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1. Introduction

Initiated by Hilger in his Ph.D. thesis [1] in 1988, the theory of time scales has been improved
greatly ever since, especially in the unification of the theory of differential equations in the
continuous case and the theory of finite difference equations in the discrete case. For the time
being, it remains active and attracts many distinguished researchers’ attention. The reason is
two sided. On the one hand, the calculus on time scales not only can unify differential and
difference equations, but also can provide accurate information of phenomena that manifest
themselves partly in continuous time and partly in discrete time. On the other hand, it is also
widely applied to the research of biology, heat transfer, stock market, wound healing and
epidemic models [2-6], and so forth. For instance, Hoffacker et al. have used the theory to
model how students suffering from the eating disorder bulimia are influenced by their college
friends. With the theory on time scales, they can model how the number of sufferers changes
during the continuous college term as well as during long breaks [5]. Hence, the dynamic
equations on time scales are worth studying theoretically and practically [3, 5, 7].
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Here and hereafter, we denote ¢, (u) is p-Laplacian operator, that is, ¢, (u) = lulP2u
for p > 1 and ((pp)’1 = (g, where 1/p +1/q = 1. We make the blanket assumption that 0, T
are points in T, by an interval (0, T) we always mean (0, T) N T. Other types of interval are
defined similarly.

Recent research results indicate that considerable work has been made in the existence
problems of solutions of boundary value problems on time scales, for details, see [8-16] and
the references therein. In particular, some of them are considered the existence of positive
solutions of p-Laplacian boundary value problems on time scales, see [17-22]. The main tools
used in these papers are the various fixed point theorems in cones. Very recently, when the
nonlinear term f is allowed to change sign, Su et al. [23-25] proved the existence of positive
solutions to p-Laplacian dynamic equations with sign changing nonlinearity on time scales.

Motivated by references [23-25], we consider the following m-point singular p-
Laplacian boundary value problem on time scales of the form

(oo (12 ®)) + a0 f(tu®) =0, €Oy, (1)
u(0)=0,  w(T)= Z(pi(uA(gi)), meN, (1.2)
i=1

where f(t,u) : (0,T); x (0,00) — R is continuous and ¢; : R — R are continuous,
nondecreasing and ¢; may be nonlinear, 0 < ¢; < & < -+ < ¢, < T. The singularity may
occur at u = 0, t = 0 and t = T, and the nonlinearity is allowed to change sign. In particular,
the boundary condition (1.2) includes the Dirichlet boundary condition. We obtain some new
existence criteria for positive solutions of the boundary value problem (1.1) and (1.2) by using
the upper and lower method. Our results are new even for the corresponding differential
(T = R) and difference equations (T = Z), as well as in general time scales setting. As an
application, an example is given to illustrate these results. In particular, our results improve
and generalize some known results of Agarwal et al. [26], O'Regan [27] (p = 2) and Lii et al.
[28] when T = R; include the results of Lii et al. [29] when T = R; extend and include the
results of Jiang et al. [30] in the case of T = Z.

For the convenience of statements, now we present some basic definitions and lemmas
concerning the calculus on time scales that one needs to read this manuscript, which can be
found in [3, 7]. One of other excellent sources on dynamical systems on time scales is from
the book in [31].

Definition 1.1 (see [3, 7]). A time scale T is a nonempty closed subset of R. It follows that the
jump operators o,p : T — T defined by

ot)=inf{reT:1>t}, p(t) =sup{T €T : 7 <t} (1.3)

(supplemented by inf @ := supT and sup @ := infT ) are well defined. The point t € T
is left-dense, left-scattered, right-dense, right-scattered if p(t) = ¢, p(t) < t, o(t) =t, o(t) > t,
respectively. If T has a right-scattered minimum m, define Ty = T-{m}; otherwise, set T, = T.
If T has a left-scattered maximum M, define T* = T—{M}; otherwise, set T* = T. The forward
graininess is y(t) := o(t) — t. Similarly, the backward graininess is v(t) := t — p(f).



Abstract and Applied Analysis 3

Definition 1.2 (see [7]). We say that a function f : T — R is right-increasing at a point t, €
T\ {max T} provided the following conditions hold.

(i) If to is right-scattered, then f(o(tp)) > f(to).

(ii) If ¢y is right-dense, then there is a neighborhood U of ¢, such that f(t) > f(t) for all
t e U with t > t.

Similarly, we say that f is right-decreasing if above in (i), f(o(tg)) < f(to) and (ii), f(t) <
f (to).

Definition 1.3 (see [3]). A function f : T — R is called predifferentiable with (region of
differential) D provided the following conditions hold:

(i) f is continuous on T;
(ii) D C T%;

(iii) T* \ D is countable and contains no right-scattered elements of T;

)
)
)
(iv) f is differentiable at each t € D.
Next, we list some lemmas which will be used in the sequel.
Lemma 1.4 (see [3,7]). Suppose f : T — R isa function and let t € T*, then one has the following:
(i) If f is differentiable at t, then f is continuous at t.
(ii) If f is continuous at t and t is right-scattered, then f is differentiable at t with

fle®) - f() _ flo®) - f(O

A = o) D (1.4)
(i) If f is right-dense, then f is differentiable at t if and only one the limit
im = 520 ()
exists as a finite number. In this case
A = llg}]%ﬁ(s) (1.6)
(iv) If f is differentiable at , then
flo(t) = f(B) +pt) fA (1) = f(1) + (o(t) = ) fA(H). (17)

Lemma 1.5 (see [7]). Suppose f : T — Ris differentiable at ty € T\ {maxT}. If f assumes its local
right-minimum at to, then f2(to) > 0. If f assumes its local right-maximum at to, then f*(tp) <O0.
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Lemma 1.6 ((Mean Value Theorem) [7]). Let f be a continuous function on [a,b] that is
differentiable on [a, b). Then there exist &*,T* € [a, b) such that

f() f()

fAI) S == < FRE. (1.8)

Lemma 1.7 (see [3]). Suppose f and g are pre- dijj’erential with D. If U is a compact interval with
endpoints r,s € T, then |f (s) = f(r)| < {sup,cyerprrl f2 ()|} s = 7.

Now, we can obtain the following lemma which is similar to Lemma 1.7. The proofs
are similar to the proofs of Lemma 1.7 by a slight modification and we omit the proofs.

Lemma 1.8. Suppose f(t,u) and g(t,u) are predifferential with D x (0,+o0). If U is a compact
interval with endpoints r,s € T, then |f(s,u) — f(r,u)| < {sup,cenprrlf2(EW}s — 7|, here
D cT*.

Throughout this paper, it is assumed that
(H1) f(t,u):(0,T)p x (0,00) — R is continuous;
(H2) g € C((O T)r, (0,00)) and g € C}5[0, T

(H3) ¢si : R — R are continuous and nondecreasing, herei =1,2,...,m.

2. Existence Results

Define the Banach space B = C[0, T'] with the norm ||y|| = supte[olT]le(t)L

To demonstrate existence of positive solutions to problem (1.1) and (1.2), we first
approximate the singular problem by means of a sequence of nonsingular problems, and
by using the lower and upper solution for nonsingular problem together with Schauders
fixed point theorem, and then we establish the existence of solutions to each approximating
problem. Our results are new even for the corresponding differential (T = R) and difference
equations (T = Z), as well as in general time scales setting. If we consider the corresponding
differential equation (T = R) of problem (1.1) and (1.2) in the method mentioned above, we
obtain the same existence results to problem (1.1) and (1.2). In the same way, we consider the
corresponding difference equation (T = R) of problem (1.1) and (1.2), we obtain the same
existence results to problem (1.1) and (1.2). Here, the two same existence results are obtained
in different settings by using the essentially same method. Naturally, it is quite necessary
to consider the existence results to problem (1.1) and (1.2) in same setting. In this case,
we need to solve the problem with the help of calculus on time scales, because it not only
can unify differential and difference equations, but also can provide accurate information of
phenomena that manifests themselves partly in continuous time and partly in discrete time.
For example, we can consider the problem (1.1) and (1.2) on time scales

Tz{O}U{(%)N}U [%1] u[2,3]. (2.1)

However, if t is taken from (2.1), we cannot study the problem (1.1) and (1.2) only in
differential case, neither can we study the problem (1.1) and (1.2) only in difference case.
Now we state and prove our main result.
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Theorem 2.1. Let ny € {1,2,...} be fixed. Assume that (H1)-(H3) hold and the following conditions
are satisfied.

(Al) For each n € {ng,np + 1,...} = Ny, there is a constant p, such that {p,} is a
strictly monotone decreasing sequence with lim,_,.p, = 0, and q(t)f(t,pn) > 0 for
te[1/2"1, Ty,

(A2) There exists a function a € C[0,T]y N C2(0,T]y, ¢p(a®) € CY(0,T)y with a(0) =

0, a(T) - T ga(@® (&) < 0, a > 0on (0,T]y and ~(pp(a®))” < q(t)f(t,a) for t €
(O/T)']l';

(A3) There exists a function p € C[0,T]y N C2(0,T]y, ¢p(B*) € CY(0,T)y with p > a, p >

P for t € [0,T) and B(T) — S2gn(B (&) > 0, with ~(p,(B*)” > q(t)f (8, f) for
L€ (0,T)g, and (g, (B*)" 2 q(t) f(1/27, ) for t € (0,1/2).

Then the boundary value problem (1.1) and (1.2) has a positive solution u € C[0,T]y N
C2(0,T]y, @p(u?) € CY(0,T)g withu > a for t € [0,T]y.

Proof. 1t follows from the condition (A1) that 1/2"*! € (0, T]; for each n € Ny. That is, (0, T]
is not empty. Without loss of generality, fix n € Ny. If §; > 0, then we can suppose that
minge, 11, a(t) > pu, let t, € (0,&1) be such that

a(ty) =pn, a<p, fortel0t,]r. (2.2)
If ¢ = 0, then we can suppose that minep, 11, a(t) > pn, let t, € (0,&2)7 be such that (2.2)

holds. Define

n  if t € [0, ty] g,
a,(t) = P ’ here a(t,) = pn. (2.3)
a iftelt, Tl

We denote e, = [1/2", ]y, wn(t) = max{1/2"*1,t} for t € [0,T]; and
fu(t,x) = max{f(t,x), f(wn(t),x)}. (24)
Define a sequence hy, (£, x) = fy, (t, x) and
hu(t,x) = min{ fy, (£, x),..., fu(t,x)}, n=ng+1,n9+2,.... (2.5)

Then

ft,x) < <hpya(t,x) <hy(t,x) < < hyy(t,x)  for (¢,x) € (0,T)p x (0,00),
2.6
ha(t,x) = f(t,x) for (t,x) € e, x (0, ). 20
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Consider the p-Laplacian boundary value problem
v
<<,o,, (uA(t)>> +q(Dk; (tu() =0, te(0,T)y,

u(0) = Proys u(T) Z‘I’l ( A(él ) = Pnos

where

hn[)(tl Lo (t)) + T(dno(t) - u(t)), u(t) < aﬂo(t)r
o, (8, u(8)) = § b (8, u(t)), an, (t) Su(t) <p,
huo (8, B()) +7(B(E) —u(t),  u(t) 2P,

gi(a® (&), zi < ah (&) = ab(&),
o (zi) = § yi(zi), ah (&) <z <PA(&), i=1,...,m,
wi(BA(&)), zi>P(&),
and r : R — [-1,1] is the radial retraction function defined by

u, |ul<1,

r(u) = u
—, |u|>1.
|ul

Suppose

Col0,T]y = {u € C[0,T]; : u(0) =0} CA [0,T]y = {u € CA[0, Ty : u(0) = pno}.

We define the mappings L,; F : Cﬁno [0,T]y — Col0,T]; x R be such that
Lou(t) = (9, (12 (1)) - 9 (u*(0)), w(T)),

Fu(t) = < fq(x)h (x, u(x)) Vx, an( 2(&) )+pno>-

(2.7)

(2.8)

(2.9)

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)

By using the Arzela-Ascoli theorem on time scales [2], we can show that F is continuous and

compact. By using the (2.7), (2.8), (2.13) and (2.14), we obtain

(00 (u*®) = pp (u* @), (D)) < fq(X)hnO x,u(x))Vx, zq:,( (&) )+pno>,

(2.15)
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that is
Lyu(t) = Fu(t). (2.16)

If

T
Lyv=(uy) forueCol0,Tly,  y=pn+ f g (u(x) —u(T))Ax, (2.17)
0

then v(t) = py, + [ g% (u(x) —u(T))Ax, hence L;l exists and is continuous. So
u(t) = L,' Fu(t). (2.18)

It is clear that solving the boundary value problem (2.7) and (2.8) is equivalent to finding
a fixed point of u = L,'Fu = Nu, where N = L,'F : Cﬁno [0,T]; — Cﬁno [0, T]y is compact.
Schauder’s fixed point theorem guarantees that the boundary value problem (2.7) and (2.8)
has a solution u,, (t) € CA[0, T]; with ¢, (u5 (t)) € CY(0,T)y.

We first show that

Ay, (1) < uyy(t) for t € [0,T]y. (2.19)

If (2.19) is not true, the function uy, () — a,, (t) has a negative minimum for some 7 € (0, T].
We consider two cases, namely, 7 € (0,T)r and 7 = T.

Case 1. Assume that 7 € (0, T)y, then we claim

(¢ <”ﬁo>>v () 2 (pp <a?‘m))v (7). (2.20)

Since uy, (t) — ap, (t) has a negative minimum for some 7 € (0, T)r, in view of Definition 1.2,
Lemmas 1.4 and 1.5, we have uﬁo (t) - aﬁo (1) > 0 and there exists a 6 with 7 - 6 € [0, T)y such
that u3 (t) — ah (t) <0 for t € [T — 6,7)1. Thus

Pp <uﬁ0(t)> - (rxﬁo(t)> < ¢p (urAm(T)> —-¥p <0c,AlU (T)) forte[T-06,7T)r, (2.21)

which leads to

Pp (”ﬁo(t)) ~Pp (”50(7')) S Pp (“30(75)) ~Pp (“ﬁO(T))

_ 2.22
- P forte[rt—-06,7)p. (2.22)
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If 7 is left-dense, in view of Lemma 1.4

(1)) 0= tim OO ()

T-6,T) =T t—1
> m ? (e, () = tpp(ap, (7)) (2.23)
te[r-6,1) > 1 t—-71

= (w(e)) @

If 7 is left-scattered, by Lemma 1.4 and (2.22) we obtain

A _ A
(i (1)) ) = 2™ g <) (p())

. #r(@n () — gp(an, (p(7)) (2.24)
. )

= (ps(a)) @),

Hence, (2.20) is established.
However, by (2.3), (2.9) and u,,(T) < &y, (T), we obtain

(0 (5:0))" = ()

=- [q(r)hn0 (7, &y (7)) + q(T)7 (0 (7) = 1 (7)) + (‘/’p <“ﬁo (T)>>V] (2.25)

i {—[q(r)hmw(r)) +4(M)r(@(m) = 1, (1) + (9(@*())"], 7€ [tny Dy,
- [q(T)tho (T’ Pflo) + q(T)r(P"O - u‘rlo (T)>]’ T € (Or tTlo)T‘

Assume that T € [1/2™*1, T], then gy, (7, x) = (7, x) for x € (0,0), by (A1) and (A2),
we have

(0n(:0))" = ((ahm))”

i {—[q(ﬂf(w(r)) +q(1)r(@(r) = s, (1) + (9 (@ ())"], 7 € [tn, D,
_[q(T)f(T'pno) + q(T)r(pno - uno (T))]' TE (O' t"o)'Jl‘/

<0,

(2.26)

which implies a contraction.
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Assume that 7 € (0,1/2™*), then hy, (7, x) = max{f(1/2"*,x), f(t,x)}, in view of
(Al), (A2) and g(7) > 0, we have

(oo (u2,)) " = (o (at0))"

e f (@ a) + 4@ - @) + (o @ @) ], 7€ b, T,
(2.27)

IN

€ (0/ t‘rlo )’JI"

|ams (G pm ) + 40 o = w20

<0.

which implies a contraction.

Case 2. Assume that 7 = T. That is, a,,, (T) —u,,(T) > 0, by (2.3), (2.8) and (2.10) together with
a(T) < 3 wi(a®(é)), we have the following three subcases.
(a) If uh (&) < a®(&) fori=1,2,...,m, then
0< ano(T) - un[)(T)
m
= a(T) = Y97 (u, &) = pug

i=1

(2.28)

S @) - S (@)
i=1 i1
= St @) - (@) =0

i1 i1
this is a contradiction.

(b) If a® (&) < uﬁo(éi) fori=1,2,...,m. Assume that uﬁo (&) <pA(&) fori=1,2,...,m
then

S (@) = Do (ub @) (2.29)
i=1 i=1
Assume that 2 (¢;) < ul (&) fori=1,2,...,m, then

S (1, @) = S (5 @), (2.30)

i=1

Assume that there exist sequences {iy} = {1,2,...,11} and {ir,} = {1,2,...,ki} such
that ﬂA (‘;iz1 ) < uﬁg (‘;iz) and uﬁo (éik] ) < ﬂA (éik] )r here I + ki = m, then

S (@) = S, ((6)) + S (7 (8.) oo

Ikl =1 ill =1
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Hence, by (2.29), (2.30) and (2.31) together with the monotonicity of ¢;, we have
0 < any(T) =ty (T)

=a(T)- Dyt (uﬁo (§i)> = Pro (2.32)
i=1 .

< iqﬁ (aA(éi)> - iqf;‘ <uﬁ‘lo (gi)) — Py <0,
i=1 i1

this is a contradiction.

(c) If there exist sequences {i;} = {1,2,...,1} and {ix} = {1,2,...,k} such that a®(¢;) <
ufy (&) and up, (&) < a®(&;,), here I+ k = m. Essentially the same reasoning as before we have
0 < an(T) =y, (T) = a(T) - Z;’z'lq;;‘(uﬁo (&i)) — pn, <0, this is a contradiction.

Thus, Cases 1-2 imply (2.19) is established. In particular, since a(t) < ay,,(t) for t €
[0, Ty, we obtain a(t) < ay, (t) < uy,(t) for t € [0,T]y.

Essentially the same reasoning as the proof of inequality (2.19) we obtain u,,(f) <

pfor t € [0, T]y.
Hence

a(t) < ap(t) < upy(t) < P(t) fort e [0,T]y. (2.33)

Now, we discuss the boundary value problem

(o (ﬁ(t)))v g, (Lu(t) =0, te(0,T)y,

m (2.34)
w(0) = pryr,  w(T) = D457 (u* (&) = g,
p
where
gt (£ Qo1 () + 7 (@ne1 (£) —u(h),  u(f) < angaa (£),
h:lmq (tu(t) = Rug1(t, u(t)), Angs1 (£) S u(t) <y, (t),
h"0+1 (t' Unp, (t)) + r(uno (t) - u(t))/ u(t) > Un, (t)r
(2.35)

‘I’i(“A(éi))/ z; < lxﬁ(ﬁ.l(éi) = a’(&),
w7 (zi) = § ¢i(zi), ap (&) <zisup (&), i=1...,m
i(un (&), zi > up (&),

Schauder’s fixed point theorem guarantees that the boundary value problem (2.34) has a
solution w41 (t) € C2[0, T]y with @, (uy, ,, (£)) € CY (0, T)y.
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Essentially the same reasoning as the proof of inequality (2.33), we have

a(t) < apyr1 () < upyr1 () <upy(t) forte[0,T]y. (2.36)

If there exists uy(t) for some k € {ng + 1,19 +2,...} satisfying ax(t) < ur(t) < ug-1(t)
for t € [0, T]. Then we investigate the boundary value problem

(9 ()))T + gt (Lu(t) =0, te(0,T)y,

m (2.37)
u(0) = prt, u(T) = 27 (&) = pron,
where
his1(t, ar1 () + (e () —u(t)), u(t) <aga(t),
h ., (u(t)) = § hea(t u(t)), aks1 () S u(t) <u(t),
hiea (8, ui(8)) + 7 (ui(t) — u(t)), u(t) > ux(t),
(2.38)

gi(at (&), zi<ap, (&) =a(&),
o7 (zi) = § wi(zi), ap, (&) <z <ug(y), i=1,...,m

‘PiA(uk(é)), zi > ur (&),

It follows from Schauder’s fixed point theorem that the boundary value problem (2.37) has a
solution g1 () € CA[0, T with ¢ (ug,, (£)) € CY(0,T)y.
By using the similar arguments as above, we have

a(t) < aps (t) < g (t) Sur(t) fort e [0,T]y. (2.39)
Hence, for each n € {ng,ny + 1, ...}, the mathematical induction implies that
a(t) <au(t) Suy(t) Sup1(t) <--- <uy(t) <P(t) fort € [0,T]y. (2.40)
Denote

Ry, = sup{ |f(ty)|:te [%,T] K a(f) <y < uno(t)}. (2.41)

It follows from Lemma 1.6 that there exist 7}, 7; € [1/2™*!, T), satisfy

un(T) _ un(1/2n0+1>

e U (). (2.42)

uy (17) <
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From (2.42), we have

r (1 9) = g (1

t
ui () - [ _a(s)f(s,u(s) Vs

1y (T) — up, (1/2m041) T 1
< T_1/2m0 +Rn0f q(s)Vs forte [W’T] K

1/2n0+1
(2.43)

<u (t) pplU (T5)> —jt*q(s)f(s,u(s))vs

Uy (T) = up (1/2M0°%1) T 1
> ‘Pp( T _1/2m+ - Rngf q(s)Vs forte [2 +1,T]T.

1/2n0+1

So there exists a positive number Ky such that [u5 (t)| < Ko. By Lemma 1.8, we have

{tn(t) }in,+1 i @ bounded, equicontinuous family on t € [ (2.44)

1
2n0+1 4 T] :
T

The Arzela-Ascoli theorem on time scales [2] guarantees the existence of a subsequence N,
of integers and a function z,,(t) € C[1/2™*!, T]; with u,(t) converging uniformly to z,, (f)
on [1/2™*1 T]; asn — oo through N,, . Similarly

1
{un(t)} ;2,41 is @ bounded, equicontinuous family on t € [W' T] . (2.45)

Thus there is a subsequence N, .1 of N, and a function z,.1(f) € C[1/2"*2,T]; with
u,(t) converging uniformly to z.1(f) on [1/2*2,T]; as n — oo through N, 1. Since
Nps1 € Ny, we have z,.1(t) = z,(t) on [1/2™] T];. Proceed inductively to obtain
subsequence of integers N,,; 2 N, 4,1 2 --- 2 N, D -+ and functions z(t) € C[1/2"},T],
with u, () converging uniformly to z,(t) on [1/2™!,T]; asn — oo through N, and z,(t) =
Zn-1(t) on [1/2",T].

Now, we define a function u : [0,T] — [0, c0) with u(t) = z,(t) on [1/2",T]; and
u(0) = 0. Notice, u(t) is well defined and a(t) < u(t) < u,,(t) < pfort € (0,T)y. Nextly fix
t € (0,T)yand let] € {ng,ng +1,...} be such that t € (1/2"1,T), let Ny ={neN:n>l},w
have

! (1n (@) = @i (un (@), Bt n(8)) = Bu(t, un(t)) = f(t,un(t)) for n € NI (2.46)
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Hence, for n € N}, we have u,which is the positive solution of the following boundary value
problem

(0o (12®))" + a0 fLu0) =0, te <2l:r>Tr

. (2.47)
(0) = pu, - n(T) = Y95 (B (@) = pu:
i=1
Letn — oo through N7, we have u(f)that satisfies
(¢p (uA(t)>>V +q(t) f(tu(t) =0, te(0,T)y,
(2.48)

u(0) =0, u(T) = Dgi(u&)) =0.
i=1

It remains to show that u(t) is continuous at 0. Now by lim,, _, .1, (0) = 0, there exists n; €
{no,no + 1,...} with u, (0) < &/2. Since u,, (t) € C[0,T]; there exists 6,, € (0,T); with
Uy, (t) < g/2fort € [0,06,,). By the monotonicity of {u,(t)},cy, for each t € [0, T]y, we have
a(t) < u,(t) < uy (t) <e/2fort € [0,6,,)r and n > ny, which means a(t) < u(t) < /2 for
t € [0, 6p,)7. So u(t) is continuous at 0. O

If we replace t € [1/2",T]y with t € [1/2"}, T — 1/2"1],, the singularity occurs at
u=0,t=0andt=T.

If we replace t € [1/2"1,T]; with t € [0,T —1/2"!]y, the singularity occurs at u = 0
and f=T.

If we replace t € [1/2"*!, T]; with t € [0, T], the singularity occurs at u = 0.

So it is easily obtain the analogue of Theorem 2.1 in this section. See the following
remark.

Remark 2.2. If (A3) is appropriately adjusted, we can replace t € [1/2"*!,T]; in (A1) by

1 1
te [ﬁrT— 2n+1]T’ (249)
I 2
tepT- 5 (2.50)
or
te[0,T], 2.51)

For example, if (2.49) occurs, (A3) is replaced by
(A3') There exists a function g € C[0,T]y N C*(0,Tly, ¢p(B*) € CY(0,T)y such that
p>aandp > py, fort € [0,T]y, B(T) = Sigsi(B* (&) > 0, —(9p(F*)) = q(t) f (£, p) for t €

O,T)r, —(gp(B*)Y > q(t)f(1/27*1,p) for t € (0,1/2%*1)p and —(¢,(B*))Y > q(t) f(T -
1/27+1, B) for t € (T — 1/2"0*1, T),.
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Assume that (H1)-(H3), (A1) and (A2) hold, and in addition suppose the following
conditions are satisfied:

(A4) —(¢p(a®))¥ < q(t) f(t,u) for

(t,u) € (0,T]y x {u € C[0,T]y NCA(0,T]p: 0<u< a}; (2.52)

(A5) There exists a function € C[0,T]y N C4(0,T]y, ¢p(B*) € CY(0,T)y such that
B > pu, for t € [0, Ty, B(T) = S (B2 (&) > 0, —(9p(B*))Y > q(t) f (£, B) for t € (0,T)y and

~(pp(B2))" 2 q(t) f(1/2*, B) for t € (0,1/27*);
(A6) B(T) 2 a(T).

Then the result in Theorem 2.1 is also true. This follows immediately from Theorem 2.1
if we show (A3) holds. That is to say, if we show p > a for t € [0,T]y, then the result
holds. Assume it is not true, in view of (A6) we obtain f — a has a negative minimum
for some 7, € (0,T)r, so (B - a)®(1e) > 0 and essentially the same reasoning as the proof

of inequality (2.20), we have ((pp(aA))v(Té) < (pp (B*)) (Te However, by (A4), (A5) and
a(rs) > () > 0, we obtain —(¢p,(a*))" (76) < q(76)f (76, B(7s)). Hence (i, (a*))" (75) -
(@p(B2))" (76) > (9, (@) (76) + (7o) f (6, B(7)) > O, which implies a contradiction.

Corollary 2.3. Let ng € {1,2,...} be fixed, suppose (H1)-(H3), (A1), (A2) and (A4)-(A6) hold,

then the boundary value problem (1.1) and (1.2) has a solution u € C[0,T]; N C4(0, Ty, ¢, (u®) €
CY(0,T)y withu > a for t € [0,T].

3. Construction of « and

In this section, we consider how to construct a lower solution a and an upper solution f in
certain circumstances. In this section, we assume that

D gi(x;) >0 for x; € R. (3.1)
in1

Lemma 3.1. Assume that there exists a nonincreasing positive sequence {&,} with lim,_, &, = 0,
then there exist a function A(t) € C2[0, Ty satisfying

(i) ¢p (A2 (1) € CV[0, Ty, M(t) > 0 for t € (0, Ty and maxiejoy, | (9, (A (1)) 7| > O;

(ii) A(0) =0, M(T) = 3 g5 (A2 (&) < 0and 0 < A(t) < g, fort € (0, T]y.
Proof. Let en = [1/2"1,T]; (n > ng). Assume that 7 : [0,T]; — [0, o0) be such that r(0) =
0,r(t) = & ' /QT)P* fort € e, \ en1, n > np and r(t) = €' /2T)"*! for t € [1/2™,T]y.
Let u(t) = for(s)As o(t) = jou(s)Vs]l/(p D w(t) = fov(s)As. Suppose 77 € e, \ ey_1for n >

no, 7 € (0, T]y satisfy 77 < 73 and 275—-T > 77. It is easy to show thatu, v, w : [0,77]; — [0, o0)
are continuous and increasing. Denote

a(t) = [co(ts = t) + c1t]Y PV for t € [17,T]y, (3.2)
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here

co= —:—:u(ry) + 7%(11(77))"_1, €1 = Tg;sﬁu(ﬁ) + %(U(Tﬁ)p_l- (3.3)

Hence, a(t) > 0 for t € [17, T]; and is nondecreasing. Define

b(t) = r a(s)As+w(t;) for t € [17, 78],

7

(3.4)

{b<t>, t e (77,75, {w<t>, t € [0,7]y,
P(t) = A(t) =
b(ZTg - t), te [Tg,T]T, P(t), te [T7, T]T

We can easily prove w(t;) = P(17),w(17) = P2(17), (pp(w?))" (17) = (9,(P*))" () and
w € C*0,77]y, P € C[r7, Tlp, ¢p(w?) € CYV[0, 7711, ¢p(P*) € CV[17,T]y. Thus, we have
A € C2[0,T]y and ¢, (A*) € CY[0,T] with maxostgl((pp()LA))v(t)| > 0. Now since w(t) > 0
fort € (0, 77]y and P(t) > 0 for t € [17, T], we have A(t) > 0 for t € (0, T]y. On the other hand,

p-1 p-1
n

77 &
u(ty) = J‘o r(s)As < T7W W’

7 1/(p-1) p-1 \ VD . . .
_ n n n &n
v(1y7) = Uo u(s)Vs] < <7-7 (2T)”> < ST w(T7) < T7 X DT < X
(3.5)
by the monotonicity of P(t) on [17, Tg]y, [7s, T]r, respectively, we have
Mrg) = ter[r;%?)»(t)
T8
= f a(s)As +w(ty)
T7
< (15— 17) max [co(ts —t) +c1t]V PV + w(ry)
te[r7,18] 7
(3.6)
p1]V/ D)
< (15 =) (75 = T)u(z) + )| T+ (e

gp—l Ep—l 1/(p-1) ¢ € ¢
<T|T2- + 2L <2 +2
[ ] 2 2 2

@2T)"  2(2T)P!

=&y

Consequently, 0 < A(f) < &, € (0, T]y.
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Without loss of generality, 3", ¢s; (A2 (&) > &, > M(T). We have

MT) = Ygi(12@)) <o. (37)
i=1
O

Now we discuss how to construct a lower solution a(t) in (A2) and (A4).

(A7) For each n € {1,2,...}, there exist a constant kg and a strictly monotone
decreasing sequence {p,} with lim, . p, = 0, and q(¢) f(t,u) > ko for (t,u) € [1/21, Ty x
{ueC[0,T]yNCA(0,T]p:0<u< p,};

(A8) There exists a function g € C[0,T]y N C4(0,T]y, ¢p(B*) € CY(0,T)y such that
B> 0fort € [0,Tly, AT) ~ S4B &) > 0, ~(9,(8*)” > q()f(1,p) for t € (0,T); and
~(@p(B*)T > q(t) f(1/27*1, B) for t € (0,1/2*1) .

Theorem 3.2. Let ng € {3,4,...} be fixed. If (H1)-(H3), (3.1) and (A7)-(A8) hold, then boundary
value problem (1.1) and (1.2) has a solution u € C[0,T]yNC*(0, T]y with ¢,(u®) € C¥(0,T)y and
u(t) >0 forte (0,T]y.

Proof. By Corollary 2.3, we need only show that conditions (Al), (A2), (A4)-(A6) are
satisfied. Without loss of generality, suppose

t)>puy forte(0Tly,  PT) - D4i(p@)) > puns (3.8)
i=1
by (A7), (A8) and (3.8), we obtain that (A1) and ( A5) hold.
From Lemma 3.1 there exists a function A(t) € C4[0, T] satisfying

() g, (A2 () € CV[0, Ty, A(t) > O for t € (0, T]; and Ry = maxicjor), | (9, (A2 ()| > 0.
(i) 1(0) = 0, M(T) — 7,1 (A2(&)) <0 and 0 < A(t) < p, for t € (0, T].

Assume m = min{1, (ko/2R;)" P, p,. /|A|}. Let a(t) = mA(t) for t € [0,T];. Then
a(t) € C[0,T]y N C2(0, Tl gp(a®(t)) € CY(0,T)p,a(0) = 0 with 0 < a(t) < A() < py for
t € (1/2™1,T];. Without loss of generality, we have a(T) — 3", ¢s:(a® (&)) < 0. For arbitrary
(t,u) € (0,T]y x {u € C[0,T]; N CA(0,T]y: 0 <u < a(t)}, there exists n € {ng,ng +1,...} such
that (t,u) € [1/2"1,T]y x {u € C[0,T]: N C*(0,T]1 : 0 < u < a(t)}. We have

g0t + (9, () 2 ko + (g, (ma2 1))

= ko +mP™! <‘Pp <)‘A (t)>>v
(o ()| (39)
(‘PP <)‘A(t))>v ‘

(<p,,<)&(t)))v‘ - % > 0.

Zko—mp_l

ko
> -
2 ko 2R,

ko
> ko - o
=507 ORI ielo)
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Thus (A4) holds and (A2) is also true if u(t) = a(t). Also since a(T) < supte[O,T]T|a(t)| =
m supte[O,T]Tl)Ll < Py, we have B(T) > pp, > a(T), then (A6) is fulfilled. By Corollary 2.3, the
boundary value problem (1.1) and (1.2) has a solution u(t) € C[0, T]yNC*(0, Ty, ¢, (u*(t)) €
CY(0,T)p with u(t) >0 for t € (0, T]. O

We can replace t € [1/2"!,T]; witht € [0, T - 1/2"]  ort € [1/2"1,T - 1/2"1];. So
it is easily obtain (see Remark 2.2) the analogue of Theorem 3.2 in this section.

Looking at Theorem 3.2, it is difficulty for us to discuss examples in constructing p(t)
in (A8). The following theorem removes (A8) and replaces it with an easy verified condition.

Theorem 3.3. Let ny € {1,2,...} be fixed. If (H1)-(H3), (A1) and (A2) hold, in addition suppose
that the following conditions are satisfied:

M;>0, M;> max{ sup a(t),pno}, here My, M, are constants, (3.10)
te[0,T]

q) f(t, Mit + M) <0 for t € (0,T)r,

1 1
q(ﬂf(W,Mlt + M2> <0 forte (0, W)f (3.11)

MlT + M2 - Z([)‘,(Ml) > 0.
i=1

Then boundary value problem (1.1) and (1.2) has a solution u € C[0,T];NC2(0, T] with (pp(uA) €
CY(0,T)pand u> 0 for t € (0,T].

Proof. Denote B(t) = Myt + M, for t € [0,T]y, then f(t) € C[0,T]y N CA(0, Ty, ¢p (B2 (1)) €
CV(0,T) with B(t) > a(t) and B(t) > py, fort € [0, T]r,

B - Y (@) >0, (3.12)
i=1
with
_<(PP (ﬁA(t‘)))V >qt)f(t,p) forte (0,T)y,
v 1 1 (3.13)
_<(Pp<ﬁ(t)A(t)>> > q(t)f<2n0+1,ﬂ(t)> fort e <O,W>T,
then (A3) holds. By Theorem 2.1 the result holds. O

From Theorems 3.2 and 3.3 we have the following theorem.

Theorem 3.4. Let ny € {1,2,...} be fixed. If (H1)-(H3), (3.1) and (A7) hold, in addition suppose
there exist constants My, My > 0 such that (3.11) and (3.5) are true. Then the problem (1.1) and
(1.2) has a solution u € C[0,T] N C2(0, T]y with ¢, (u™) € CY(0,T)p and u > 0 for t € (0,T]y.
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Proof. Without loss of generality suppose p,, < M,, by (A7) we have (A1) which holds and

My > puy > Png1 > ..., limp, =0. (3.14)

By the similar way as the proof of the Theorem 3.2, there exists a function a € C[0,T]; N
C2(0,Tly, ¢p(a®) € CY(0,T)y with a(0) = 0, a(T) = 7 ¢si(a® (&) < 0,a(t) > 0 for t € (0,T]y,
such that —((pp(oLA(t)))V <qt)f(ta(t)) fort € (0,T)y and a(t) < supte[O,T]T|a| < Pu,- This
together with (3.14) we have M, > max{supte[oﬂa(t),pno }. Thus all the conditions of the
Theorem 3.3 are fulfilled. O

4. An Example

In this section, we present an example to illustrate our results. Let

N\l 2
T = {0}u{<§) }u [5,1]. (4.1)
Consider the following boundary value problem

_<|uA(t)|2uA(t)>v =q(O)f(tu(t)) forte (0,1)g,

=0, u- et (1) - e (1) - Bt (3) - Ly <o

Itisobvious thatT =1,p =4,m =4, ¢51(x) = ¢3(x) = (1/5)x, g2 (x) = gu(x) = (1/10)x. Denote
q(t) =t +5and f(t,u(t)) = t/u’(t) +u’ (t)- A% here \> > 2 is constant. Let ny € {1,2,...}, py =
(1/2"1(2 + a1))""” and ko = a; > 0 is a constant. We have Pn, < 1. Note that (H1)-(H3) and
(3.1) hold. Forn € {1,2,...},t € [1/2",1]y and 0 < u < p,,, we have

(4.2)

gt f(t,u) > (£ +5) <2n+1lp7 - )8> > (F+5) (M +a-12) > a, (4.3)

which implies (A7) is satisfied.
Now we show that (A8) holds with g = t'/7.
Notice thatif t € (1/2,1]y, then pA(t) = f/(t) = (1/7)t°/7,

'ﬂA(t)rﬂA(t) _ %t—wﬁ/ <|ﬂA(t)'2ﬂA(t)>v _ _%t—ﬁﬁ <0. (4.4)

If t = 1/2, then BA(£) = (1/7)5/7 and |2 (1) B2 () = (1/343)¢718/7,

<|ﬁA(t)|2ﬁA(t)>\7 = % G)_lw - % Gl)_lw =~ -0.1714 < 0. (4.5)
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Ift=1/2"(n=2,3,...), theno(t) =2t, p(t) =t/2, u(t) =t,v(t) =t/2, we have
3

pA(t) = %[(Zt)” 7tV 7], |ﬁA(t)|2ﬁA(t) = t%[(zt)w - t1/7] (4.6)

by induction, one gets

<|ﬁA(t)|2ﬁA(t)>v — pAn+1 [(%)1/7 _ <%)1/7]3 - 24n+4|:<21n>1/7 - (2nl+l )1/7]3 <0.

4.7)
Thus, for t € (0,1), we have
(o 0) +awsep < (#+5)(be (7))
< <t8+5><2—A2> <0,
X . : : ) (4.8)
(le@le®) +aos(gump) < (*+5) <2n0+1 @ () —A2>
< <t8+5><2—)3> <0 forte (0,%) .
T

Now

p0-n((5)) - (6()) () -wan =0

Hence, all conditions of the Theorem 3.2 are satisfied. As a result, the problem (4.2) has a
positive solution.
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