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1. Introduction

Let E be a real Banach space and let C be a nonempty closed convex subset of E. Recall
that a mapping f : C — C is a contraction on C if there exists a constant k € (0, 1) such that
If (x)=f W)l < kllx-yll, x,y € C. We use Z¢ to denote the collection of mappings f verifying
the above inequality. That is, ¢ = {f : C — C | f is a contraction with constant k}. Let
T : C — C be a nonexpansive mapping (recall that a mapping T : C — C is nonexpansive
if |[Tx -Ty|l < |lx-yll, x,y € C) and let F(T) denote the set of fixed points of T; that is,
F(T)={xeC:x=Tx}.

We consider the iterative scheme: for T a nonexpansive mapping, f € %¢c and a, €
0,1),

X1 = O f (X)) + (1 —ap)Tx,, n2>0. (1.1)
As a special case of (1.1), the following iterative scheme:

Zni1 = apu+ (1 — )Tz, n>0, (1.2)
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where u, zp € C are arbitrary (but fixed), has been investigated by many authors; see, for
example, Browder [1], Chang [2], Cho et al. [3], Halpern [4], Lions [5], Reich [6, 7], Shioji and
Takahashi [8], Wittmann [9], and Xu [10]. The authors above showed that the sequence {z,}
generated by (1.2) converges strongly to a point in the fixed-point set F(T) under appropriate
conditions on {a,} in Hilbert spaces or certain Banach spaces.

The viscosity approximation method of selecting a particular fixed point of a given
nonexpansive mapping in a Hilbert space was proposed by Moudafi [11] in 2000. In 2004, Xu
[12] extended Theorem 2.2 of Moudafi [11] for the iterative scheme (1.1) to a Banach space
setting by using the following conditions on the sequence {a, }:

[ee] [ee]
. . oa
lim a,, =0, Zan = oo, Z|“"+1 —ay| <o or lim —=1. (1.3)
noe pory =0 "m0 Al

For the iterative scheme (1.1) with generalized contractive mappings instead of contractions,
we refer to [13].

In 2005, Kim and Xu [14] provided a simpler modification of Mann iterative scheme
in a uniformly smooth Banach space as follows:

xo=x€C,

Yn = Puxn+ (1= Bn)Txy, (1.4)

Xn+1 = AyU + (1 - an)yn/ n>0,

where u € Cis an arbitrary (but fixed) element, and {a,} and {f,} are two sequences in (0,1).
They proved that the sequence {x,} generated by (1.4) converges to a fixed point of T under
the following control conditions:

(i) limy, o, =0, limy, .y = 0;
(i) 25Z0an = 00, ZpZoPn =
(iif) olans1 = an| < 00, 3olni1 = Pul < o0.
Recently, Yao et al. [15] considered the following modified Mann iterative scheme in a

uniformly smooth Banach space as the viscosity approximation method:

xg=x€C,
Yn = ﬁnxn + (1 - ﬁn)Txnr (15)

Xn+l = ‘xnf(xn) + (1 - ‘xn)yn/ n>0,

and proved strong convergence of the sequence {x,} generated by (1.5) under certain
different control conditions on {a,} and {f,}. In particular, their results remove the condition
> olans — an| < oo imposed on {a,, }.
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Very recently, Qin et al. [16] proposed the composite Halpern type iterative scheme in
a uniformly smooth Banach space as follows:
xo=x, ueccC,
Zn = YnXn + (1 - Yn)Txn/
Yn = ﬂnxn + (1 - ﬂn)TZm

Xpne1 = g+ (L= an)y,, n2>0,

(1.6)

and showed strong convergence of the sequence {x,} generated by (1.6) under the following
control conditions:

(i) Zfzozoan = 00,

(ii) lim, . pa, =0, lim, o, =0 and 0<a<y, forsome ac€ (0,1);
(i) Xplolans — anl < 00, 3520|Bns1 — Pul < 00, Z5lolyns1 — yul < co.

In this paper, under the framework of a reflexive Banach space having a uniformly Gateaux
differentiable norm and satisfying that every weakly compact convex subset of E has the fixed
point property for nonexpansive mappings, we consider a new composite iterative scheme
for a nonexpansive mapping T as the viscosity approximation method: for f € Xc and the
initial guess xg = x € C,

Zn = YnXn + (1 - Yn)Txnl
Yn = ,ann + (1 - ﬂn)Tzn/ (IS)

Xn+1 = anf(xn) +(1- “n)ym n>0,

where {a,}, {#.} and {y,} are sequences in (0,1). First, we prove under certain control
conditions on the sequences {a,}, {#,} and {y,} different from those of Qin et al. [16] that the
sequence {x,} generated by (IS) converges strongly to a fixed point of T, which is a solution
of a certain variational inequality. Next we study the composite iterative scheme (IS) with
the weakly contractive mapping instead of the contractions. The main results develop and
complement the corresponding results of [2, 3, 8, 9, 11, 12, 15, 16]. In particular, if §, = 0 for
all n > 0in (IS), then (IS) reduces a new viscosity iterative scheme for finding a fixed point of
T:

Zn = YnXn + (1 - Yn)Txnr
(1.7)
Xne1 = Onf (X)) + (1 —ap)Tz,, n2>0.

2. Preliminaries and Lemmas

Let E be a real Banach space with norm || - ||, and let E* be its dual. The value of f € E* at
x € E will be denoted by (x, f). When {x,} is a sequence in E, then x,, — x (resp., x, — x)
will denote strong (resp., weak) convergence of the sequence {x,} to x.
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The (normalized) duality mapping ] from E into the family of nonempty (by Hahn-
Banach theorem) weak-star compact subsets of its dual E* is defined by

Je) = {f €E": (x f) = IxIP = | £}, 2.1)

for each x € E [17].
The norm of E is said to be Gateaux differentiable (and E is said to be smooth) if

o e 1]l

t—0 t (22)

exists for each x, y in its unit sphere U = {x € E : ||x|| = 1}. The norm is said to be uniformly
Gateaux differentiable if for y € U, the limit is attained uniformly for x € U. The space E is said
to have a uniformly Fréchet differentiable norm (and E is said to be uniformly smooth) if the limit
in (2.2) is attained uniformly for (x, y) € UxU. Itis known that E is smooth if and only if each
duality mapping ] is single-valued. It is also well-known that if E has a uniformly Gateaux
differentiable norm, J is uniformly norm-to-weak” continuous on each bounded subsets of E
[17].

Let C be a nonempty closed convex subset of E. C is said to have the fixed point property
for nonexpansive mappings if every nonexpansive mapping of a bounded closed convex
subset D of C has a fixed point in D. Let D be a subset of C. Then a mapping Q : C — D'is
said to be a retraction from C onto D if Qx = x for all x € D. A retraction Q : C — D issaid to
be sunny if Q(Qx + t(x — Qx)) = Qx for all x € C and t > 0 with Qx + t(x — Qx) € C. A subset
D of C is said to be a sunny nonexpansive retract of C if there exists a sunny nonexpansive
retraction of C onto D. In a smooth Banach space E, it is well-known [18, page 48] that Q is a
sunny nonexpansive retraction from C onto D if and only if the following condition holds

(x-Qx,J(z-0x))<0, x€C, zeD. (2.3)

We need the following lemmas for the proof of our main results. Lemma 2.1 was also given in
Jung and Morales [19], Lemma 2.2 is Lemma 2 of Suzuki [20] and Lemma 2.3 is essentially
Lemma 2 of Liu [21] (also see [10]).

Lemma 2.1. Let E be a real Banach space and let | be the duality mapping. Then, for any given
x,y € E, one has

[l +y||” < Xl +2(y, j(x +v)), (2.4)

forall j(x+y) € J(x+y).

Lemma 2.2. Let {x,} and {w,} be bounded sequences in a Banach space E and let {6, } be a sequence
in [0, 1] which satisfies the following condition:

0 <liminf6, < lim sup 6, < 1. (2.5)

—
n—oo n— 00
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suppose that

Xpi1 = OpXp + (1 - 6n)wnr n>0,

. 2.6
tim sup (11~ wll = 011~ xul) <0 20
Then limy, _, |2y, — x,|| = 0.
Lemma 2.3. Let {s,} be a sequence of nonnegative real numbers satisfying
Sp+1 < (1 - )Ln)sn + )LnYn + Op, n>0, (27)
where {X,}, {yn}, and {6, } satisfy the following conditions:
(i) {Aa} € [0,1] and 370 Ay = oo or, equivalently, [T;,(1 - A,) =0;
(ii) im sup,  _yn < 00r 2721 AnYn < o0;
(iii) 6, 20 (n>0), > 06n < 0.
Then lim,, _, .S, = 0.
Recall that a mapping A : C — C is said to be weakly contractive if
[Ax - Ay[ < lx -yl -9 (llx-vl), YxyeC (28)

where ¢ : [0,+00) — [0,+00) is a continuous and strictly increasing function such that ¢ is
positive on (0,00) and ¢(0) = 0. As a special case, if ¢(t) = (1 — k)t for t € [0, +o0), where
k € (0,1), then the weakly contractive mapping A is a contraction with constant k. Rhoades
[22] obtained the following result for weakly contractive mapping.

Lemma 2.4 ([22, Theorem 2]). Let (X,d) be a complete metric space and let A be a weakly
contractive mapping on X . Then A has a unique fixed point p in X. Moreover, for x € X, { A"x}
converges strongly to p .

The following Lemma was given in [23, 24].

Lemma 2.5. Let {s,} and {y,} be two sequences of nonnegative real numbers and let {1,} be a
sequence of positive numbers satisfying the conditions:

(1) XZoAn = oo;
(ii) hmn—mo(Yn/)ln) =0.

Let the recursive inequality,

Sp+1 < Sy — )‘nqj(sn) + Yn, n>0, (29)
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be given, where g (t) is a continuous and strict increasing function on [0, +o0) with ¢(0) = 0. Then
lim,, _, S, = 0.

3. Main Results

First, we study a strong convergence theorem for a viscosity iterative scheme for the
nonexpansive mapping with the contraction.

For T : C — C anonexpansive mapping, t € (0,1) and f € 3¢, tf+(1-H)T: C — C
defines a strict contraction mapping. Thus, by the Banach contraction mapping principle,
there exists a unique fixed point x{ satisfying

xl =tf(x]) + (1-nTx/. (R)

For simplicity we will write x; for x{ provided no confusion occurs.
In 2006, the following result was given by Jung [25] (see also Xu [12] for the result in
uniformly smooth Banach spaces).

Theorem ] (see [25]). Let E be a reflexive Banach space having a uniformly Gateaux differentiable
norm. Suppose that every weakly compact convex subset of E has the fixed point property for
nonexpansive mappings. Let C be a nonempty closed convex subset of E and let T be a nonexpansive
mapping from C into itself with F(T) # 0. Then {x;} defined by (R) converges strongly to a point in
F(T). If we define Q : 2 — F(T) by

Q(f) = Jimx, feXc, (3.1)
then Q(f) is the unique solution of the variational inequality
((T=H)QUNJQ(f) -p)) <0, fEeZc, peF(T). (VI)
Remark 3.1. In Theorem J, if f(x) = u € C is a constant, then (VI) become
(Qu-u,J(Qu-p)) <0, ueC, peF(T). (3.2)

Hence by (2.3), Q reduces to the sunny nonexpansive retraction from C to F(T). Namely F(T)
is a sunny nonexpansive retraction of C.
Using Theorem ], we have the following result.

Theorem 3.2. Let E be a reflexive Banach space having a uniformly Gateaux differentiable norm.
Suppose that every weakly compact convex subset of E has the fixed point property for nonexpansive
mappings. Let C be a nonempty closed convex subset of E and let T be a nonexpansive mapping from C
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into itself with F(T) # 0 . Let {ay}, { B}, and {y,,} be sequences in (0, 1) which satisfy the conditions:

(C1) limy, —, x,, = 0, Z,Cf:olxn = 00,
(CZ) hmnﬁooﬁn =0;

(C3) 0 < liminf, e,y < lim sup, ¥, < 1.

Let f € 3¢ and the initial guess xo = x € C be chosen arbitrarily. Let {x,} be the sequence generated
by

Zn = YnXn + (1= ) Txp,
Yn = ﬁnxn + (1 - ﬂn)Tan (IS)

Xne1 = Onf (xn) + (1 —an)yn, n2>0.

Iflimy, o ||Tzy — zul| = 0, then {x,} converges strongly to Q(f) € F(T), where Q(f) is the unique
solution of the variational inequality

(T=1)Q(N)JQ(f)=p)) <0, feZc, peF(). (3.3)

Proof. We note that by Theorem ], there exists the unique solution Q(f) of the variational
inequality

((I=H)QUNIJQ(f)-p)) <0, feZc, peFD). (3.4)

Namely, Q(f) = lim;_, o+ x; where x; is defined by (R). We will show that x, — Q(f).
We proceed with the following steps.

Step 1. We show that ||x, — z|| < max{||lxo — z|[, /(1 = k)| f(z) — z||} for all n > 0 and all
z € F(T) and so {x,}, {yn}, ,{f(xn)}, {Tx,}, and {Tz,} are bounded.
Indeed, let z € F(T). Then noting that

1zn = 2l < Yallxw = 2l + (1 = yu) I T2tn = 2I| < llxn - 2], (3.5)

we have

yn = 21l = |Bwxn + (1= ) (Tzn - 2)|

< Pullacn =zl + (1= Bu) 30 = 2|l < Il = 2,

(3.6)
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which yields that

s = 21 = ln (£ () = 2) + (1= ) (s = 2)|
<an(|[fGn) = fF@| + [ f(2) = 2]]) + A = an)llxn - 2]

< ankllxn = zl| + au| f(2) = z[| + (1 = aw)l|xn - 2]

(3.7)
= (1= (1= k)an)||lxn = zll + au | f () - z||
1
< max{ lx. =z, % | f(z) - =|| }
Using an induction, we obtain
1
- 21 < max{ o =21, 2 172 - 21 (38)

for all n > 0. Hence {x,} is bounded, and so are {y,}, {z.}, {Txn}, {Tzn}, and {f(x,)}.

Step 2. We show that lim,, _, »||xp41 — ¥u|l = 0 and lim, . ||y, — Tz,|| = 0. Indeed, it follows
from condition (C1) and (C2) that

%01 = yull = @ull fn) =yl =0 (as n— o0),

(3.9)
”yn - Tzn” =Pullxn —=Tzu|| — 0 (as n— ).
Also from lim,, _, || Tz, — 24| = 0, we get
ln = zn|| < lyn = Tza|| + |T2n = zall — 0 (as n — o). (3.10)

Step 3. We show that limy,_, || X741 — X5 || = 0. To this end, set 6, = (1 — a,)y,, for n > 0. Then it
follows from (C1) and (C3) that

0 <liminf 6, < lim sup 6, < 1. (3.11)

n— oo n— o0

Define

Xni1 = Opxy + (1 — 64)wy,. (3.12)
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Observe that

_ X2 — Ont1Xns1  Xps1 — OuXp
Wn1 — Wy = -

1- 6n+1 1- 611
_ fxn+1f(xn+1) + (1 - ‘xn+l)yn+1 — Ops1Xn+1 _ “nf(xn) + (1 - “n)yn — Onxy
1- 6n+1 1- 611

()

(1 1) [Yn+1xn+1 + (1 Yn+1)Txn+1] Onr1Xne1 + (1 — aps1) (yn+1 - Zn+1)
1- 6n+1

_ (1-ay) [Ynxn + (1 - Yn)Txn] —Onxp + (1- an)(yn - Zn)
1-6,

_ <an+1f(xn+1) “nf(xn) > (1—-ap1) (1 - Yn+1)Txn+1 +(1—-au) (yn+1 - Zn+1)
- 1- 6n+1 1- 6 1- 6n+1

_ (1- an)(l - Yn)Txn +(1- an)(yn - Zn)
1-06,

_ A1 f (Xn41) ‘xnf(xn)> Ap+1 oy
= ( 16, 1-5, + (Txyy1 — Txy) 16, Txpe + 1—6nTx"
+ (1-an) (yn+1 - Zn+1) (1-a,) (yn - Zn)
1-6u41 1-06,
(3.13)
It follows from (3.13) that
lwns1 = wnll = [2ne1 — x|
an+1 An
(ol + 1Tl + T2 (UGl + 1T g4y
1-ap

T2 s = 2t + T = 2l

Since {f(x,)} and {Tx,} are bounded, by (C1), (3.10), (3.11), and (3.14) we obtain that

lim sup(||wys1 — Wyl = | X1 — x4]]) 0. (3.15)

n—oo
Hence by Lemma 2.2, we have

lim ||wy, — x,|| = 0. (3.16)
n— oo
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It follows from (3.11) and (3.12) that

;}i_{r;o”xn-ﬁ—l = x|l = 0. (3.17)

Step 4. We show that lim,, _, .- ||x, — Tx,|| = 0. In fact, from (IS) it follows that

ITxn = xull < 120 = X || + ||Xns1 = Y| + ||y = Tza|| + [1T20 = T

(3.18)
< N1otn = Xnsa |l + [|%ne1 = Y| + [y = Tza]| + (1 = y) ITxn = Xal-
So we have
Yall Totn = 2ull < [1260 = Xt |+ | X1 = Y|l + |90 = Tza|- (3.19)
Thus, from condition (C3), Steps 2, and 3, we have
HIEIQOHTX" - x| =0. (3.20)

Step 5. We show that lim sup, _,_(Q(f) — f(Q(f)), J(Q(f) — x»)) < 0. To prove this, let a
subsequence {xy, } of {x,} be such that

tim sup(Q(f) - F(QUF). J(QU) - x)) = lim (Q(F) = F(Q(N). T (QU) ~x) ) (32D

n— oo

and x,; — g for some g € E. From Step 4, it follows that lim; _, o; || 2xn; — Txy;[| = 0.
Now let Q(f) = lim;_,¢-x, where x; = tf (x¢) + (1 — t)Tx;. Then we can write

Xt = Xp; = t(f(xt) - xn)) +(1-1) (Txt - xnj>. (3.22)
Putting

aj(t) = (1- t)2nTxnj X,

(-,

+ ”Txnj — Xy,

) —0 (j = ) (3.23)
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by Step 4 and using Lemma 2.1, we obtain

? +2t<f(xt) - x"f’]<xt B x”f>>

;

< (- 17||T -

-

<(1- t)2<||Txt ~Tx,

+ ”Txnl. — Xp

+20f (x1) 1, (1= 0, ) + 28 |~ ? (3.24)
<(1- t)2||xt — X, g a;(t)
+ 2t<f(xt) - xt,]<xt - xn].>> + 2t||xt = X, ?
The last inequality implies
(3= Fe), J (3= x0,) ) < é”xt x| zlta,-(t). (3.25)
It follows that
lim sup<xt - f(xt),]<xt - xnj>> < %M, (3.26)

jooe

where M > 0 is a constant such that M > ||x; — x,||* forall n > 0 and t € (0,1). Taking the
limsup ast — 01in (3.26) and noticing the fact that the two limits are interchangeable due to
the fact that J is uniformly continuous on bounded subsets of E from the strong topology of
E to the weak™ topology of E*, we have

lim sup(Q(f) - £(Q(f)), J(Q(f) - x,) ) <0. (3.27)

jooo
Indeed, letting t — 0, from (3.26) we have

lim sup lim sup<xt - f(xt),]<xt - xni>> <0. (3.28)

t—0 j— o

So, for any ¢ > 0, there exists a positive number 6; such that for any t € (0,61),

lim sup<xt - f(xt),]<xt - xnj>> <

jooo

. (3.29)

N ™
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Moreover, since x; — Q(f) ast — 0, the set {x; — x,,;} is bounded and the duality mapping
J is norm-to-weak” uniformly continuous on bounded subset of E, there exists 8, > 0 such

that, for any t € (0, 62),

[(QUN = FQUNT(QU) ~0,) ) = (xe = f ), T (e = x2,) )|
= [(Q(N) - F QUM T(QU) = xn) = T (3 =) )
+(QUN) ~ FQUN) — (= flx), (3= x,) )|
< [{Q() = £ T (3t =x0,) = T(QF) = x,) )|
Q) - FQ(N) = (= fE) ||} - x

£
< 5
Choose 6 = min{61,6,}, we have forallt € (0,6) and j € N,

(QUN = FQRUANT(QUS) =x0,) ) < (1= f ), T (e =x0,) ) +

which implies that

lim sup(Q(f) - £(Q(f)), J(QUF) = xs,) ) < lim sup(x; = f(x1), ] (%1 = x,) ) +

j— o ]

Since limsup; _, , (x: = f(xt), J (xt — xu;)) < €/2, we have

tim sup(Q(f) - F(QUN) T (QU) ~x,) ) <&

jooe
Since ¢ is arbitrary, we obtain that

lim sup(Q(f) - £(Q(f)), J(Q(f) - x,) ) <O.

] — 00
Step 6. We show that lim,, _, o ||x, — Q(f)|| = 0. By using (IS), we have

[lxni = QUAN = llan (f (xn) = Q(f)) + (1 = @) (wn = Q) I

N ™

(3.30)

(3.31)

£ (332

(3.33)

(3.34)

(3.35)
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Applying Lemma 2.1 and (3.6), we obtain

% = QA
< (1= )|y = QAN + 2 (f (x) = Q(f), T (xtne1 - Q(f)))
< (1= an)?[ln = QU + 2an{ f () = F(QF)), T (2nsn = QUS)))
+2a,(f(Q(f)) = Q). T (xni1 = Q(£)))

) (3.36)
< (L= an)*[loen = QAN+ 2kau]| s = Q(F) [ |xns1 = QU I
+ 20 (f(Q(f)) = Q(f), J (xnir = Q(f)))
< <1 -2a, + a121> ”xn - Q(f)”z + kan(llxn - Q(f)”z + ”xn+1 - Q(f)”2>
+ 20 (f(Q(f)) = Q(f), J (xmir = Q(f)))-
It then follows that
1 = QNI
-Ka, gl
< (1- 200 Q)+ - QI
2a,
e (QU) = FQUN) TQU) = x0a)) (3:37)
2(1-k)ay, 2
(10 e e
2a,
T (QU) = FQUNTQUS) =),
where M = sup, . o[lx, — Q(f)||. Put
2(1 - k)a,
An = 1-ka, ’
(3.38)

Oy

T g M+ T Q) FQU), T(QUS) = )

From the condition (C1) and Step 5, it follows that A, — 0, 37201, = oo, and lim sup,, | y» <
0. Since (3.37) reduces to

|%ns1 = QAP < (1 = 4|0 = QA + LY (3.39)

from Lemma 2.3 with 6, = 0, we conclude that lim,,_, ., ||x, — Q(f)|| = 0. This completes the
proof. O
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Corollary 3.3. Let E be a uniformly smooth Banach space. Let C, T, {a,}, {Bn}, {yn}, f, %0, {20},
{yn}, and {x,} be the same as in Theorem 3.2. Then the conclusion of Theorem 3.2 stzll holds.

Proof. Since E is a uniformly smooth Banach space, E is reflexive, the norm is uniformly
Gateaux differentiable, and every nonempty weakly compact convex subset of E has the fixed
point property for nonexpansive mappings. Thus the conclusion of Corollary 3.3 follows from
Theorem 3.2 immediately. O

Corollary 3.4. Let C be a nonempty closed convex subset of a uniformly smooth Banach space E .
Let T : C — C be a nonexpansive mapping with F(T)#@ . Let {ay} , {Pn} , and {y,} be three
sequences in (0,1) which satisfy the control conditions (C1)—(C3) in Theorem 3.2. Then for the initial
guess xo € C and u € C, the sequence {x,} generated by (1.6) converges strongly to a fixed point of
T under the assumption lim,, _, o || Tz, — z,|| = 0

Remark 3.5. (1) In general, the condition (C3) in Theorem 3.2 and the condition >, ;|yu+1 —
Y| < oo of Qin et al. [16, Theorem 2.1] are not comparable; neither of them implies the other.
Theorem 3.2 (and Corollary 3.4) removes the conditions ;7 o|an1 — x| < 0o and 377 o[ a1 —
Pn| < oo imposed on the control parameters {a,} and {f,} of Qin et al. [16, Theorem 2.1].

(2) Theorem 3.2 (and Corollary 3.3) complements the corresponding results in
Moudafi [11], Xu [12], and Yao et al. [15]. In particular, if §, = 0 in (IS), then (IS) in
Theorem 3.2 reduces a new one for finding a fixed point of T:

Zn = YnXn t+ (]— - Yn)Txn/
(3.40)
Xpi1 = dnf(xn) + (1 —ay)Tz,, n2>0.

(3) Corollary 3.4 with f, = 0 in (IS) develops the corresponding results of Shioji and
Takahashi [8], Wittmann [9] without the condition ;7 |a,+1 — an| < oo as well as the result
of Chang [2] in which the condition lim,,_, .|| Tx, — x,|| = 0 was assumed.

Next, we consider the viscosity iterative scheme with the weakly contractive mappings
instead of the contractions.

Theorem 3.6. Let E be a reflexive Banach space having a uniformly Gateaux differentiable norm.
Suppose that every weakly compact convex subset of E has the fixed point property for nonexpansive
mappings. Let C be a nonempty closed convex subset of E and let T be a nonexpansive mapping
from C into itself with F(T) #0. Let {a,}, {Pn}, and {y,} be sequences in (0,1) which satisfy the
conditions (C1)—(C3) in Theorem 3.2. Let A : C — C be a weakly contractive mapping and let
xo € C be chosen arbitrarily. Let{x,} be the sequence generated by

Zn = YnXn t (1 - Yn)Txn/
Yn = ﬂnxn + (1 - ﬂn)Tzn/ (341)

Xn41 = OnAxy + (1 - )y, n2>0.

Iflim, o, ||Tz, — 24| = 0, then {x,} converges strongly to Q(Ax*) = x* € F(T), where Q is a sunny
nonexpansive retraction from C onto F(T).
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Proof. It follows from Remark 3.1 that F(T) is the sunny nonexpansive retract of C. Denote
by Q the sunny nonexpansive retraction of C onto F(T). Then Q o A is a weakly contractive
mapping of C into itself. Indeed,

[Q(Ax) - Q(Ay) || < [|Ax - Ay[| < [x =yl - ¢ (Ix - ¥l}), vVxyeC (3.42)

Lemma 2.4 assures that there exists a unique element x* € C such that x* = Q(Ax*). Such a
x* € Cis an element of F(T).
Now we define an iterative scheme as follows:

Up = YnWn + (1 - Yn)Twn/
Up = ﬁnwn + (1 - ﬁn)Tun, (3.43)

Wp1 = 0 AX* + (1 —ay)v,, n>0.

Let {w,,} be the sequence generated by (3.37). Then, by taking u, as z, inlim,, _, »||Tz, — z,|| =
0, Theorem 3.2 with f = Ax* a constant assures that {w, } converges strongly to Q(Ax*) = x*
asn — oo. For any n > 0, observe that

lyn = vnl < Bullxn = wall + (1 = Bu) I Tz — Tuty|
< Bullxn = wnll + (1 = Bu) 120 — wa|
< Bullxn — wall + (1= Bu) |ynxn + (1= 1) Txn — (yuwn + (1 = yu) Twy) || (3.44)
< Pullacn = wull + (1= Bu) [yalln = wnll + (1 = yn) ll2xn — wul[]

= ||lxn — wall

Then we have

X041 = Waall < anllAxy = Ax*|| + (1= ) || yn — 0|
< an([[Axy — Awy|| + [|Awy, — Ax7|)) + (1 = an) X0 — wa|
< ayl|xn = Wl = ang (||, — wall) + an (lwy — x*|| = g (llw, — x*[)))  (3.45)
+ (1= an) 2y — wnll

< loxn — w|| - an‘lf(”xn —wy||) + anllw, — x*||.

Thus, for s, = ||x, — w,l||, we obtain the following recursive inequality:

Sn+1 < Sp — Antp(Sn) + apl|wy, — x| (3.46)
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Since ||lw, — x*|| — 0, it follows from Lemma 2.5 that lim,, _, ,||x, — wy|| = 0. Hence

Tim ||, = x| < Tim ([l — @] + [ - x°[) = 0. (3.47)

This completes the proof. O

Corollary 3.7. Let E be a uniformly smooth Banach space. Let C, T, A, xo, {an}, {Bn}, {yn}, {20},
{yn}, and {x,} be the same as in Theorem 3.6. Then the conclusion of Theorem 3.6 still holds.

Remark 3.8. (1) Theorem 3.6 (and Corollary 3.7) develops and complements the correspond-
ing results in Moudafi [11], Qin et al. [16], Shioji and Takahashi [8], Wittmann [9], Xu [10, 12],
and Yao et al. [15].

(2) Even in the case of 8, = 0 in Theorem 3.6, Theorem 3.6 appears to be independent of
Theorem 5.6 of Wong et al. [13] in which the control conditions (C1) and Y ;7 |@tn.1 — au| < 0
were utilized. In fact, it appears to be unknown whether a reflexive and strictly convex space
satisfies the fixed point property for nonexpansive mappings.

(3) The merits of our results in this paper are that fewer restrictions are imposed on
the control parameters {a,}, {f.}, and {y,}. All of our results can be viewed as a supplement
to the results obtained by Qin et al. [16], Kim and Xu [14], and Yao et al. [15].

(4) The conclusions of Theorems 3.2 and 3.6 still hold if E is assumed to be strictly
convex instead of having the fixed point property for nonexpansive mappings.
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