periodic mild solution. We are now in the position to
state the main result.
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Theorem 3.5. Suppose A is a closed operator on a Hilbert space H and M is a closed subset of R.
The following are equivalent.

(i) For each function f € Wy(AP) with o(f) € M, (3.1) has a unique almost periodic mild
solution u in W, (AP) with o(u) C M.
(ii) Foreach A € M, i\ € 9(A) and

i?ﬁ” (iA— A) || < . (3.23)

Proof. (i)=(ii) Let W2(AP) 5 be the subspace of all functions f in W>(AP) with o(f) € M.
Then W>(AP),y, is a Hilbert space by nature. Let x be any vector in H, let A be a number in
M, and let f(t) = ex. Then f € W5 (AP),), and hence, (3.1) has a unique almost periodic
solution u. By Theorem 3.4, x = a(\, f) € Range(il — A), hence (i — A) is surjective for all
A € M. On the other hand, (iA — A) is injective; otherwise, uy(t) = u(t) + e!x, where x is a
nonzero vector in H satisfying (il — A)x = 0, would be another almost periodic mild solution
to (3.1) with o(u) = o(u) € M. Hence (il — A) is bijective and il € ¢(A) forall A € M.

In W2(AP),5; we define the operator L by what follows. For each f € Wa(AP)y, L(f)
is the unique almost periodic mild solution to (1.1) corresponding to f. By the assumption, L
is everywhere defined. We will prove that L is a bounded operator by showing L is closed in
Wz(AP)|M- Let f, — fand Lf, — uin WZ(AP)|M, where

(LE) @) = (L)) + A f (L) (e)ds + fo Fu(s)ds. (3.24)

For each t+ € R, we have lim,_Lf,(t) = u(t), limNHoofgfn(s)ds = J'gf(s)ds, and
limnﬁwf(t)Lfn(s)ds = fgu(s)ds. Moreover, from (3.24) we have

Af (W) s = L) - L)O - [ fuls)ds
0 0

t (3.25)
=5 u) - u) - [ fo)ds,
0
for each t € R. Since A is a closed operator, fgu(s)ds € D(A) and
t t
AI u(s)ds = u(t) — u(0) —J f(s)ds, (3.26)
0 0

which means u is a mild solution to (3.1) corresponding to f. Thus, f € D(L), Lf = u and
hence, L is closed.

Next, for any x € H and A € M, put f(t) = eMx, then u(t) = e (2kari — A)'x is the
unique almost periodic solution to (3.1), that is, u = Lf. Using the boundedness of operator
L, we obtain

M+ D) [[6h = A7 x| = lulhaary < IENlwary = ILIGA+ DI, (3.27)
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which implies
|G = 2 x| < L el (3.28)

for any x € E and any A € M. Thus, (3.33) holds.
(ii)=(i) Suppose f is a function in W>(AP) ;. Put x, = (id - A)_la(/\,f). Then

2
> Il < sup |- )7 X fla@u 0
Aeo(f) Aeo(f) Aeo(f)

< sup|ia - A)‘1||2||f||2 < oo,
tem (3.29)

> Clal? < sup [[ia-A7 " 3 2lla, )
rea(f) Aea(f) Aea(f)

= sup| i - ) J1£1 < co.
AeM

By Proposition 3.3, (3.1) has an almost periodic mild solution in W»(AP) . That solution is

unique, since its Bohr transforms are uniquely determined by a(\, u) = (i\ - A la(y, f) for
all A € M. O

We can apply Theorem 3.5 to some particular sets for M. First, if M = R, we have the
following.

Corollary 3.6. Suppose A is a closed operator on a Hilbert space H. The following are equivalent.
(i) For each function f € Wo(AP), (3.1) has a unique 1-periodic mild solution in W,(AP).
(ii) iR C o(A) and

sup
AeR

|(m ~ A || < . (3.30)
Let now L, (0, 1) be the Hilbert space of integrable functions f from (0,1) to H with the norm

1
171 00 = [ IOl <o 331

If M = (2kzr : k € Z}, then the space Wy(AP) s becomes W, (1), the space of all periodic functions
f of period 1 with f' € L,(0,1). W, (1) is then a Hilbert space with the norm

2 2 2
”f”Wzl(l) = ”f||L2(O,1) + ”f,"Lz(O,l)' (3.32)

Corollary 3.7. Suppose A is a closed operator on a Hilbert space H. The following are equivalent.
(i) For each function f € W21(1), (3.1) has a unique 1-periodic mild solution in Wzl(l),
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(ii) Foreach k € Z, 2kimr € ¢(A) and

sup |(2km ~ A || < . (3.33)

keZ

4. Application: A Cj-Semigroup Case

If A generates a Cy-semigroup (T (t));s, then (see [7, Theorem 2.5]), mild solutions of (3.1)
can be expressed by

t

u(t) =T(t-s)u(s) + j T(t-1)f(T)dT, (4.1)

for t > s. If f is a 1-periodic function, then it is easy to see that the above solution u is
1-periodic if and only if u(1) = u(0). Hence, to consider 1-periodic solution, it suffices to
consider u in [0, 1] and in this interval we have

u(t) = T(H)u(0) + J;T(t -5)f(s)ds. (4.2)

We obtain the following results, in which we show the Gearhart’s theorem (the equivalence
(iv)e(v)) with a short proof.

Theorem 4.1. Let A generate a Co-semigroup (T(t)) on a Hilbert H, then the following are
equivalent.
(i) For each function f € L,(0,1), (3.1) has a unique 1-periodic mild solution.
(ii) For each function f € W21(1), (3.1) has a unique 1-periodic classical solution.
(iii) For each function f € W21 (1), (3.1) has a unique 1-periodic solution contained in W21(1).
(iv) Foreach k € Z, 2kzri € 9(A) and

sup
keZ

|(2k7ri — A" || < . (4.3)

(v) 1€ p(T(1).

Proof. The equivalence (iii)&(iv) is shown in Corollary 3.7, (i)&(ii) can be easily proved by
using standard arguments, (i)&(v) has been shown in [8], and (ii)=(iii) is obvious. So, it
remains to show the inclusion (iii)=>(ii).

Let f be any function in W21 (1) and let u(t) be the unique mild solution of (3.1), which
is in Wzl(l). Since for each f € W21(1), the function g(t) := IGT(t - s)f(s)ds is continuously
differentiable and g(t) € D(A) for all t € [0,1] (see [9]), to show u is a classical solution, it
suffices to show u(0) € D(A).

From the above observation and from formula (4.2), the function t — T (t)u(0) = u(t) -
i (t)T(t - 5) f (s)ds is differentiable almost everywhere on [0, 1]. It follows that T (#)u(0) € D(A)
for almost everywhere t (since t — T (t)x is differentiable at t if and only if T (t)x € D(A)).
Hence, T(1)u(0) € D(A). By formula (4.2), u(1), and thus, #(0) = u(1), belongs to D(A). The
uniqueness of this 1-periodic classical solution is obvious and the proof is complete. O
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