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Let H(B) denote the space of all holomorphic functions on the unit ball B. Let u € H(B) and ¢ be
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type space H® in the unit ball.
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1. Introduction

Let B be the unit ball of C". Let z = (21, ...,2,) and let w = (w;, ..., w,) be points in C", we
write

2

2=zt |z

, (z,w) = z1wW1 + -+ + 2, Wy,. (1.1)

Thus B = {z € C" : |z| < 1}. Let dv be the normalized Lebesgue measure of B, thatis, v(B) = 1.
Let H(B) be the space of all holomorphic functions on B. For f € H(B), let

_v, 9f
W@ =g ) (12)

represent the radial derivative of f € H(B). For a,z € B, a#0, let ¢, denote the Mobius
transformation of B taking O to a, which is defined by

a-Py(z) - V1-1zPQa(2)

$a(z) = 1-(z,a)

(1.3)
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where P,(z) is the orthogonal projection of z onto the one dimensional subspace of C"
spanned by a, and Q,(z) = z - P,(z2).

A positive continuous function p on [0,1) is called normal, if there exist positive
numbers sand t, 0 < s <t ,and 6 € [0,1) such that

(1) is decreasing on [6,1), lim ) =0;
(1-r)° r—1(1-71)° »
G ) (4
; is increasing on [0, 1), lim ;=00
(1-7) r—=1(1-7r)

(see [1]).
Let p be a normal function on [0,1). An f € H(B) is said to belong to the weighted-
type space H;? = H?(B), if

£l = sup p(lz])| f(2)] < oo, (1.5)

z€B

where p is normal on [0, 1) (see, e.g., [2-4]). H}? is a Banach space with the norm ||-[|z. We
denote by H, the subspace of H; consisting of those f € H* such that

lim u(zIf () =0. (1.6)

When p(r) = (1-r%)%, the induced spaces H and H,fo become the (classical) weighted space
HZ and HZ, respectively.

For a > 0, recall that the a-Bloch space B* = B*(B) is the space of all f € H(B) for
which (see [5])

ba(f) = sup(1 - [z[*)“|Rf (2)] < co. (1.7)

zeB

Under the norm || f||z« = |f(0)| + ba(f), B* is a Banach space. When a = 1, we get the classical
Bloch space B. For more information of the Bloch space and the a-Bloch space (see, e.g., [5-8]
and the references therein).

For p € (0, ), the weighted Bergman space A”(B) is the space of all holomorphic
functions f on B for which

11 = f [f(z)Pdo(2) < oo. (1.8)
B
The Hardy space H?(B) (0 < p < o) on the unit ball is defined by

HP(B) = {f | f € HB), Ilfllrwes = sup My(f,r) < oo}, (19)

0<r<1
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where
1/p
M, (f,7) = ( f aB|f<r¢>|Pdo<g)) (1.10)

and do is the normalized surface measure on 0B.
For 0 < p < oo, the Q) space is defined by (see [9])

(1.11)

Q,(B) = {f € H(B) : ||f||2Qp = sungﬁf(z)FGWz,a)ﬂ < oo}.

(1 _ |Z|2)n+l

Here V f(z) = V(f o ¢.)(0) denotes the invariant gradient of f, and G(z, a) is the invariant
Green function defined by G(z, a) = g(¢.(z)), where

1
(1-2)""' 2y, (1.12)

|zl

g(z) = 7

Let0<p, s<oo,—n—1<q < o0. Afunction f € H(B) is said to belong to F(p, g, s) =
F(P/ q, S)(B) (See [10_12]) if

115, 00 = IFOF *sup BIVf(Z)I”(l ~121)'G*(z, a)dv(2) < o». (1.13)

F(p,q,s) is called the general function space since we can get many function spaces, such as
Hardy space, Bergman space, Bloch space, Q, space, if we take special parameters of p, g, s.
For example, F(2,1,0) = H?, F(p,p,0) = A?,and F(2,0,s) = Q. If g+ s < -1, then F(p, g, s) is
the space of constant functions. For the setting of the unit disk, see [13].

Let u € H(B) and ¢ be a holomorphic self-map of B. For f € H(B), the weighted
composition operator uC,, is defined by

(uCyf)(2) = u(z)f(p(2)), z€B. (1.14)

The weighted composition operator is the generalization of a multiplication operator and a
composition operator, which is defined by (C, f)(z) = f(¢(z)). The main subject in the study
of composition operators is to describe operator theoretic properties of C,, in terms of function
theoretic properties of ¢. The book [14] is a good reference for the theory of composition
operators. Recall that a linear operator is said to be bounded if the image of a bounded set is
a bounded set, while a linear operator is compact if it takes bounded sets to sets with compact
closure.

In the setting of the unit ball, we studied the boundedness and compactness of the
weighted composition operator between Bergman-type spaces and H* in [15]. More general
results can be found in [16]. Some necessary and sufficient conditions for the weighted
composition operator to be bounded or compact between the Bloch space and H* are given
in [17]. In the setting of the unit polydisk D", some necessary and sufficient conditions for
a weighted composition operator to be bounded or compact between the Bloch space and
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H*=(D") are given in [18, 19] (see, also [20] for the case of composition operators). Some
related results can be found, for example, in [2, 3, 6, 21-31].

In the present paper, we are mainly concerned about the boundedness and
compactness of the weighted composition operator from F(p, g, s) to the space H;°. Some
necessary and sufficient conditions for the weighted composition operator uC,, to be bounded
and compact are given.

Constants are denoted by C in this paper, they are positive and may differ from one
occurrence to the other. a < b means that there is a positive constant C such that a < Cb.
Moreover, if both a < b and b < a hold, then one says that a < b.

2. Main Results and Proofs

In order to prove our results, we need some auxiliary results which are incorporated in the
following lemmas.

Lemma 2.1 (see [12]). For0 < p, s < oo, -n—-1<g<oo,q+s> -1, if f € F(p,q,s), then
f € B+a)/p gnd

Il fllpersare < CllfllF@p,gs)- (2.1)

The following lemma can be found, for example, in [32].

Lemma 2.2. If f € B*, then

s O<a<l,
e
If(2)l<C ”f”ﬁ“fﬁn Tz 7 L (2.2)
Bﬂt
— a>1,
(1 _ |Z|2)a—1

for some C independent of f.

Lemma 2.3. Assume that y is normal. A closed set K in H is compact if and only if it is bounded
and satisfies

lim sup (|2 £(z)| = 0. (2.3)

— feK

The proof of Lemma 2.3 is similar to the proof of Lemma 1 of [33]. We omit the details.

Lemma 2.4. Assume that u € H(B), ¢ is a holomorphic self-map of B, p is a normal function on
[0,1), 0<p, s<oo,-n-1<g<oo,q+s>-1ThenuC,: F(p,q,s) — H is compact if
and only if uCy : F(p,q,s) — H,? is bounded and for any bounded sequence (fi),oy in F(p,4g,5)
which converges to zero uniformly on compact subsets of B as k — oo, one has |[uCy fi|lnz — 0as
k — oo.
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Lemma 2.4 follows by standard arguments similar to those outlined in [14, Proposition
3.11] (see, also, the corresponding lemmas in [20, 34, 35]). We omit the details.

Note that when p > n+1+g¢, the function in F(p, g, 5) is indeed Lipschitz continuous by
Lemmas 2.1 and 2.2. By Arzela-Ascoli theorem, similarly to the proof of Lemma 3.6 of [26],
we have the following result.

Lemma2.5. Let0<p, s<oo,-n—-1<g<oo,q+s>-1,andp>n+1+gq. Let (fi) be a bounded

sequence in F(p, q, s) which converges to 0 uniformly on compact subsets of B, then

lim sup|fi(z)| = 0. (2.4)

k—o .cp
21.Casep<n+1l+g

In this subsection, we consider the case p < 1+ 1+ g. Our first result is the following theorem.

Theorem 2.6. Assume that u € H(B), ¢ is a holomorphic self-map of B, p is a normal function on
[0,1),0<p, s<oo,-n-1<q<oo,q+s>-1,p<n+1+q.ThenuC,:F(p,q,s) — His
bounded if and only if

sup p(|z])|u(z)] < oo, (2.5)

zeB (1 - |p(z)[) "

Moreover, when uCy : F(p,q,s) — H;? is bounded, the following relationship

(2D |u(2)|
uC e X SU (2.6)
I ‘P||F(nq,s> Hyl Zeg’ (1- |(P(Z)|2)(n+1+q)/p—l
holds.
Proof. Assume that (2.5) holds. For any f € F(p, g,s), by Lemmas 2.1 and 2.2,
[yl = sup (D] (Cy )2
ze
= sup pu(|z[)| f (¢(2))[[u(z)]
z€EB
p(lz])u(z)| (2.7)

< Cl fllpesears sup ]
=B (1-|gp(2)[%)

p(zDu(2)|
)|2)(n+1+‘7)/7”1 ’

(n+1+q)/p-1

< Cllfllr@,qs sup
e (1~ p(z

Therefore, (2.5) implies that uC, : F(p,q,s) — H7is bounded.



6 Abstract and Applied Analysis

Conversely, suppose that uC, : F(p,q,s) — H? isbounded. For b € B, let

1-|b)?
fb(Z) - 1- <Zlb>)(n+1+q)/r" (2.8)
It is easy to see that
1 (n+1+q)lp@)
w) (p(w)) = , Rfpw) (p(w))| = -
f‘P( plw (1 - |(P(w)|2)(n+1+q)/p—1 | f‘/’( ) (p(w | p(l - |(P(w)|2)(n+1+q)/p
(2.9)

If ¢(w) = 0, then f,,) = 1 obviously belongs to F(p,q,s). From [12], we know that f; €
F(p, q,s); moreover, there is a positive constant K such that sup, || follF(p,4,5) < K. Therefore,

sup ﬂ(lzl)lftp(w)((l’(z))u(z)l =sup .u(|z|)|(uctpf(p(w))(z)|
z€B z€B (210)
= [[4Cy for |11 < Kl[4Coll iy g6) — 110

for every w € B, from which we get

up MEDI@)

weB (1 - Jp(w)[2) " T

‘/’||F(p,q,s)—>H;° < oo, (211)

that is, (2.5) follows. From (2.7) and (2.11), we see that (2.6) holds. The proof of this theorem
is finished. O

Theorem 2.7. Assume that u € H(B), ¢ is a holomorphic self-map of B, p is a normal function on
[0,1),0<p, s<oo,-n-1<g<oo,q+s>-1,p<n+1l+q ThenuCy:F(p,q,s) — His
compact if and only if u € H;® and

plDlu@l
lp(z)|—1 (1 _ |(P(Z)|2)(n+1+q)/p71

(2.12)

Proof. First assume that u € H;® and the condition in (2.12) hold. In order to prove that uC,
is compact, according to Lemma 2.4 it suffices to show that if (fx),y is bounded in F(p, g, s)
and converges to 0 uniformly on compact subsets of B as k — oo, then [[uCy fi|lnz — 0as
k — .

Now assume that (fx), .y is a sequence in F(p, g, s) such that sup, .yl fxllFp,qs < L and
fi — 0 uniformly on compact subsets of B as k — oo. From (2.12), we have that for every
€ > 0, there is a constant 6 € (0, 1) such that

p(|z) |u(2)|
(1 _ |(P(Z)|2)(n+1+q)/p’1

<e (2.13)
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when 6 < |p(z)| < 1. By Lemmas 2.1 and 2.2, we have

I fill = s0p DI C, ) )

= sup u(|z) ()| fi (p(2))]

z€B
< sup p(lzD)u(z)]] fi(p(2))|
¢(2)€B(0,6) (2.14)
p(lz])u(z)]
+C sup (n+1+9)/p-1 ”fk ||F(p,q,s)

o(2e8\B05) (1 - |p(2)?)

<M; sup |fi(p(z))|+CLe,
¢(2)€B(0,6)

where M; := sup, g pu(|z|)|u(z)| < co. Using the fact that fy — 0 uniformly on compact
subsets of B as k — oo, we obtain

Milimsup sup |fk(p(z))| =0. (2.15)
k=0 ¢(2)eB(0,6)

Therefore,

lim sup||uC(Pfk||Hﬁ, < CLe. (2.16)
k— oo

Since ¢ is an arbitrary positive number, we have that limy _, . [|uC,, fx|| Hy =0, and, therefore,
uCy : F(p,q,s) — H? is compact by Lemma 2.4.

Conversely, suppose uC,, : F(p,q,s) — H;? is compact. Let (zi) ey be a sequence in
B such that |¢p(zx)] — 1as k — oo (if such a sequence does not exist that condition (2.12) is
vacuously satisfied). Set

1- oz’
(1= (z,9(z0))) TP

fr(z) = (2.17)

From the proof of Theorem 2.6, we see that fx € F(p,q,s) for every k € N; moreover,
sup, eyl fkllF(pq5) < C. Beside this, fx converges to 0 uniformly on compact subsets of B as
k — oo. Since uC, is compact, by Lemma 2.4 we have that |[uCy fx||nz — 0ask — co. Thus

1-(g+n+1)/p

CEIEND) |z u(zi) | = p(|z]) [uzi) | | fi (o (zx)) |
< sup u(|z])| fr(p(2)) ||u(2)]
=P (2.18)
— sup (12| (uC, ) (2]

z€B

= ”ucfl’fk”Hﬁc’ —0,

as k — oo, from which we obtain (2.12), finishing the proof of the theorem. O
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Theorem 2.8. Assume that u € H(B), ¢ is a holomorphic self-map of B, p is a normal function on
[0,1),0<p, s<oo,-n-1<g<ow,q+s>-1,p<n+1+q.ThenuC,:F(p,q,s) — Hlfois
compact if and only if

. p(|z))u(z)]
lim (n+1+g)/p-1

(2.19)
E=1 (1 - p(2)P)

Proof. Suppose that (2.19) holds. From Lemma 2.3, we see that uC, : F(p,q,s) — H} is
compact if and only if

lim  sup p(|z])|(uC,f)(2)| =0. (2:20)

=1 £l <t

On the other hand, by Lemmas 2.1 and 2.2, we have that

#(|z])[u(2)]

. (2.21)
(1= lp(z)R) "

u(lzD|(uCo ) (2| < ClifllFpas

Taking the supremum in (2.21) over the the unit ball in the space F(p, g, s), then letting |z| —
1 and applying (2.19) the result follows.

Conversely, suppose that uC, : F(p,q,s) — H}% is compact. Then uC, : F(p,q,s) —
H? is compact and hence by Theorem 2.7,

p(|z))u(z)| _
lp(z)|—1 (1 _ |(P(Z)|2)("+1+‘7)/P_1

(2.22)

In addition, uC, : F(p,q,s) — H}7, is bounded. Taking f(z) = 1, then employing the
boundedness of uC, : F(p,q,s) — H/7;, we get

ggﬁdhmuwﬂ=0- (2.23)

By (2.22), for every ¢ > 0, there exists a & € (0,1),

u(zDlu(2)|
(1-lp(z)P) " PP

<g, (2.24)

when 6 < |¢(z)| < 1. By (2.23), for above chosen ¢, there exists r € (0,1),
(D) < 2(1- 62", (2.25)

whenr < |z| < 1.
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Therefore, when r < |z| < 1 and 6 < |¢p(z)| < 1, we have that

(2] [u(2)]

(1 _ |(P(z) |2) (n+1+q)/p—1 (226)
If [p(z)| < 6 and r < |z| < 1, we obtain
p(z])[u(z)] 1
0 loap) " = (- gyt EE < =
Combing (2.26) with (2.27), we get (2.19), as desired. O

2.2.Casep=n+1l+gq

Theorem 2.9. Assume that u € H(B), ¢ is a holomorphic self-map of B, p is a normal function on
[0,1),0<p, s<oo,-n-1<q<oo,q+s>-1L,p=n+1+q.ThenuC,:F(p,q,s) — His
bounded if and only if

e
sup p(|z)[u(z)|In ——— < 0 (2.28)
z€B 1- |(P(Z)|

Moreover, the following relationship

(2.29)

e
uC o e =< sup pu(|z])|u(z)|In ——
” tP“F(p,q, )— H ZGE” 1- |(P(Z)|2

holds.

Proof. Suppose that (2.28) holds. For any f € F(p,q,s) C B, by Lemmas 2.1 and 2.2, we have

ol = sup DI (uCo f) (=)

= sug)ﬂ(lzl)|f((p(z))||u(z)| (2.30)

e

< C”f”F(p,q,s)sup y(lzl)lu(z)| In PN
2B 1-lp(2)|

Therefore, (2.28) implies that uC, is a bounded operator from F(p, g, s) to H?.
Conversely, suppose that uC, : F(p,q,s) — H,? is bounded. For b € B, let

fo(z) =In ﬁ, z€B. (2.31)
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Then by [12] we see that f, € F(p, g, s); moreover, there is a positive constant K such that
sup,cgll follF(p.qs) < K. Hence

p(|w]) [u(w)|In = p(1w)| fypw) (9 ()) [lu(@)] < [[uCy fyw || 1 (2.32)

_—°
1= lp()l”
for every w € B, that is, we get

sup p(|w])[u(w)|In 5 < ClluCyfoll
weB 1 - p(w)| ' (2.33)

< CK||luC < oo.

‘;"”F(p,q,s)HHjc

From (2.30) and (2.33), (2.29) follows. The proof is finished. O

Theorem 2.10. Assume that u € H(B), ¢ is a holomorphic self-map of B, u is a normal function on
[0,1),0<p, s<oo,-n-1<q<oo,g+s>-1,p=n+1+q.ThenuC,:F(p,q,s) — H7 is
compact if and only if u € H;? and

lim  p(|z|)|u(z)|In (2.34)

—° -0
lp(z)—1 1-lpz))*

Proof. Assume that u € Hp and (2.34) hold, and that (fx),oy is bounded in F(p,q,s) and
converges to 0 uniformly on compact subsets of B as k — oo. We have that, for every € > 0,
thereisa 6 € (0,1) such that

p(|z)[u(z)|In (2.35)

e
—<g
1-lp(2)|

when 6 < |p(z)| < 1.
In addition

il = s 1| uCy £ )

= sup u(|2Dlu(2)l| i (9(2))]

z€B

< sup pu(la)|u() fi(p(2)]
9(2)€B0,5) (2.36)

e
+Clfillppas  sup  p(lzD[u(z)|In
v )<p<z)eB\B<o,6> 1-lo(z))*

<C sup |fi(p(z))|+Ce.
¢(2)€B(0,0)

Similar to the proof of Theorem 2.7, we obtain [|uCy f||nz — 0as k — co. Therefore, uC, :
F(p,q,s) — H,? is compact by Lemma 2.4.
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Conversely, suppose that uC, : F(p,q,s) — H? is compact. Assume that (zi)ey is
a sequence in B such that |p(zx)] — 1 as k — oo (if such a sequence does not exist that
condition (2.34) is vacuously satisfied). Set

2=(In—& : n—F < 2, keN. 237
S < 1_|(P(Zk)|2> < 1—<Zf¢(zk)>> ) 237

After some calculations or from [12], we see that sup, .l fxllFp,qs < C for some positive C
independent of k, and fi converges to 0 uniformly on compact subsets of B as k — oo. Since
uC, is compact, by Lemma 2.4, we have |uC, fx|[nz — 0ask — co. Thus

p(lz ) |u(zi) | In 5 < sup p(l2D) | fi(p(z)) || (zr) |

e
1-fp(ze)|"  =eb
= sugy(|z|)|(qu,fk)(z)| (2.38)

= luCy il — O,

as k — oo, which is equivalent to (2.34). The proof of this theorem is finished. O

Similarly to the proof of Theorem 2.8, we can obtain the following results. We omit the
details of the proof.

Theorem 2.11. Assume that u € H(B), ¢ is a holomorphic self-map of B, u is a normal function on
[0,1),0<p, s<oo,-n-1<g<oo,q+s>-1,p=n+1+q.ThenuC,:F(p,q,s) — HJ, is
compact if and only if

e

- lp@P -~ 2%

lim p(lzDlu(z)|n

23.Casep>n+1l+gq

Theorem 2.12. Assume that u € H(B), ¢ is a holomorphic self-map of B, p is a normal function on
[0,1),0<p, s<oo,-n—1<qg<o0,g+s>-1,p>n+1+q.Then the following statements are
equivalent:

(i) uCy : F(p,g,5) — H}? is bounded;
(ii) uCy : F(p,q,8) — H;7 is compact;
(iii) u € H.
Proof. (ii)=(i) This implication is obvious.
(i)=(iii) Taking f(z) = 1, then using the boundedness of uC, : F(p,q,s) — H}? the
implication follows.

(iii)=(ii) Suppose that u € H?. For an f € F(p,q,s), by Lemma 2.1, we see that f is
continuous on the closed unit ball and so is bounded in B. Therefore,

u(lzD| (uCy f) ()| = pzD | f (@) [[u(2)] < CliflFpaspzhlu(z)]. (2.40)
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From the above inequality, we see that uC, : F(p,q,s) — H;? is bounded. Let (fi),cy be any
bounded sequence in F(p, g,s) and fix — 0 uniformly on compact subsets of B as k — oo.
Employing Lemma 2.5, we have

14Cy ficll = Sug#(|z|)|fk(‘l’(z))”(z)| < ”u”H;I"SUIl;’Uk((P(Z))l —0, (2.41)

as k — oo. Then the result follows from Lemma 2.3. O

Theorem 2.13. Assume that u € H(B), ¢ is a holomorphic self-map of B, u is a normal function on
[0,1),0<p, s<oo,-n—1<qg<o,g+s>-1,p>n+1+q.Then the following statements are
equivalent:

(i) uC,: F(p,q,5) — H;fo is bounded;
(ii) uCy : F(p,q,8) — H;‘,’O is compact;
(iii) u € H,.
Proof. (ii)=(i) It is obvious.
(i)=(iii) Taking f(z) = 1, then using the boundedness of uC, : F(p,q,s5) — H7,, we

w0’
get the desired result.
(iii)=(ii) Suppose that u € H,. For any f € F(p, q,s) with ||f[|r(,q,s <1, we have

u(IzD|(uCo f) (2| < CliflFpaspzhlu(z)] < CulzDlu(z)], (2.42)
from which we obtain

lim sup pu(lz)| (uCyf)(2)] < C lim p(lz)lu(=)| = 0. (2.43)

=1 g0 <1

Using Lemma 2.3, we see that uC, : F(p,q,s) — H,fo is compact, as desired. O
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