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1. Introduction

In this paper, we study the behavior of solutions of the nonautonomous 2D g-Navier-Stokes
equations. These equations are a variation of the standard Navier-Stokes equations, and they
assume the form,

%—Ltl—vAu+(u-V)u+Vp:finQ,

(1.1)
1 Vg .
—(V-qu)y=—=-u+V-u=0in Q,
8 8 4

where ¢ = g(x1,x;) is a suitable smooth real-valued function defined on (x1,x2) € Q and
Q is a suitable bounded domain in R?. Notice that if g(x1,x2) = 1, then (1.1) reduce to the
standard Navier-Stokes equations.

In addition, we assume that the function f(-,t) = f(t) € LIZOC(R; E) is translation
bounded, where E = L2(Q) or H™(Q). This property implies that

t+1
IR, = 1Ry = sup| £ (6 ds < o 12)
te t
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We consider this equation in an appropriate Hilbert space and show that there is an
attractor 2 which all solutions approach as t — oo. The basic idea of our construction, which
is motivated by the works of [1, 2].

In [1, 2] the author established the global regularity of solutions of the g-Navier-
Stokes equations. For the boundary conditions, we will consider the periodic boundary
conditions, while same results can be got for the Dirichlet boundary conditions on the smooth
bounded domain. For many years, the Navier-Stokes equations were investigated by many
authors and the existence of the attractors for 2D Navier-Stokes equations was first proved
by Ladyzhenskaya [3, 4] and independently by Foias and Temam [5]. The finite-dimensional
property of the global attractor for general dissipative equations was first proved by Mallet-
Paret [6]. For the analysis on the Navier-Stokes equations, one can refer to [7] and specially
[8] for the periodic boundary conditions.

The book in [9] considers some special classes of such systems and studies sy-
stematically the notion of uniform attractor parallelling to that of global attractor for
autonomous systems. Later on, [10] presents a general approach that is well suited to study
equations arising in mathematical physics. In this approach, to construct the uniform (or
trajectory) attractors, instead of the associated process {Us(t,T), t > 7, T € R} one should
consider a family of processes {U(t,T)}, o € X in some Banach space E, where the functional
parameter oy(s), s € R is called the symbol and X is the symbol space including oy(s). The
approach preserves the leading concept of invariance which implies the structure of uniform
attractor described by the representation as a union of sections of all kernels of the family of
processes. The kernel is the set of all complete trajectories of a process.

In the paper, we study the existence of compact uniform attractor for the non-
autonomous the two dimensional g-Navier-Stokes equations in the periodic boundary
conditions Q. We apply measure of noncompactness method to nonautonomous g-Navier-
Stokes equations equation with external forces f(x,t) in LIZOC(R; E) which is normal function
(see Definition 4.2). Last, the fractal dimension is estimated for the kernel sections of the
uniform attractors obtained.

2. Functional Setting

Let Q = (0,1) x (0,1) and we assume that the function g(x) = g(x1, x2) satisfies the following
properties:

(1) g(x) € Cia(Q) and

(2) there exist constants my = mg(g) and My = My(g) such that, for all x € Q, 0 <
my < g(x) < My. Note that the constant function g = 1 satisfies these conditions.

We denote by L?(Q, g) the space with the scalar product and the norm given by

(u,0), = fg(u-v)gdx, |u|§ = (u,u),, (2.1)

as well as H'(Q, ¢) with the norm

2 1/2
lulla Qg = [(u, u), + > (Diu, Diu)g] , (2.2)
i=1

where 0u/0x; = D;u.
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Then for the functional setting of (1.1), we use the following functional spaces

H, = ClLéer(Q,g){u €CRr(Q): V- gu=0, f udx = 0},

Q

Vg = {ueH;er(Q,g) : V-gu=0,f udx=0},

Q

where H, is endowed with the scalar product and the norm in L*(Q, g), and V, is the spaces
with the scalar product and the norm given by

(4,0)), = jg(wt-w)g dx,  lullg = (), (24)
Also, we define the orthogonal projection P, as
Py : L3 (Q,8) — Hy (2.5)
and we have that Q C H, where

Q=Clp,0g{VP:¢eC(QR)}. (2.6)

Then, we define the g-Laplacian operator
1 1
-Agu=—(V-gV)u=-Au-—(Vg-V)u (2.7)
8 8
to have the linear operator
1
Agu =Py [ - §(V . (gVu))] . (2.8)

For the linear operator A, the following hold (see [1, 2]):

(1) Ag is a positive, self-adjoint operator with compact inverse, where the domain of
Ag, D(Ag) =V, NH*(Q, g).

(2) There exist countable eigenvalues of A, satisfying

O<dg <M <<z, (2.9)

where A, = 472m/M and \q is the smallest eigenvalue of A,. In addition, there exists the
corresponding collection of eigenfunctions {ej, e, e3, ...} which forms an orthonormal basis
for H,.

g
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Next, we denote the bilinear operator Bg(u,v) = Py(u- V)v and the trilinear form

be(u,v,w) = Z fgui(Divj)wjg dx = (Pg(u- V)v,w)g, (2.10)

ij=1
where u, v, w lie in appropriate subspaces of L?(Q, g). Then, the form b, satisfies
be(u,v,w) = ~bg(u,w,v) for u,v,w € Hy. (2.11)

We denote a linear operator R on V, by
1
Ru = P [g(Vg-V)u] foru eV, (2.12)

and have R as a continuous linear operator from V; into H, such that

|V

Sloo 1V&leo
Uull s <
o gl <

1/2
O-)‘g

|(Ru, )| <

llull; for ue Vq. (2.13)

We now rewrite (1.1) as abstract evolution equations,

d
d—ttl +VAgu + Bou + vRu = Py f, u(7) = Ur. (2.14)

Hereafter ¢ will denote a generic scale invariant positive constant, which is ind-
ependent of the physical parameters in the equation and may be different from line to line
and even in the same line.

3. Abstract Results

Let E be a Banach space, and let a two-parameter family of mappings {U(t, 7)} = {U(t, T) |
t>t1, 7T €R}actonE:

U rt):E—E, t>1, TER. (3.1)

Definition 3.1. A two-parameter family of mappings {U(t, )} is said to be a process in E if

U, s)U(s,ty=U(, 1), Vt>s>t, TER,
(3.2)
U(r,t)=1d, Te€eR.

By B(E) we denote the collection of the bounded sets of E. We consider a family of
processes {Uy(t,T)} depending on a parameter o € X. The parameter o is said to be the
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symbol of the process {U,(t, )} and the set X is said to be the symbol space. In the sequel X is
assumed to be a complete metric space.

A family of processes {Us(t,T)}, 0 € X is said to be uniformly (with respect to
(w.r.t.) o € X) bounded if for any B € B(E) the set

U UUUs(t,7)B e B(E). (3.3)

oEX TER 2T

A set By C E is said to be uniformly (w.r.t. o € X)absorbing for the family of processes
{Us(t,7)}, 0 € Xif for any 7 € R and every B € B(E) there exists ty = ty(7, B) > 7 such that
Uges Us(t, T)B C By for all t > t.

A set P C E is said to be uniformly (w.r.t. o € Z)attracting for the family of processes
{Us(t,T)}, 0 € X if for an arbitrary fixed T € R,

lim <sup distg (U, (¢, 7)B, P)) =0. (3.4)

t—+o0 ces

A family of processes possessing a compact uniformly absorbing set is called uniformly
compact and a family of processes possessing a compact uniformly attracting set is called
uniformly asymptotically compact.

Definition 3.2. A closed set o5 C E is said to be the uniform (w.r.t. o € X) attractor of the
family of processes {U,(t,T)}, o € X if it is uniformly (w.r.t. o0 € X) attracting and it is
contained in any closed uniformly (w.r.t. o € ) attracting set «#' of the family of processes
{Us(t,T)}, 0 €X: AsCH.

A family of processes {U(t,7)}, o € X acting in E is said to be (E x X, E)-continuous,
if for all fixed t and 7, t > 7, T € R the mapping (u, o) — U(t, T)u is continuous from E x X
into E.

A curve u(s), s € R is said to be a complete trajectory of the process {U(t, T)} if

U(t,t)u(t) =u(t), Vt>t, TeR. (3.5)

The kernel X of the process {U(t, T)} consists of all bounded complete trajectories of
the process {U(t,T)}:

K = {u() | u(-) satisfies (3.6), |[u(s)|lg < M, for s € R}. (3.6)
The set
K(s) = {u(s) |u() e K} CE (3.7)

is said to be the kernel section at time t = s, s € R.
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For convenience, let B; = (J,cx Uss; Uo (s, t) B, the closure B of the set Band R, = {t e
R | t > 7}. Define the uniform (w.r.t. ¢ € X) w-limit set w,x(B) of B by wrs(B) = s, B;
which can be characterized, analogously to that for semigroups, the following:

Y € wyx(B) & there are sequences {x,} C B, {0,} CZ, {t,} C R, (38)
such that t, — +oo, Uy, (t, T)Xn — y (1 — 00). '

We recall characterize the existence of the uniform attractor for a family of processes
satisfying (3.8) in term of the concept of measure of noncompactness that was put forward
first by Kuratowski (see [11, 12]).

Let B € B(E). Its Kuratowski measure of noncompactness x(B) is defined by

x(B) = inf{6 > 0 | B admits a finite covering by sets of diameter < 6}. (3.9)

Definition 3.3. A family of processes {Us(t,T)}, 0 € X is said to be uniformly (w.r.t. o €
2) w-limit compact if for any 7 € R and B € B(E) the set B; is bounded for every t and
limtﬁooK(Bt) =0.

We present now a method to verify the uniform (w.r.t. o € X) w-limit compactness
(see [13, 14]).

Definition 3.4. A family of processes {U(t,7)}, o € X is said to satisfy uniformly (w.r.t. ¢ €
%) Condition (C) if for any fixed 7 € R, B € B(E) and ¢ > 0, there exist ty = t(7, B,¢) > T and
a finite-dimensional subspace E; of E such that

(i) P(Upes Uy, Uo (¢, T) B) is bounded; and

(i) [(I = P)(Uges Uz, Us (£, 7)X)[| < €, VX € B,
where P : E — E; is a bounded projector.

Therefore we have the following results.

Theorem 3.5. Let X be a metric space and let {T(t)} be a continuous invariant semigroup T (#)% = X
on X. A family of processes {Us(t,T)}, 0 € X acting in E is (E x X, E)-(weakly) continuous and
possesses the compact uniform (w.r.t. o € X) attractor As satisfying

Az =wox(Bo) = wrx(Bo) = | JKs(0), VTER, (3.10)

oeX

if it
(i) has a bounded uniformly (w.r.t. o € X) absorbing set By, and
(ii) satisfies uniformly (w.r.t. o € ) Condition (C)

Moreover, if E is a uniformly convex Banach space then the converse is true.
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4. Uniform Attractor of Nonautonomous
g-Navier-Stokes Equations

This section deals with the existence of the attractor for the two-dimensional nonautonomous
g-Navier-Stokes equations with periodic boundary condition (see [1, 2]).

It is similar to autonomous case that we can establist the existence of solution of (2.14)
by the standard Faedo-Galerkin method.

In [1, 2], the authors have shown that the semigroup S(t) : H, — H, (t > 0) associated
with the autonomous systems (2.14) possesses a global attractor. The main objective of this
section is to prove that the nonautonomous system (2.14) has uniform attractors in Hy
and V.

To this end, we first state some the following results of existence and uniqueness of
solutions of (2.14).

Proposition 4.1. Let f € V' be given. Then for every u, € Hy there exists a unique solution u = u(t)
on [0, ) of (2.14), satisfying u(t) = u,. Moreover,one has

u(t) € C[0,T; Hg) nL*(0,T; V), VT >0. (4.1)

Finally, if u; € Vg, then
u(t) € C[0,T; Vg) nL*(0,T; D(Ag)), VT >0. (4.2)
Proof. The Proof of Proposition 4.1 is similar to autonomous in [1, 15]. O

Now we will write (2.14) in the operator form

Oru = Aoiry (1),  Ulp=r = Uy, (4.3)

where o(s) = f(x, s) is the symbol of (4.3). Thus, if u, € Hy, then problem (4.3) has a unique
solution u(t) € C([0, T]; Hg) N L*([0, T]; Vi). This implies that the process {U(t, T)} given by
the formula U, (¢, T)u, = u(t) is defined in Hy.

Now recall the following facts that can be found in [13].

Definition 4.2. A function ¢ € leoc(R; E) is said to be normal if for any € > 0, there exists 77 > 0
such that

t+1
sup lp(s)||2ds < e. (4.4)
t

teR

Remark 4.3. Obviously, L2(R;E) C L}(R;E). Denote by L2(R;E) the class of translation
compact functions f(s), s € R, whose family of J(f) is precompact in L} (R; E). It is proved
in [13] that L2(R; E) and L2(R; E) are closed subspaces of Li(R; E), but the latter is a proper
subset of the former (for further details see [13]).

We now define the symbol space H(op) for (4.3). Let a fixed symbol oy(s) = fo(s) =
fo(:, s) be normal functions in leoc (R; E); that is, the family of translation { fo(s + h), h € R}
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forms a normal function set in L2

ioc([T1, T2]; E), where [T1, T;] is an arbitrary interval of the
time axis R. Therefore

H(o0) = H(fo) = [folx,s+h) [RER] 2 p)- (4.5)

Now, for any f(x,t) € H(fo), the problem (4.3) with f instead of fy possesses a
corresponding process {Uy(t,7)} acting on V. As is proved in [10], the family {U(t, T) |
f € H(fo)} of processes is (Vg x H( fo); Vy)-continuous.

Let

Ky ={us(x,t) for t € R | us(x,t)is solution of (4.3) satisfying ||us(-,t)||,; < My Vt € R}
(4.6)
be the so-called kernel of the process {U(t,T)}.

Proposition 4.4. The process {Uys(t,T)} : Hy — Hg (Vy) associated with the (4.3) possesses
absorbing sets

Bo={ueHyg||ulg<po}, By={ueVy|llully <pr} (4.7)
which absorb all bounded sets of Hg. Moreover By and By absorb all bounded sets of Hg and Vi in the
norms of Hg and Vy, respectively.

Proof. The proof of Proposition 4.4 is similar to autonomous g-Navier-Stokes equation. We
can obtain absorbing sets in Hy and V, the following from [1] and the proof of the main
results as follow. O

The main results in this section are as follows.

Theorem 4.5. If fo(x,s) is normal function in LIZOC(R; V), then the processes {Up(t,7)}
corresponding to problem (2.14) possess compact uniform (w.r.t. T € R) attractor o in Hyg
which coincides with the uniform (w.rt. f € H(fo)) attractor As,) of the family of processes

{Uyt, 7)), f e L(fo):

Ao = As(sy) = woe(r)(Bo) = | £4(0), (4.8)
fedtlfo)

where By is the uniformly (w.r.t. f € Hq(fo)) absorbing set in Hg and K is the kernel of the process
{U¢(t,T)}. Furthermore, the kernel Ky is nonempty for all f € H(fo).

Proof. As in the previous section, for fixed N, let H; be the subspace spanned by ws;...; wn,
and H, the orthogonal complement of H; in Hg. We write

u=u+uy; u €Hy, up € Hy forany u e Hg. (4.9)

Now, we only have to verify Condition (C). Namely, we need to estimate |ux(t)|,,
where u(t) = u;(t) + uy(t) is a solution of (2.14) given in Proposition 4.1.
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Multiplying (2.14) by u, we have

<%,uz>g + (vAgu,m)g + (B(u,u),uz)g = (f, uz)g - (Ru,uz)g.

It follows that

1d
5 gplealy + vllully < [(Baww), ) | + | (fru2) | + (Ru ),

Since b, satisfies the following inequality (see [15]):
|bg (1,0, )| < cluly*||ully*llollglwly*|lwlly?,  VYu,0,w € Vg,
thus,

| (B, 1), u2) | < clualy 2 lull?[ua] |12 >

c 1/211,,113/2
< 1l

v
< glliell} + cpop?.

Next, the Cauchy inequality,

(Ru )| = | (575 D)

v
< —
< Vgl el

3vpi|VglA

< Ul |2 + Lo
=6 N T 22N N

Finally, we have

v 2 3
|(Fr) | < Iflvglal] < 2l + 21

(4.10)

(4.11)

(4.12)

(4.13)

(4.14)

(4.15)

Putting (4.13)—(4.15) together, there exist constant M; = M;(myg, |Vg|ew, po, p1) such that

3fly
+
v

M, -
> 1

1d 2 1 2
571l + vl <

(4.16)
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Therefore, we deduce that
a|u2|g+vlm+1|u2|2 <2M; +;|f| A (417)

Here M; depends on .1, is not increasing as 1,41 increasing.
By the Gronwall inequality, the above inequality implies

2 t
|u2(t)|2 < |u2 (to n 1)|§e—v1m+1(t—(to+1)) + & + EI e—v/\m+1(t—s)|f|%/,ds' (4.18)
§ Vhma V) yn
Applying (4.4) for any ¢
3( £
—f e VAmn (t’s)|f|2,ds < =. (4.19)
v to+1 8 3

Using (2.9) and let t; =ty + 1+ (1/vA41) ln(3p(2)/g), then t > t; implies

2M < £
'X 7
. Phmat 3 . (4.20)
|u2(t0 + 1)|26—v1m+1(t—(to+1)) < p(z)e‘”)‘m” (t=(to+1))/2 5
Therefore, we deduce from (4.18) that
lw|;<e, Vixh, fed(fy), (4.21)

which indicates {U((t,7)}, f € H(fo) satisfying uniform (w.t.r. f € H(fo)) Condition (C)
in H,. Applying Theorem 3.5 the proof is complete. O

Theorem 4.6. If fo(x,s) is normal function in LZZOC(R;Hg), then the processes {Uy,(t, T)}
corresponding to problem (2.14) possesses compact uniform (w.r.t. T € R) attractor 2y in Vg
which coincides with the uniform (w.rt. f € H(fo)) attractor Az, of the family of processes

(Us(t, 7)), f € K(fo):

U = Ay = wo() (Br) = |J £5(0), (422)
fedt(fo)

where By is the uniformly (w.r.t. f € H(fo)) absorbing set in Vg and Ky is the kernel of the process
{Uy(t,T)}. Furthermore, the kernel Ky is nonempty for all f € H(fo).

Proof. Using Proposition 4.4, we have the family of processes {U(t,T)}, f € H(fo) corresp-
onding to (4.3) possesses the uniformly (w.r.t. f € H(fy)) absorbing set in V.

Now we prove the existence of compact uniform (w.r.t. f € H(fo)) attractor in V, by
applying the method established in Section 3, that is, we testify that the family of processes
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{Us(t,T)}, f € H(fo) corresponding to (4.3) satisfies uniform (w.r.t. f € H#(fo)) Condition
(©).
Multiplying (2.14) by A,us(t), we have

do
(E,Agm) + (vAgu, Aguz) + (Bg(u,u),Aguz)g =(f, Aguz) - (Ru, Aguz)g. (4.23)

It follows that

1d
Ll 4 vl gl < | (Bolw ), Agw) | + | (f Aguo) | + | (R, Agus) | (424

To estimate (Bg (u, u), Auz)g, we recall some inequalities [16]: for every u, v € D(Ay):

/2
uly 2 lully *|lolly | Ago] 2,
|Bswo)|<cd 5 U (4.25)
ulg™" | Agul “Ilvllg
(see [16])
0], 22 < clloo]] <1+logM>1/z (4.26)
2@ < :
© ¢ Aglleol2
from which we deduce that
| Bg (1, 0)| < cluli=@)| Volglulg| VO =), (4.27)

and using, (4.26)

lullgllo] <1 log 1As >1/2
u|ol|v + log ,
sl Lllwl

|47 %0
|u|o|Agv <1+lo —>
¢l Ag |g g-/\g”Agvné

|Bg(u,v)| <c (4.28)

1/2

Expanding and using Young’s inequality, together with the first one of (4.28) and the second
one of (4.25), we have

|(Bg(u,u), Aguz) | < |(Bg(u1,u1 +u2), Agtia) | + | (Bg (12, 1 + ), Agun)) |
/ /
< L2 | | Agua| ((faaa ||, + 12l ) + €lua] % Aga] ) (4.29)

v 2,€ 4 € 24
55|A8”2|g+;P1L+§P0P1r t>ty+1,



12 Journal of Applied Mathematics

where we use

| At [ < Al | (4.30)
and set
L=1+log Ame1 (4.31)
)Lg

Next, using the Cauchy inequality,

y
| (Ru, Aguz)g| = '(—(Vg-V)u,Agm)
8 g
v
< %|Vg|oo”u”g|Agu2|g (432)

v 2 3v 2 9
§8|Aguz|g+7|Vg| pi-

Finally, we estimate |(f, Aguz)| by
v 2 3 2
|(f, Aguz)| < Iflg|Agual, < g|Agu2|g + 5|f|g- (4.33)
Putting (4.29)—(4.33) together, there exists a constant M, such that
d 3
E||u2||§+vkm+1||uz||§ < ;|f|g+M2. (434)

Here M, = My(po, p1, L, v, |Vg|) depends on 1,1, is not increasing as \A,,.1 increasing.
Therefore, by the Gronwall inequality, the above inequality implies

t
||uz||§ < |ua(to +1) ||§e"’)‘m+1 (- 2Ma §J't He%mﬂﬂfsn flads. (4.35)
0

VA1V
Applying (4.4) for any ¢

t
§J e 9| f2ds < £ (4.36)
v to+1 3
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Using (2.9) and let t; =ty + 1+ (1/vA41) ln(3p%/£), then t > t; implies

2M2 < f
Vw3 (4.37)
||u2(t0 + 1) ||28_V)lm+l(t_(t0+1)) < p%e_V)lmH(t_(tU‘*'l)) < E .
< <
Therefore, we deduce from (4.35) that
luwally <, ez, fek(fo), (4.38)

which indicates {U((t,7)}, f € H(fo) satisfying uniform (w.t.r. f € H(fo)) Condition (C)
in Vg. O

5. Dimension of the Uniform Attractor

In this section we estimate the fractal dimension (for definition see, e.g., [2, 10, 15]) of the
kernel sections of the uniform attractors obtained in Section 4 by applying the methods
in [17].

Process {U(t,T)} is said to be uniformly quasidifferentiable on {X(s)},c, if there is a
family of bounded linear operators {L(t,7;u) | u € X(s),t > 7,7 € R}, L(t,7;u) : E — E
such that

limsup sup [LED-UE DU Lt Tw0)@-w)]

e—0TER uwek(s) |U - u|
0<|u—-v|<e

0. (5.1)

We want to estimate the fractal dimension of the kernel sections X (s) of the process
{U(t,T)} generated by the abstract evolutionary (2.14). Assume that {L(¢,7;u)} is generated
by the variational equation corresponding to (2.14)

ow=F(ut)w, wl=w;€E, t>1, TER, (5.2)

that is, L(t, T; u;)w, = w(t) is the solution of (5.2), and u(t) = U(t, T)u, is the solution of
(2.14) with initial value u, € X (7). For natural number j € N, we set

7+T
gj = _lim sup sup <%J‘ Tr(F’(u(s),s))ds), (5.3)

T=+% reRueX(7) T

where Tr is trace of the operator.
We will need the following Theorem VIIL.3.1 in [10] and [2].
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Theorem 5.1. Under the assumptions above, let us suppose that U,cr K (T) is relatively compact in
E, and there exists qi,j = 1,2,..., such that

qj < qj, foranyj=1,
Gny 20,  Gnys1 <0, for some ny > 1, (5.4)

qj < qny + (qno - qn0+1>(n0 _j)/ V] =1,2,....

Then,

dp(K(T)) <dg=mp+ —T  vreR. (5.5)

ny — Qn0+1

We now consider (2.14) with f € L2(R; Vé). The equations possess a compact uniform
(wrt. f € H(f)) attractor A (r) and U,pKs(T) C Au(s). By [2, 10, 15], we know that
the associated process {Uf(t, 7)} is uniformly quasidifferentiable on {X(7)}__, and the
quasidifferential is Holder-continuous with respect to u; € KX7(r). The corresponding
variational equation is

Oyw = —vAgu - Beu—vRu+ Py f = F'(u(t),)yw, wl—r=w;€E, TER. (5.6)

We have the main results in this section.

Theorem 5.2. Suppose that f(t) satisfies the assumptions of Theorem 4.5. Then, if y = 1 -
(2IVglw)/ (mo.)t}g/ 3> 0, the Uniform attractor Ay defined by (4.8) satisfies

dr(2o) < \/é, (5.7)

covmolyy
oM,

Cldl lJ<T+T (58)

where

p= sup £ ()5, ds
2v3m0ylp]_€Hg lpjl<1 (i
i=12,...,m

T

the constant c1, c; of (3.29) and (3.32) of Chapter VI in [15] and [2], A} is the first eigenvalue of the
Stokes operator and dy = |V g[%, /4mg + |V g|e + Mo.

Proof. With Theorem 4.5 at our disposal we may apply the abstract framework in [2, 10, 15,
17].

For i, &,...,&n € Hy, letv;(t) = L(t,u,) - &, where u, € Hg. Let {¢;(s);j =1,2,...,m}
be an orthonormal basis for span {v;;j =1,2,...,m}. Since v; € V, almost everywhere s > 7,
we can also assume that ¢;(s) € V, almost everywhere s > 7. Then, similar to the Proof
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process of Theorems 4.5 and 4.6, we may obtain

Z(F (U(S T)uTr 5)(P1/(P1 VZ||(P]”2 Zbg((P],U(S T)u'r/ (P;)

i=1 i=1

- ;(gwg‘v)‘!’j/‘l’j> ,

8

(5.9)

almost everywhere s > 7. From this equality, and in particular using the Schwarz and Lieb-
Thirring inequality (see [2, 10, 15, 17]), one obtains

m mO ,
§||(p||§2)q+~-+lm2MO()L'1+---+)L' ) > czx

1/2
' Vgl \ <=y 2 ey
Trj (F'(U(s, T)ur, 5), < —v(l p—e 21:||<p]-||g +|U(s, myud, ;1_01213”%”g
1 i= <
4 2|Vg|oo Cldl )
S_§<1_ 1/2>Z” ]” ||U T)uT||g

2V ¢l
< Yo <1— |f| >CZJ\'1m2 cidy ||U( T)uT"

S TOM, o i/z
(5.10)
on the other hand, we can deduce (2.14) that
2
d 1A, 2y
UG, Ty + v |[U (s, Tue |} < — + 1/2|Vg|w||u soul;  (511)
v moly

for g = 47r?my/ My, and then

f 2 2V¢l \
[ Iue s < (5 J‘Ilf(s)llvfd +'“')<1— | g1|/2> , tzr (512)
T mOAg

Now we define

1 T+T
Gm = sup (f,[ Trj(F’(U(s,T)uT,s)ds)> , (5.13)
(p]EH |(p]|<1 T g
j=12,...m
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Using Theorem 5.1, we have

- i 2|Vg|w> , o ad 1 (™7 2
Gm < — 1- cohym” + sup = U(s, T)u|,ds
" 2M0< moAl72 ! 2vmg \ yen lpia\T )2 I Il
vy 2|V glew ;o
< - 1- A
> 2M0< morl” )

j=12,.,m
-1
adi [ 1 1 (™t u? 2|V 2|
sl S s (7] WeRass B (1- 282,
v v pi€Hg |opj|<1 T v mo)ug
j=12,..,.m

(5.14)

Gm = limsupg,, < —am® + ,

T—oo

Hence

Acknowledgment

The author would like to thank the reviewers and the editor for their valuable suggestions
and comments.

References

[1] J. Roh, “Dynamics of the g-Navier-Stokes equations,” Journal of Differential Equations, vol. 211, no. 2,
pp. 452-484, 2005.

[2] M. Kwak, H. Kwean, and J. Roh, “The dimension of attractor of the 2D g-Navier-Stokes equations,”
Journal of Mathematical Analysis and Applications, vol. 315, no. 2, pp. 436-461, 2006.

[3] O. A. Ladyzhenskaya, “Uber ein dynamisches System, das durch die Navier-Stokesschen Gleichun-
gen erzeugt wird,” Zapiskii of Nauchnich, Seminarov LOMI, vol. 27, pp. 91-115, 1972.

[4] O. A. Ladyzhenskaya, “A dynamical system generated by the Navier-Stokes equations,” Journal of
Mathematical Sciences, vol. 3, no. 4, pp. 458-479, 1975.

[5] C. Foias and R. Temam, “Finite parameter approximative structure of actual flows,” in Nonlinear
Problems: Present and Future, A. R. Bishop, D. K. Campbell, and B. Nicolaenko, Eds., vol. 61 of North-
Holland Mathematics Studies, pp. 317-327, North-Holland, Amsterdam, The Netherlands, 1982.

[6] J. Mallet-Paret, “Negatively invariant sets of compact maps and an extension of a theorem of
Cartwright,” Journal of Differential Equations, vol. 22, no. 2, pp. 331-348, 1976.

[7] P. Constantin and C. Foias, Navier-Stokes Equations, Chicago Lectures in Mathematics, University of
Chicago Press, Chicago, 111, USA, 1988.

[8] R. Temam, Navier-Stokes Equations, vol. 2 of Studies in Mathematics and Its Applications, North-Holland,
Amsterdam, The Netherlands, 3rd edition, 1984.

[9] A. Haraux, Systemes Dynamiques Dissipatifs et Applications, vol. 17 of Recherches en Mathématiques
Appliquées, Masson, Paris, France, 1991.



Journal of Applied Mathematics 17

[10] V. V. Chepyzhov and M. 1. Vishik, Attractors for Equations of Mathematical Physics, vol. 49 of American
Mathematical Society Colloquium Publications, American Mathematical Society, Providence, RI, USA,
2002.

[11] J. K. Hale, Asymptotic Behavior of Dissipative Systems, vol. 25 of Mathematical Surveys and Monographs,
American Mathematical Society, Providence, RI, USA, 1988.

[12] G. R. Sell and Y. You, Dynamics of Evolutionary Equations, vol. 143 of Applied Mathematical Sciences,
Springer, New York, NY, USA, 2002.

[13] S.S. Lu, H. Q. Wy, and C. K. Zhong, “Attractors for non-autonomous 2D Navier-Stokes equations
with normal external forces,” Discrete and Continuous Dynamical Systems, vol. 8, pp. 585-597, 2005.

[14] Q. Ma, S. Wang, and C. Zhong, “Necessary and sufficient conditions for the existence of global
attractors for semigroups and applications,” Indiana University Mathematics Journal, vol. 51, no. 6, pp.
1541-1559, 2002.

[15] R. Temam, Infinite-Dimensional Dynamical Systems in Mechanics and Physics, vol. 68 of Applied
Mathematical Sciences, Springer, New York, NY, USA, 1997.

[16] C. Foias, O. P. Manley, R. Temam, and Y. M. Treve, “Asymptotic analysis of the Navier-Stokes
equations,” Physica D, vol. 9, no. 1-2, pp. 157-188, 1983.

[17] V. V. Chepyzhov and A. A. Ilyin, “On the fractal dimension of invariant sets: applications to Navier-
Stokes equations,” Discrete and Continuous Dynamical Systems. Series A, vol. 10, no. 1-2, pp. 117-135,
2004.



