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1. Introduction

In the past few years a significant progress was made in the asymptotic theory of dynamical
systems and their applications in control theory (see [1-41]). It is well known that if X is a
Banach space, © is a compact metric space, o is a flow on ©, and A : © —=B(X) is a continuous
mapping, then @ (6, t), the solution operator of the linear differential equation

x(t) = A(o(0,t)x(t), t>0, (1.1)

is a cocycle and the pair ¥ = (®,0) is a linear skew-product flow. Often, (1.1) arises from
the linearization of nonlinear equations (see [9, 31] and the references therein). Equation
(1.1) is the starting point of our paper. We consider an integral model for the above type of
systems, defined in terms of linear skew-product flows and we study the exponential stability
of solutions.
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Input-output conditions in the study of the asymptotic properties of evolution equations
have a long and impressive history that goes back to the work of Perron. In recent years,
new ideas were developed in this theory, providing input-output theorems for stability,
expansiveness, and dichotomy and also a number of applications in control theory (see
[2,7,9,11, 13, 15, 19-27, 29, 30, 32—41] and the references therein). The aim of our paper is
to establish input-output conditions for uniform exponential stability of variational control
systems, identifying the viable classes for input spaces and output spaces, as well. We provide
anew approach based on the fundamental properties of Banach function spaces. Our attention
is devoted to the relationship between the uniform exponential stability of a variational
system and the stability of a pair of spaces which are translations invariant. We establish
the connections between (I(R., X), O(R,, X)) stability and uniform exponential stability of a
variational control system on a Banach space X, when the input space I(R., X) and the output
space O(R,, X) belong to specific classes of Banach function spaces. By examples we motivate
our techniques and also discuss some optimization methods with respect to the input space.

In what follows, we consider a generalization of systems described by differential
equations of the form

x(t) = A(o(6,1)x(t) + B(o(6,1))u(t),

(1.2)
y(t) =C(a(8,1))x(t),

where o is a flow on a locally compact metric space ©, A(f) are unbounded operators
on a Banach space X, and the operators B(0) € B(U,X), C(0) € B(X,Y), where U, Y
are Banach spaces. Roughly speaking, the family {A(0)}yco will be subjected to addi-
tive structured perturbations, so that the perturbed system is x(f) = [A(0(6,t)) +
B(o(6,t))A(0(6,t))C(0 (0, t))]x(t), which may be interpreted as a system obtained by applying
the feedback u(t) = A(c(6,t))y(t) to the time-varying system (1.2). The main question is how
general may be the perturbation structure such that the property of exponential stability is
preserved. We will answer this question by determining a general lower bound for the stability
radius of such systems.

In the last decades, stability radius became a subject of large interest and various
estimations for the lower bound of the stability radius of systems were obtained (see [11, 17—
20, 32, 33, 41]). This concept was introduced by Hinrichsen, Ilchmann, and Pritchard (see
[18]) and led to a systematic study of the stability of linear infinite-dimensional systems under
structured time-varying perturbations. The main idea was to estimate the size of the smallest
disturbance operator under which the additively perturbed system loses exponential stability.
A significant theorem which gives a lower bound for the stability radius of a system associated
to a mild evolution operator in terms of the norm of the input-output operator of the system
has been obtained by Hinrichsen and Pritchard (see [19, Theorem 3.2]). A distinct approach of
this result was given by Clark et al. in [11], employing an evolution semigroup technique. The
variational case was firstly treated in [32], where we obtained a lower bound for the stability
radius in terms of the Perron operators associated with a linear skew-product semiflow. In [41],
Wirth and Hinrichsen introduced a concept of stability radius for the case of discrete time-
varying systems under structured perturbations of multi-output feedback type. In the spirit of
this theory, we have obtained in [33] an estimation for the lower bound of the stability radius
of a control system of difference equations on a Banach space X, under structured infinite
multiperturbations, in terms of the norm of the input-output operator associated with a system
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on IP(N, X) with p € [1,0]. An interesting approach for systems in finite-dimensional spaces
was presented by Jacob in [20]. There the author deduces a formula for the stability radius of
time-varying systems with coefficients in LL‘;C(O, o0; K™™"), where K € {R,C}, in terms of the
norms of a family of input-output operators.

In the fourth section of the present paper we propose a new approach, deducing a
lower bound for the stability radius of variational systems in terms of input-output operators
acting on rearrangement invariant Banach function spaces. Until now, the most common
function spaces used for estimating the stability radius are the LP-spaces with p € [1,0),
which satisfy in particular the requirements of the classes introduced in this paper. Thus, our
results provide a unified treatment in a large class of function spaces, extending the above-
mentioned contributions. As particular cases, we obtain a lower bound for the stability radius
of a variational system in terms of LP-spaces, with p € [1, o0], and generalize the main result in
[32].

In the last section, the central results of the paper are applied at the study of the uniform
exponential stability of nonautonomous systems. We provide a complete analysis concerning
the implications of the variational case for nonautonomous systems. We point out several
interesting situations and deduce as particular cases the stability results due to Datko, Clark,
Latushkin, Montgomery-Smith, Randolph, Neerven, Megan, and many others. Moreover, as
an application we obtain a lower bound for the stability radius of nonautonomous systems in
terms of the norm of the input-output operators acting on translations invariant spaces. Our
results extend the existing contributions in the literature on this topic.

2. Preliminary results on Banach function spaces

Let M(R,,R) be the linear space of all Lebesgue measurable functions u : R,—R, identifying
the functions equal a.e.

Definition 2.1. A linear subspace B of M(R.,R) is called a normed function space if there is a
mapping |-|p : B=R. such that
(i) lulp =0ifand only if u = 0 a.e.;
(ii) |au|p = |a| |u|p, for all (a,u) € R x B;
(iii) |u + v|g < |u|g + |v|p, for all u,v € B;
(iv) if |u(t)| < |v(t)| a.e. t € Ry and v € B, then u € B and |u|g < |v|s.

If (B, |-|p) is complete, then B is called a Banach function space.

Remark 2.2. (i) If (B, |-|p) is a Banach function space and u,—u in B, then there is a subsequence
(ux,) such that ux,—u a.e. (see, e.g., [28]).
(ii) If (B, |-|p) is a Banach function space and u € B, then |u(-)| € B.

Definition 2.3. A Banach function space (B, ||p) is said to be invariant to translations if for every
u:R,—Rand every f > 0, u € B if and only if the function

u(s—t), s>t 1)

u R, — R, ui(s) =
S 1(s) {0, se0,t)

belongs to B and |u;|p = |u|p.
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Let C.(R.,R) be the linear space of all continuous functions v : R,—R with compact
support contained in R, and let Co.(R+,R) := {v € C.(R4,R) : v(0) = 0}. Let Llloc(R+,R) be the
linear space of all locally integrable functions u : R, —R.

We denote by T(R,) the class of all Banach function spaces B which are invariant to
translations and with the following properties:

(i) Cc(R,,R)cBCL]

loc

(R-H R)/
(i) if B\ L'(R,, R) # @, then there is a continuous function 6 € B \ L'(R,, R).

For every A C R, we denote by y4 the characteristic function of the set A.
Remark 2.4. If B € T(R,), then x|os € B, forall t > 0.

Indeed, let t > 0. If « : R,—[0,1] is a continuous function with compact support such
that a(s) = 1, for s € [0,t] and a(s) = 0, for s > t + 1, then we have that yj(s) < a(s), for all
s > 0. Since a € B, using (iv) from Definition 2.1, we deduce that y[o) € B.

Definition 2.5. If B € T(R,), then the function Fp : (0,00)—R,, Fp(t) = |x[ols is called the
fundamental function of the space B.

Remark 2.6. The function Fp is nondecreasing.

Example 2.7. Let p € [1,00). Then the space LP(R,,R) = {u € M(R,,R) : f0°°|u(7')|pd7' < oo}
with respect to the norm ||u|[, = ( f0°° |u(t)P dT)l/ P is a Banach function space which belongs to
T(Ry).

Example 2.8. Let L*(R,,R) be the linear space of all essentially bounded functions u €
M(R,,R). With respect to the norm |[[u|, := esssup,,o|u(t)|, L*(R+,R) is a Banach function
space which belongs to T(R).

Example 2.9 (Orlicz spaces). Let ¢ : R,—R, be a nondecreasing left-continuous function, which
is not identically zero on (0, 00). The Young function associated with ¢ is defined by Y, (t) =
K(p(s) ds. For every u € M(R,,R) we define M, (u) := [[°Y,(|u(s)|) ds. The set O, of all u €
M(R,,R) with the property that there is k > 0 such that M, (ku) < oo is a linear space. With
respect to the norm |ul, := inf{k > 0 : M,(u/k) < 1}, O, is a Banach space called the Orlicz
space associated with ¢.

Remark 2.10. It is easy to verify that the Orlicz spaces introduced in Example 2.9 belong to
T(R,).

Remark 2.11. The spaces L?(R,,R), p € [1,00] are Orlicz spaces, which may be obtained for
¢(t) = pt*~,if p € [1,00) and for

)]0, te[o,1] .
(p(t)_{l, o1 if p=oo. (2.2)

Lemma 2.12. Let B € T(R,) and v > 0. Then the function e, : R,—R,, e, (t) = e™™, belongs to B.
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Proof. We have that

ey(t) = Z e Xnns1) () < Z e Xnnsny(t), VE20. (2.3)
n=0 n=0
This shows that e,, € B and |ey|p < |x[0,1)[8/ (1 — ™). O

Definition 2.13. Let u,v € M(R,,R). Say that u and v are equimeasurable if for every t > 0 the
sets {s € R, : |u(s)| >t} and {s € R, : |v(s)| > t} have the same measure.

Definition 2.14. A Banach function space (B,|:|g) is rearrangement invariant if for every
equimeasurable functions u, v : R,—R, with u € B, one has v € B and |u|g = |v|s.

Remark 2.15. The Orlicz spaces are rearrangement invariant (see [4, Theorem 8.9]).

We denote by R(R,) the class of all Banach function spaces B € T(R,) which are
rearrangement invariant.

Remark 2.16. If B € R(R,), then B is an interpolation space between L!(R,,R) and L*(R,,R)
(see [4, Theorem 2.2, page 106]).

Lemma 2.17. Let B € T(R,) and v > 0. Then for every u € B the function
t
BB R ) = [ e u) ds 2.4
0
belongs to B. Moreover, there is Ag > 0 such that |¢,|p < Ag|u|p, for all u € B.

Proof. 1t is easy to see that

t
D, :L* (R+/ R) —L” (R+IR>/ (Dv(u))(t) = j eiv(tis)u(s) ds (2.5)
0
is a correctly defined bounded linear operator. Moreover, the restriction D,
L'(R;,R)—LY(R,,R) is correctly defined and is a bounded linear operator. Then from
Remark 2.16 it follows that D,), : B—B is a correctly defined and bounded linear operator.
Taking Ag = ||D,, ||, the proof is complete. O

We denote by Q(R,) the class of all Banach function spaces B € T(R,) with the property
that sup,. ,Fp(t) = co.

Remark 2.18. 1f ¢(t) € (0,00), for all t > 0, then the Orlicz space O, € Q(R,) (see, e.g., [24,
Proposition 2.1]).

Let Co(R.,R) be the space of all continuous functions u : R,—R with lim;_,,u(t) = 0.
Lemma 2.19. If B € T(R,) \ Q(R.), then Co(R4+,R) C B.

Proof. Let u € Co(R.,R). Then there is an unbounded increasing sequence (t,) C (0, o0) such
that |u(t)| <1/(n+1), forall t > t, and n € N. We set u,, = u x[o,). According to our hypothesis,
M :=sup, ,Fp(t) < . Then, we observe that

1
n+1

M
|thnp — tn| 5 < | X Tt | 5 < 7 Vp e N¥, VneN. (2.6)



6 Abstract and Applied Analysis

Hence, the sequence (u,) is fundamental in B, so there is v € B such that u,—v in B. From
Remark 2.2 there exists a subsequence (u,) such that ux,—v a.e. This implies that u = v a.e.,,
so u = v in B. It follows that u € B and the proof is complete. O

We denote by £(R,) the class of all Banach function spaces B € CT(R,) with the property
that B\ L'(R,,R) # @.

Remark 2.20. Using Remark 2.2(ii) we have that if B € £(R,), then there is a continuous
function 6 : R,—R, with 6 € B\ L'(R,,R).

Lemma 2.21. If B € T(R,), then B € Q(R,) or B € L(R,).

Proof. Suppose by contrary that there exists B € T(R,) such that B¢ Q(R,) and B ¢ £(R,). Then
M := sup,.,Fg(t) < oo and B € L'(R,, R). It follows that there is ¢ > 0 such that [lull; < c|ulg,
for all u € B. In particular, for u = yos we deduce that t < c|yolp = ¢ Fp(t) < ¢ M, for all
t > 0, which is absurd. O

Let (X, ||-||) be a real or complex Banach space. We denote by C.(R,, X) the linear space of
all continuous functions v : R,—X with compact support, let Co. = {v € C.(R,, X) : v(0) = 0}
and let LllOC (R4, X) be the linear space of all locally integrable functions u : R, —X.

For every B € T(R,) we denote by B(R,, X) the linear space of all Bochner measurable
functions u : R,—X with the property that the mapping N, : R,—R,, N, (t) = |Ju(t)| lies in B.
Endowed with the norm ||u||gw, x) := [Nu|s, B(R4, X) is a Banach space.

3. Stability of variational integral control systems

In the stability theory of evolution operators in Banach spaces, an evolution family % =
{U(t, 5) } 15450 is said to be (E(R, X), F(R,, X)) stable if for every f € E(R,, X) the mapping
Py belongs to F(R,, X) where

Ps(t) = J;)Ll(t, s)f(s) ds. (3.1)

The classical input-output results concerning exponential stability of evolution families in
Banach spaces may be stated as follows.

Let U = {U(t,s)};5550 be an evolution operator on a Banach space X and p,q € [1,0) with
p < q. Then the following assertions are equivalent:

(i) U is uniformly exponentially stable;

(ii) U is (Co(Ry, X), Co(R4, X)) stable;

(iii) U is (Co(R4, X), Cp(R,, X)) stable;

(iv) U is (LP(R,, X), L1(R,, X)) stable.
The implication (iv)=(i) was obtained by Datko in 1973 (see [16]), using one of his
stability results contained in the same paper. In the last few years, there were pointed out new
and interesting methods of proving the above theorem. The equivalences (i)&(ii)&(iv) were

proved by Neerven for the special case of Cy semigroups of linear operators (see [30]) and
p = g. In [11], Clark et al. have provided an inedit technique of proving the equivalences
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(i)e(ii)e(iv) for the case p = g. There the authors established important connections
between the asymptotic properties of evolution families and those of the associated evolution
semigroups with a large number of applications in control theory. Roughly speaking the
authors described the behavior of a nonautonomous system in terms of the properties of an
associated autonomous system. Therefore, in their approach the input space must coincide
with the output space.

The equivalence (i)&(ii)&(iii) has been also proved by van Minh et al. (see [29]),
employing an evolution semigroup technique. The equivalence (i)&(ii) was also treated by
Buse in [7]. The case p # g was completely treated in [23], where several new stability results
of Perron type were established for exponential stability of evolution families, generalizing the
above equivalences and obtaining that uniform exponential stability of an evolution family can
be expressed using boundedly locally dense subsets of Cp,(R., X) and LP(R,, X), respectively.
The main results in [23] were extended in [25] for the case of linear skew-product flows, where
the input-output operator was replaced with a family of operators acting between the function
spaces of the admissible pair. The stability results obtained in [25] generalized some theorems
from [7, 16, 23, 29, 30]. Moreover, the stability theorems in [25] led to several interesting
consequences in control theory (see [26, 32]).

In what follows, the input-output techniques in the stability theory of variational
equations will be treated from the perspective of Banach function spaces arising from the
interpolation theory. In this section, our main purpose is to give a complete and unified study
of the exponential stability of variational systems via input-output methods, providing the
“structure” of the classes of input and output spaces, respectively.

Let X be a Banach space, let (O, d) be a metric space, and let £ = X x ©. We denote by
B(X) the Banach algebra of all bounded linear operators on X. The norm on X and on B(X)
will be denoted by ||-||.

Definition 3.1. Let | € {R,,R}. A continuous mapping ¢ : © x J—0O is called a flow on © if
0(0,0) =0 and 0(0,s +t) = 0(0(0,s),t), for all (0,s,t) € © x J>.

Definition 3.2. A pair or = (D, 0) is called a linear skew-product flow on & = X x © if 0 is a flow on
© and @ : © x R, —B(X) satisfies the following conditions:
(i) @(B,0) = 14, the identity operator on X, for all 6 € ©;
(i) @(O,t +s) = D(c(6,t),s)D(O,t), for all (6,t,5) € © x R2 (the cocycle identity);
(iii) (8,t) — D(6, t)x is continuous, for every x € X;
(iv) there are M > 1 and w > 0 such that |®(6,t)|| < Me*!, for all (0,t) € © x R,..
The mapping @ given by Definition 3.2 is called the cocycle associated to the linear skew-
product flow o = (®, 0).

Let or = (@, 0) be a linear skew-product flow on & = X x ©. In what follows, we consider
the variational integral control system

xo(t; x0,u) = D(6, ) x0 + J-tCD(O'(G, s),t—s)u(s)ds, t>0, 0€0O (S)
0

. 1
with u € LlOC

(R4, X) and xp € X.
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Definition 3.3. The system (S) is said to be

(i) uniformly stable if there is L > 0 such that

10 (£ x0, 0) || < L|xo

, Y(6,t) eOxR,, Vxp € X; (3.2)

(ii) uniformly exponentially stable if there are K, v > 0 such that

[l (£ x0, 0) || < Ke™ | xo

|, V(6,t) €eOxR,, Vx; € X. (3.3)

Remark 3.4. (i) The system (S) is uniformly stable if and only if there is L > 0 such that
|DO,8)|| <L, forall (6,t) € © xR,.

(ii) The system (S) is uniformly exponentially stable if and only if there are K, v > 0 such
that |@(6,1)|| < Ke™, for all (0,t) € © x R,.

Definition 3.5. Let I, O be two Banach function spaces with I, O € T(R,). The system (S) is said
to be (I(R,, X), O(R,, X)) stable if the following assertions hold:

(i) for every u € Co-(R4, X) and every 0 € O the solution xg(-;0, u) € O(R,, X);
(ii) there is A > 0 such that [[x¢(-; 0, 1) [0, x) < Mullir, x), for all (u,0) € Coc (R, X) x ©.

I(R4, X) is called the input space and O(R., X) is called the output space.
We begin with a sufficient condition for uniform stability.

Theorem 3.6. Let I,O € T(R,). If the system (S) is (I(R,, X), O(R,, X)) stable, then the system (S)
is uniformly stable.

Proof. Let a : R,—[0, 2] be a continuous function with supp & € (0,1) and Lla(T) dr =1.

Let M, w € (0, o) be given by Definition 3.2 and let A > 0 be given by Definition 3.5.

Let (x,0) € X x ©. We consider the function u : R,—X, u(t) = a(t)®(6, t)x. We have that
u € Coc(Ry, X) and |lu(t)|| = a(t)||D(6,t)x|| < Me“||x||a(t), for all t > 0. This implies that

lullie, x) < Me®||x|| |alr. (34)
From hypothesis we have that xg(-; 0, u) € O(R,, X) and
[lc0 (5 0,1) || o, xy < Alellzcr, x)- (3.5)
We observe that
t
xo(t;0,u) = I ®(0(6,s),t—s)u(s)ds
0

- <jta(s) ds)CD(Q, Bx = ®(0,0)x, Vi> 1. (3.6)

0

Then, for t > 2 we deduce that

|| DO, £)x|| x1-1,6) (5) < Me®||D(O, s)x]|| = Me“||xa(s;0,u)||, Vs>0 (3.7)
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which implies that

|©®, x| xit-10 | < Me®[[xa(:;0, u)||O(R+,X)' (3:8)

Since O is invariant to translations we have that |yj-1.nlo = |xlo = Fo(1). Then, from
relations (3.4)—(3.8) we obtain that

AM?e®|a|;
Fo(1)

For t € [0,2] we have that ||®(0,t)|| < Me?**. Then, for L = max{Me*?, (AM?e**|a|r)/Fo(1)}
we deduce that ||®(6, t)x|| < L||x||, for all ¢ > 0. Taking into account that L does not depend on
0 or x, it follows that ||®(6, t)x|| < Lijx||, for all (6,t) € © x R, and all x € X and the proof is
complete. O

AMe®
@@, 0] < o gy el < ldl, vi>2. (3.9)

The first main result of this section is the following.

Theorem 3.7. Let 1,0 € T(R,). If I € £L(R,) and the system (S) is (I(R, X), O(Ry, X)) stable,
then the system (S) is uniformly exponentially stable.

Proof. Let A > 0 be given by Definition 3.5. From Theorem 3.6 we have that there is L > 0 such
that |@(6,t)|| < L, for all (6,t) € © x R,.

Since I € £(R,) from Remark 2.20 it follows that there is a continuous function 6 :
R,—R, such that 6§ € I \ L'(R,,R). Let h > 0 be such that

AL2(6;
Fo(1)

h
J‘ 6(s)ds >2e (3.10)
0

For every n € N* let a, : R,—[0,1] be a continuous function with a,(t) = 1, for t €
[1/n,h], 2,(0) =0, and a,(t) =0, for t > h + 1. Since

h h
f a,(s)6(s)ds — f 6(s)ds, asn— oo (3.11)
0 0
there is j € N* such that
h 1 (" AL2|6|;
a:= J;) aj(s)6(s)ds > EJ;) 6(s)ds > em. (3.12)

Let (x,0) € & = X x ©. We consider the function
u:R, — X, u(t) = a;j(t)o(t)d(O,t)x. (3.13)

We have that u € Cy.(R;, X), so u € I(R,, X). In addition, ||u(t)|| < L||x||6(t), for all t > 0. This
implies that |lu||;®, x) < L||x][|6]r. We observe that

o (t:0, )| = u J; ©(0(6, ), - s)u(s) ds]| = <f0af<5>5<5> ds ) (6, x| (3.14)

> a||®, t)x||, Vi>h
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Then, we have that
||(D(9,h + 1)x|| < L||(D(9, t)x|| < Ié”xg(t;o, u)||, Vte[h,h+1) (3.15)

which implies that

L
| D6, h+ 1)x|| X ne) (£) < ;”xg(t; 0,u)|, vt>0. (3.16)

Since O is invariant to translations we have that |y[sn1)lo = |xX[0,1)l0 = Fo(1). Then from (3.16)
we deduce that

@6, h+1)x||Fo(1) <

L
E||x9(~;0,u)||o(R+,X). (3.17)

According to our hypothesis

”xe('/.oru)”O(RﬂX) < A”””I(RMX)' (3.18)
Using relations (3.17) and (3.18) it follows that

AL2|5|;
Fo(1)

We set r = h + 1. From (3.19) and (3.12) we obtain that ||®(6, r)x|| < (1/e)]||x]|. Since r does not
depend on 0 or x we deduce that |®(0,r)x|| < (1/e)|x||, for all (x,0) € &.

Letv=1/rand K = Le. Let t > 0. Then there is n € Nand s € [0,r) such thatt = nr + s.
It follows that || @(6,t)|| < L||®(6,nr)|| < Le™ < Ke ™. This implies that the system (S) is
uniformly exponentially stable. O

AL
a|| @6, h + Dx|| < ——=llullrw,x) < [lx]|- (3.19)
Fo(1)

The second main result of this section is the following.

Theorem 3.8. Let 1,0 € T(R,). If O € Q(R,) and the system (S) is (I(R,, X), O(R, X)) stable,
then (S) is uniformly exponentially stable.

Proof. Let A > 0 be given by Definition 3.5 and let L > 0 be given by Theorem 3.6. Let h > 0 be
such that

Fo(h) > 2eAL*F;(1). (3.20)

Let a : R, —[0, 2] be a continuous function with supp a € (0,1) and Lla(T) dr =1.
Let (x,0) € & = X x ©. We consider the function

u:R, — X, u(t) = a(t)d(6,t)x. (3.21)

Since u € Co. (R4, X) we have that u € I(R,, X). Moreover, ||u(t)|| < L||x|la(t) < 2L|x| x[0,1) (),
for all t > 0, which implies that

l[llre, x) < 2L]1x[[F1(1). (3.22)
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We observe that xg(t,0,u) = ®(0,t)x, for all t > 1. Then, we have that
||q)(9,h + 1)x||x[1,h+1)(t) < L”(I)(e, t)x||x[1,h+1)(t) < L”JCQ(t; 0,u) ”, Vi>0 (3.23)

Since O € T(R,) we have that [x[i,5+1)lo0 = |x[omlo = Fo(h). Then from (3.23) and (3.22) we
deduce that

D6, 1+ Dx||Folh) < L{|xe(;0,1)[| o, y) < ALlullie.x € ALFi(Wlxl.  (324)

From relations (3.20) and (3.24) it follows that ||®(6, h + 1)x|| < (1/e)||x||. Taking into account
that h does not depend on 6 or x we obtain that ||®(6, h + 1)x|| < (1/e)||x]|, for all (x,0) € & =
X x ©. Using similar arguments as in Theorem 3.7 we obtain that the system (S) is uniformly
exponentially stable. O

The central result of this section is the following.

Theorem 3.9. Let I,O € T(R,) be such that I € L(R,) or O € Q(R.). Then, the following assertions
hold:

(i) if the system (S) is (I(R+, X), O(R+, X)) stable, then (S) is uniformly exponentially stable;

(ii) if I C O and one of the spaces I, O belongs to the class R(R.), then the system (S) is uniformly
exponentially stable if and only if the system (S) is (I(R., X), O(Ry, X)) stable.

Proof. (i) This follows from Theorems 3.7 and 3.8.
(ii) Necessity. Let K,v > 0 be such that ||®(6, t)x|| < Ke™||x||, for all (x,0) € & and all
t > 0. Since I C O, there is y > 0 such that

|lw|o < ylw|;, Yw el (3.25)
Let u € Co.(Ry, X) and let
t
R — R, g (t) = Le-”“-s) [lu(s)|| ds. (3.26)
Then for every 6 € © we have that
||xo(t;0,u) || < Kgpu(t), t>0. (3.27)

Case 1. I € R(R;) Let A; > 0 be given by Lemma 2.17. Since u € I(R,, X), from Lemma 2.17 we
have that ¢, € I and |, |r < Af||lulr®, x). Then from (3.27) it follows that x4 (-;0,u) € I(R, X),
so xg(+;0,u) € O(R,, X). Moreover, from (3.25) and (3.27) we have that

||x9(~;0, u)||O(R+,X) < Y”xe(';ofu)”I(RMX) < yKAllulli, x)- (3.28)

Taking A = yKA; and observing that A does not depend on u or 6 we deduce that the system
(S)is (I(R,, X),O(R,, X)) stable.
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Case 2. O € R(R,) Let Ap > 0 be given by Lemma 2.17. From u € O(R,, X), using Lemma 2.17
we have that ¢, € O and |glo < Aollullow, x)- Then, from (3.25) and (3.27) we deduce that
xg(-;0,u) € O(R,, X) and

[lxx0(-30,1) || o g, x) < Krollullow. x) < yKollullie. x)- (3.29)

Taking A = yKAp we conclude that the system (S) is (I(R,, X), O(R,, X)) stable.

Sufficiency. It follows from (i).

In what follows, we prove that the main result given by Theorem 3.9 is the most
general in this topic. Specifically, we will show that if I ¢ £Z(R;) and O ¢ Q(R,), then the
(I(R4, X), O(R,, X)) stability of the system (S) does not imply the uniform exponential stability
of (5). O

Example 3.10. Let© =R, and let o : © x R,—0, 0(0,t) = 0 + t. Let X = Cy(R,, R) and for every
(6,t) e © xRy, let

DO,t): X — X, (DO, 1)x)(s) = x(s +1). (3.30)

Then o = (O, 0) is a linear skew-product flow on & = X x ©. We consider the system
t
xo(t; x0,u) = D(6, ) x0 + f ®(0(0,s),t—s)u(s)ds, t>0, 0€0O (S)
0

withu € L%OC(RMX) and xp € X. Observing that ||®(6,t)|| = 1, for all (6,¢) € © xR, we deduce
that the system (S) is not uniformly exponentially stable.

Let ,O € T(R,) with I¢ 2Z(R,) and O¢Q(R,). Then I ¢ L'(R,,R) and from
Lemma 2.19 we have that Co(R,,R) C O. In what follows, we prove that the system (S) is
(I(R4, X), O(R,, X)) stable.

Let u € L'(R,,X) and 8 € ©. Let ¢ > 0. Since u € L'(R,, X), there is h > 0 such that
fhm”u(s)ll ds <e/2. Letv := fohq)(o(ﬁ,’r),h —7)u(t) dr. From v € X we have that there is 6 > 0

such that |v(7)| < €/2, for all t > 6. Then, for t > 6 + h, we deduce that

h
I ®(0(6,s),t—s)u(s)ds|| = |@(c(6,h),t — h)v|| = sup|o(t—h+71)| < g (3.31)
0 r>0
This implies that
h t
||xo(t;0,u)|| < J‘ ®(0(6,s),t—s)u(s)ds +I ||@(c(6,s),t—s)|lluls)| ds
0 " (3.32)

t
<§+I |[u(s)||ds <e, VE>6+h
h

so x9(-;0,u) € Co(R,, X). It follows that for every (u,0) € LY(R,, X)x© wehave that x(-; 0, 1) €
CO (R-H X)
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It makes sense to define the linear operator
P:L'(Ry, X) — Co(Rs, X), P(u) = x0(-;0,u). (3.33)

It is easy to verify that P is closed, so from the closed graph theorem we obtain that P is
bounded. Setting y = || P|| we have that

llx0(;0,0) | ey < ¥ Il e, x), V€ LRy, X). (3.34)

Since I ¢ L'(R,, R) there is a > 0 such that
llulls <alul;, VYuel. (3.35)

Since Cy(R;,R) C O there is f > 0 such that
lwlo < Bllwllc,®. vy, Yw e Co(Ri,R). (3.36)

Let (1,0) € Coc(Ry, X) x ©. Since xg(-;0,u) € Co(R,,X) and Cy(R4, X) ¢ O(R,, X) it
follows that xg(-;0,u) € O(R,, X). It is easy to observe that x¢(-;0,1) = xo(-;0,u). Setting A =
afy, from relations (3.34)—(3.36) we deduce that

||x9(';0’u)||O(R+,X): [|c0 (-5 0, u)”O(]R,,,X)Sﬂ |0 (50, u)“CO(R,,,X) < Pyllullog. x) < Mullir,x)
(3.37)

Taking into account that A does not depend on u or 6 we conclude that the system (S) is
(I(R4, X),O(R,, X)) stable. But, for all that (S) is not uniformly exponentially stable.

Remark 3.11. The input-output characterizations for asymptotic properties of systems have a
wide applicability area if the input space is as small as possible and the output space is very
general. We note that in the main result given by Theorem 3.9 the input functions belong to
Coc (R4, X), while the output space is a general function space.

Moreover, the class T(R,) is closed to finite intersections. If I1,I5,...,I,, € T(R,), then
we may consider the space I := Iy NI, N---N I, with respect to the norm

[u|r := max {|uly, luly, ..., ul, } (3.38)

which is a Banach function space in T(RR,). Now, if we analyze condition (ii) in Definition 3.5,
it is obvious that if the input space is I(R,, X), then in the right member of the inequality we
have a “larger” norm and thus the estimation is more permissive.
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Letge [1,00],n € N*,and p1,...,pn € (1, 0). We consider the space
[PrPrd (R, R) = LM (Ry, R) N--- N LP" (R, R) N LI(R,, R) (3.39)
which is a Banach space with respect the norm

llps,...pnq = max {llullp,, -, lullp,, lllq}- (3.40)

Corollary 3.12. The system (S) is uniformly exponentially stable if and only if the system (S) is
(IprPra(Ry, X), L1(Ry, X)) stable.

Proof. 1If q € [1,0), then L1(R.,R) € Q(R,). If g = oo, then I € £(R,). By applying Theorem 3.9
we obtain the conclusion. O

Corollary 3.13. Let W € R(R.). The system (S) is uniformly exponentially stable if and only if (S) is
(W(R,, X), W(R,, X)) stable.

Proof. This follows from Theorem 3.9 and Lemma 2.21. O
Lemma 3.14. Let v > 0and p, q € [1, 0] with p < q. For every u € LP(R,, R), the function
t
fu:R,—R,  fut)= f eV u(s) ds (3.41)
0
belongs to L(R,, R). In addition, there is y > 0 such that || fy|lq < yllull,, for all u € LP(R,, X).

Proof. Using Holder’s inequality it follows that for every u € LP(R,,R,) the function f, €
L1(R,,R,). Then, from

t
|fu(t)] < f e u(s)|ds, Vt>0, YueLF(R,,R) (3.42)
0
we deduce that for every u € L?(R,,R) the function f, belongs to L7(R,, R). Hence, it makes

sense to define the linear operator I' : LP(R,, R)—L7(R,,R), I'(#) = f,. It is easy to see that I' is
closed, so it is bounded. Setting y = ||I'|| we obtain the conclusion. ]

Corollary 3.15. Let p, q € [1, 00] with (p, q) # (1, ). The following assertions hold:

(1) if the system (S) is (LP (R4, X), L1(R,, X)) stable, then (S) is uniformly exponentially stable;

(ii)) if p < g, then the system (S) is uniformly exponentially stable if and only if it is
(LP (R4, X), L1(R,, X)) stable.

Proof. (i) It follows from Theorem 3.9(i).
(ii) Necessity. Let y > 0 be given by Lemma 3.14. Let K, v > 0 be such that ||®(6, f)x|| <
Ke™||x||, for all (x,0) € &and all t > 0. Let (u,0) € Co.(R,, X) x ©. Then

t
o (10, 1)|| < K f ) ||u(s)|| ds, VE20. (3.43)
0
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Using Lemma 3.14 we obtain that xg(-;0,u) € L1(R,, X) and
” x0(+;0,u) ”Lq(RMX) < KY||“||LP(R+,X) . (3.44)

Taking into account that y and K do not depend on u or 6, it follows that the system (S) is
(LP (R, X), L1(R,, X)) stable.
Sufficiency. This follows from (i). 0

Definition 3.16. Let I, O be two Banach function spaces with I,O € T(R,). The system (S) is
said to be completely (I(R., X), O(R,, X)) stable if the following assertions hold:

(i) for every u € I(R, X) and every 0 € O the solution xp(-;0,u) € O(R,, X);

(ii) there is A > 0 such that ||xg(-; 0, u)||O(R+,X) < Mlullrw, x), for all (u,0) € I(R,, X) x ©.

Theorem 3.17. Let 1,0 € T(Ry) be such that I € L(R)) or O € Q(Ry). Then, the following
assertions hold:

(i) if the system (S) is completely (I(R.,X),O(R, X)) stable, then (S) is uniformly
exponentially stable;

(ii) if I C O and one of the spaces I, O belongs to the class R(R..), then the system (S) is uniformly
exponentially stable if and only if the system (S) is completely (I(R., X), O(R., X)) stable.

Proof. (i) This follows from Theorem 3.9(i).
(ii) Necessity follows using similar arguments as in the necessity part of Theorem 3.9(ii).
Sufficiency is given by (i). O

Corollary 3.18. Let g € [1,00], n € N* and p1,...,pn € (1,00). The system (S) is uniformly
exponentially stable if and only if the system (S) is completely (IPP1(R,, X), L1(R,, X)) stable.

Proof. This follows from Corollary 3.12. O

Corollary 3.19. Let W € R(R,). The system (S) is uniformly exponentially stable if and only if (S) is
completely (W (R., X), W (R, X)) stable.

Remark 3.20. Let W € R(R,). If the system (S) is uniformly exponentially stable, then for every
0 € © the linear operator

P W(R,, X) — W(R,,X), (PSu)(t) = th(G(G, s),t—s)u(s)ds (3.45)
0

is correctly defined and bounded. Moreover, if A > 0 is given by Definition 3.16, then we have
that sup |25, || < \.

Corollary 3.21. Let p, q € [1, oo] with (p,q) # (1, ). The following assertions hold:
(i) if the system (S) is completely (LP(R.,X),LI(R,, X)) stable, then (S) is uniformly
exponentially stable;

(ii) if p < q, then the system (S) is uniformly exponentially stable if and only if it is completely
(LP (R, X), L1(Ry, X)) stable.
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Proof. (i) This follows from Corollary 3.15(i).
(ii) Necessity follows using similar arguments as in the necessity of Corollary 3.15(ii).
Sufficiency follows from (i). O

Remark 3.22. A distinct proof for Corollary 3.21(i) was given in [27] (see Theorem 5.2).

Let Cu(R4,R) be the space of all bounded continuous functions u : R,—R and
Coo(R+,R) = {u € Co(R,,R) : u(0) = 0}.

Definition 3.23. Let LY € {Cp(Ri,R), Co(R4,R),Coo(R4,R)}. The system (S) is said to be
completely (U(R,, X),Y (R,, X)) stable if the following assertions hold:

(i) for every u € U(R,, X) and every 8 € O the solution xg(-; 0, u) € Y(R,, X);

(i) there is A > 0 such that ||xg(;0,4)[ly(r, x) < Mullu®, x), for all (u,0) € U(R,, X) x ©.

Corollary 3.24. Let ULY € {Cp(Ri,R),Co(R4,R), Coo(R4,R)} with U C Y. The system (S) is
uniformly exponentially stable if and only if (S) is completely (U(R., X),Y (R, X)) stable.

Proof. Necessity is a simple exercise.

Sufficiency. If the system (S) is completely (U(R.,X),Y(R,,X)) stable, then it is
(L* (R, X), L*(R,, X)) stable. By applying Corollary 3.15 we deduce that (S) is uniformly
exponentially stable. O

Remark 3.25. A different proof for Corollary 3.24 for the cases (UL, Y) = (Coo(R+,R), Coo(R+, R))
and (U Y) = (Coo(R4, R), Cp (R4, R)) was given in [27] (see Theorem 5.1).

4. Stability radius

In this section, we will obtain a lower bound for the stability radius of linear skew-product
flows in terms of input-output operators acting on Banach function spaces which belong to a
class of rearrangement invariant spaces.

Let U, Y be Banach spaces and let © be a locally compact metric space. We denote by
B(U,Y) the space of all bounded linear operators from U into Y and by Cs(©,B(U,Y)) the
space of all continuous bounded mappings H : © —=B(UL, Y). With respect to the norm |||H||| :=
supyollHO)|l, Cs(©, B(U, Y)) is a Banach space.

Remark 4.1. If r = (@, 0) is a linear skew-product flow on &€ = X x© and P € C4(0, B(X)), then
there exists a unique linear skew-product flow denoted 7rp = (®p,0) on X x O such that

@p(6,t)x = D(O,t)x + Itm(o(G, s),t—s)P(o(0,s))®p(6,s)xds (4.1)
0

forall (x,0,t) € X x © x R, (see [26, Theorem 2.1]).

Let X be a Banach space, let © be a locally compact metric space, and let v = (@, 0) be a
linear skew-product flow on & = X x ©. We consider the variational integral control system

xo(t; x0,u) = D(6, t)x0 + ItQ(O(G, s),t—s)u(s)ds, t>0, 0 €@ (S)
0

withu € L}

loc

(R4, X) and xp € X.
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For every P € C4(©, B(X)) we consider the perturbed system
t
xo(t; x0,u) = Dp(6,)x + J‘ ®p(0(B,s),t—s)u(s)ds, t>0,0€0O (S,P)
0

withu € Llloc(R+,X) and xp € X.

Let U, Y be Banach spaces, let B € C;(©, B(U, X)) and let C € C;(O, B(X, Y)). We consider
the system (S, B, C) described by the following integral model:

xg(t, x0,u) = D(6, t)x + J:(D(O'(Q,S),t— s)B(o(6,s))u(s)ds, t>0, 6 €O, (42)

yo(t,xo,u) = C(0(6,1))x0(t, x0,u), t>0, 0 €O,

where xg € Xand u € L!_(R,,U).

loc
Throughout this section, we suppose that (S) is uniformly exponentially stable. The

stability radius of (S) with respect to the perturbation structure (B, C) is defined by

Tstab(S, B,C) = sup {r > 0: VA € C;(©, B(Y,U)) with [[|[Al]| <7 ws)
= the system (S, BAC) is uniformly exponentially stable}. ’

Let U(R.) be the class of all Banach function spaces B € R(RR,) with the property that for
every u € B, |u X[on)|p—|u|p as n—oo.

Remark 4.2. 1t is easy to verify that the Orlicz spaces belong to the class U(R,).
Let V € U(R,). Since the system (S) is uniformly exponentially stable from Remark 3.20
we have that for every 6 € O, the linear operators

Py V(R,,X) — V(R,, X), (POu)(t) = jtm(o(e, s),t—s)u(s)ds (4.4)
0

are bounded and supeee||P8|| < oo.

Lemma 4.3. For every 6 € ©, the linear operators,

BY : V(R, U) — V(R,,X),  (Bu)(t) = B(c(6,t)u(t),

(4.5)
CY:V(R,X) —V(R,Y),  (Cou)(t)=C(c(6,t)ult),
are bounded. Moreover, sup o ||BY|| < |||Bll| and supyo|[CS1l < [IIC]].
Proof. Let 0 € ©. For every u € V(R,,U) we have that
I(Byw) O] < [|Ba@,0)[ |lu® ] < IBIl[lu®)]|, vt=0 (4.6)

which implies that ||B€u||V(R+,X) < IBI Nlullv®, - This shows that ||B€|| < ||B]l|, for all 8 € ©.
Similarly, we obtain that ||C€,|| < |IICJ||, for all 8 € ©. O
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Definition 4.4. For every 0 € ©, we consider the bounded linear operators
LY :V(R,U) — V(R,,Y), LY=ClPIBY. (4.7)

The family {L} oo 18 called the family of input-output operators associated to the system (S, B, C).
In all what follows we denote

ay(S,B,C) = sup”L‘e,”. (4.8)
6O

Remark 4.5. Using Remark 3.20 and Lemma 4.3 we have that ay (S, B,C) < co.
For every A € C;(0,B(Y,U)) and every 6 € ©, we consider the bounded linear operator
A% V(R,,Y) — V(R U), (A%u)(t) = A(0(0,)u(t). (4.9)

Then we have that ||A€/|| < lIA]l|, for all © € ©.
In what follows we suppose that there is m > 0 such that ||C(0)x||y > m|x|x, for all
(x,0) e X xO.

Theorem 4.6. Let A € C4(©,B(Y,U)) with |||All| < 1/av(S, B, C). Then, for every (x,0) € X x ©,
the function

fro :Re — X, fro(t) = Dpac(6,£)x (4.10)

belongs to V(R,, X).

Proof. Let yv = av(S,B,C) |||All]. Let K,v > 0 be such that |@(6,t)|| < Ke™, for all (6,t) €
O xR,.
Let (x,0) € &. For every n € N* let

fn Ry — X, fn(t) = X[O,n)(t)fxﬂ(t)r

(4.11)
Ry — X, gn(t) = C(0(6,1)) fu(t).

Using Remark 4.1, we have that f,(t) = y[on) ()P0, t)x + (PgB‘G/A?,gn)(t), for all t € [0,n),
which implies that
(1) = X[0 (DC(a(8,1))D(6,t)x + (LS AY g, (1), Vte[0,n). (4.12)
Then, for t € [0, n) we have that
gl < TN Kllclle™ + LS IHAVI g lly < NCMKIxle™ +yv |8, (413)

Since g,(t) = 0 for t > n, we deduce that

gy < NCHK Nlxlle™ +yv|[ga®)ly, VE20. (4.14)
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Let e, : R,—R,, e,(t) = e™. From V € U(R,) and using Lemma 2.12 we have that
ey, € V. Then, from (4.14) it follows that

”g"”V(lRHY) < bxley|y + YV”g"||V(R+,Y)’ (4.15)

where 6, = |||C||| K]||x||. The above inequality shows that

bxlev|y

||gn||v(R+,y) < W, Vn € N*. (4.16)

Since V. € U(R,) from (4.16) we deduce that the function gp : R.—=Y, go(t) =
C(o(0,1)) fe(t) belongs to V(R.,Y). Then, from m || fxo(t)llx < lIgxo(f)|ly, for all t > 0, we

obtain that f,¢ € V(R,, X). O

Theorem 4.7. The following estimation holds:

rstab(Sr B, C) > (417)

1
av(S,B,C)’
Proof. Let A € C5(©, B(Y,U)) be such that |||A|l| < 1/av(S,B,C). Let yv = ay (S, B,C) |||A]|].

We prove that the perturbed system (S, BAC) is completely (V(R,, X), V(R,, X)) stable.
Letv € V(R,, X) and 6 € ©. The corresponding solution of the system (S, BAC) is

x9(5;0,0): R, — X, xg(t;0,0) = ftQBAC(G(Q, s),t—s)v(s) ds. (4.18)
0

Let n € N*. We set v,, = v y[0,n) and x,, = x¢(1n;0,v). Then, we have that
x0(t;0,v,) = @pac(0(6,n),t —n)x,, Vt>n. (4.19)
From Theorem 4.6 we have that the function
p: R, — X, p(t) = D(o(6,n),t)xy, (4.20)

belongs to V(R,, X). Since V is invariant to translations, it follows that

(4.21)

iR —X qr(t)z{(b(o(e'n)’t‘”)xm t>n,

0, te[0,n),
belongs to V (R, X).
Since x(-;0,v,) is continuous, setting M,, = supte[o/n]ng(t; 0,v,)|| and using (4.19) we
deduce that
[0 (£;0,vn) || € My X0 () + ||¢g(®)|, VE>0 (4.22)

which implies that x¢(-;0,v,) € V(R,, X).
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Using Remark 4.1 and Fubini’s theorem we deduce that

(Chx0(50,0,)) (1) = (CYPYv,) (t) + (LY AYCOxp(+50,0,))(t), VE>0. (4.23)
This implies that
ICYx0 (50, 20) lly e, vy < IICHI seugIIPSII lllve.x +w ICxe (50,00 ly @,y (4:24)
(S

Setting 6 = |||C]|| sup9€e||P8|| it follows that
0 . o
1Cvxe (50, 2n) Iy g, v) < -1 I2llv . x)- (4.25)

From ||C$/x9(-;0, v)llvr, ) 2 mllxe(;0,v4) v, x), using (4.25) we deduce that

[|xe (-0, Un)llV(&,X) < ) lollv e, x)- (4.26)

m(l —Yv

Taking into account that x4(t;0,v) = xg(t;0,v,), for all t € [0, n), from (4.26) it follows that

6 .
[|x6(0,2) xX10m |y, x) < mi-1v) lollvw,x), V¥neN. (4.27)

Since V € U(R,) as n—oo in (4.27), we obtain that

Iollve,,x)- (4.28)

6
llx6(;0,2) ||y, x) < md-yv)

Since 6,m, yy do not depend on 8 or v, we deduce that the system (S, BAC) is completely
(V(R4, X), V(R,, X)) stable. By applying Corollary 3.19, we have that the system (S, BAC) is
uniformly exponentially stable and the proof is complete. O

The main result of this section is the following.

Theorem 4.8. The following estimation holds:

1
Tstab(S,B,C) > sup

(S B.C) 4.29
veor,av(S,B,C) (4.29)

Proof. This follows from Theorem 4.7. O

A lower bound for the stability radius of (S) with respect to the perturbation structure
(B, C) in terms of LP-spaces is given by the following.

Corollary 4.9. The following estimation holds:

Tstab (S/ B/ C) 2 Sup

27(SBC) 4.
pell,00] ALY (S,B,C) (4.30)
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5. Applications for nonautonomous systems

In this section, we apply the main results of this paper in order to obtain characterizations
for uniform exponential stability of nonautonomous systems and deduce lower bound for the
stability radius of such systems.

Let X be a Banach space and let I; be the identity operator on X.

Definition 5.1. A family U = {U(t,s)},5450 C B(X) is called an evolution family if the following
properties hold:
(1) U(t,t) =Izand U(t,s)U (s, ty) = U(t, ty), forallt > s>ty >0;
(i) there are M > 1 and w > 0 such that ||U(¢t, s)|| < Me“*), forall t > s > 0;
(iii) for every x € X the mapping (¢, s) — U(t, s)x is continuous.
Let U = {U(t,s)}5s50 be an evolution family on X. We consider the nonautonomous

integral control system

t
x5 (8 x0,u) = U(t, s)x0 + j U, u(t)dr, t>s, s>0 (Sn)

S

withu e L}

loc

(R4, X) and xp € X.

Definition 5.2. The system (Sy) is said to be uniformly exponentially stable if there are K,v > 0
such that ||x,(t; xo,0)|| < Ke™9)||x||, forall t > s > 0 and all x; € X.

Definition 5.3. Let I, O be two Banach function spaces with I, O € T(R,). The system (Sy) is
said to be (I(R4, X), O(R,, X)) stable if the following properties hold:

(i) for every u € Co-(R,, X) the solution x((-;0,u) € O(R,, X);

(ii) there is A > 0 such that [[xo(;; 0, 1) [lo . x) < A |ullr(r, x), for all u € Coc (R4, X).

Lemma 5.4. Let B € T(R,), u € B, and t > 0. Then, the function 1i; : R, —R, 11;(s) = u(s +t) belongs
to B and |uy|p < |u|p.

Proof. Let

v:R, —R, v(s)={g(s)' zit[o ) (5.1)

Then v € B and |v|p < |u|p. Using the invariance to translations of B, we obtain that ii; € B and

|tit|p = |v|g, which concludes the proof. O

The first main result of this section is as follows.

Theorem 5.5. Let I,O € T(R.) be such that I € L(R,) and O € Q(R.). Then, the following
assertions hold:
(i) if the system (Sy) is (I(R,, X), O(R, X)) stable, then (Sy) is uniformly exponentially stable;

(ii) if I C O and one of the spaces I or O belongs to R(R.), then the system (Sy) is uniformly
exponentially stable if and only if the system (Sy) is (I(R, X), O(R,, X)) stable.
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Proof. (i) Let A > 0 be given by Definition 5.3.

Let© =R, and let 0 : © x R,—0O, 0(0,t) = 0 + t. For every (0,f) € © xR,, let ®(6,t) =
U(t+06,0). Then o = (D, 0) is a linear skew-product flow on X x ©. We consider the variational
integral control system

xo(t; x0,u) = D6, t)x0 + J‘t(D(O'(Q,S),t -s)u(s)ds, t>0, 0€0O. (S)
0

We prove that (S) is (I(R+, X), O(R,, X)) stable.
Indeed, let u € Cy.(R,, X) and let 0 € ©. We consider the function

u(s-0), s>0,
ug R, — X, ug(s) = 52
o: R, o(s) {O, 5€[0,6). (5.2)
Then ug € Coc.(Ri,X) and from I € T(R,) we have that |lugllir, x) = lullir, x). From
hypothesis we have that the function
t
x0(t0,up) = f U, t)ug(t)dr, t>0 (5.3)
0

belongs to O(R,, X). Because O(R,, X) € T(R,), using Lemma 5.4 we have that the function
p:R, — X, @(t) = xo(t +6;0,up) (5.4)

belongs to O(R., X) and [l¢[low,,x) < [[x0(; 0, ue) o, x)- Observing that

t+6 t+6
p(t) = U(t+0,T)ug(t)dr = U(t+06,t)u(t-0)dr
0 0
t (5.5)
= f ®(0(0,s),t—s)u(s)ds = xg(t;0,u), Vt>0,
0
it follows that
||x9(';0’u)||O(R+,X) < %o (-0, u9)||O(R+,X) <A ||u9||I(R+,X) = Mullie, x)- (5.6)

Since u € Co(Ri,X) and 6 € © were arbitrary, we deduce that the system (S) is
(I(R4,X),O0(R,4, X)) stable. By applying Theorem 3.9(i) we deduce that the system (S) is
uniformly exponentially stable, so there are K, v > 0 such that

|D6, t)x0|| < Ke™||x0]|, V>0, Vxo € X. (5.7)
This implies that
(265 (£ x0,0) || = |U(t, 5)x0 || = || @ (s, t = 8)xo|| < Ke ™ ||xol, VE>5>0, VxpeX.  (5.8)

In conclusion, the system (Sy) is uniformly exponentially stable.
(ii) Necessity follows using similar arguments as those used in the proof of Theorem 3.9.
Sufficiency follows from (i). O
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Remark 5.6. From Example 3.10 we deduce that the result given by Theorem 5.5 is the most
general in this topic. Precisely, if I ¢ Z(R.) or O ¢ Q(R.), then the (I(R., X), O(R,, X)) stability
of the system (Sy) does not assure the uniform exponential stability of (Sy).

Definition 5.7. Let I, O € T(R,). The system (Sy) is said to be completely (I(R., X), O(R,, X))
stable if for every u € I(R., X), the solution x(-;0,u) € O(R,, X).

Remark 5.8. If the system (Sy) is completely (I(R., X), O(R,, X)) stable, then it makes sense to
consider the linear operator

p:I(R,, X) — O(R,, X), P(u) = xo(-;0,u). (5.9)

It is easy to see that D is closed, so it is bounded.

Remark 5.9. If the system (Sy) is completely (I(R,,X),O(R,, X)) stable, then (Sy) is
(I(R4, X),O(R4, X)) stable (with A = [|0]).

As an application of Theorem 5.5 and using Remark 5.9 we obtain the following.

Theorem 5.10. Let 1,0 € T(R,) be such that I € L(R,) and O € Q(R,). Then, the following
assertions hold:

(i) if the system (Sy) is completely (I(Ry,X), O(R,, X)) stable, then (Sy) is uniformly
exponentially stable;

(ii) if I C O and one of the spaces I or O belongs to R(R.), then the system (Sy) is uniformly
exponentially stable if and only if the system (Sy) is completely (I(R., X), O(R., X)) stable.

Corollary 5.11. If W € R(R.), then the system (Sy) is uniformly exponentially stable if and only if
the system (Sy) is completely (W (R., X), W (R, X)) stable.

Corollary 5.12. Let p, q € [1, oo] with (p,q) # (1, ). The following assertions hold:

(i) if the system (Sy) is completely (LP(R.,X),L1(R.,X)) stable, then (Sy) is uniformly
exponentially stable;

(ii) if p < q, then the system (Sy) is uniformly exponentially stable if and only if it is completely
(LP (R, X), L1(R,, X)) stable.

Remark 5.13. For p,q € [1, o), Corollary 5.12 (i) was firstly proved by Datko in [16]. Recently,
for p = q € [1,00), Corollary 5.11 was proved by Clark et al. in [11], using evolution
semigroups techniques. A different proof for this corollary was given by Megan et al. in [23].
The autonomous case was treated by van Neerven in [30], for p = g € [1, o0).

Corollary 5.14. Let U, Y € {Cp(R4,R), Co(R4, R), Coo(Ry, R)} with U C Y. The system (Sy) is
uniformly exponentially stable if and only if the system (Sy) is completely (U (R4, X), Y (R., X)) stable.

Proof. Necessity is immediate.
Sufficiency follows from Theorem 5.10 observing that the complete (U (R,, X), Y(R,, X))
stability implies the (L*(R,, X), L*(R,, X)) stability of (Sy). O
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Remark 5.15. A distinct proof of Corollary 5.14 was given in [23]. The case U = Y = Cyo(R.,R)
was obtained in [11], reducing the nonautonomous case to the autonomous case and using
evolution semigroups.

An interesting application of the results obtained in the fourth section is the study of
the persistence of stability properties for the case of nonautonomous systems. We mention that
the nonautonomous case was treated by Hinrichsen et al. in valuable papers (see [17-19, 41]),
which represent the starting point for many research studies in this area.

In what follows, we will deduce a lower bound for the stability radius of nonautonomous
systems, as a consequence of the behavior in the variational case, providing the connections
between these cases.

Let X be a Banach space and let % = {U(t, 5) } ;5450 be an evolution family on X.

Remark 5.16. For every P € C4(R,,B(X)) (see, e.g., [14]) there is a unique evolution family
Up = {Up(t, )} 15550 such that

t
Up(t,s)x =U(t,s)x + I U(t, t)P(t)Up(t,s)xdr, Vt>s>0, VxeX. (5.10)
s
We consider the nonautonomous integral control system
¢
x5 (8 x0,u) = U(t, s)x0 + I U, tu(t)dr, t>s, s>0 (Sn)
S

with u € LllOC (R4, X), xg € X, and respectively, for every P € Cs(R,, B(X)) we consider the
perturbed system
t
xs(t; xo0,u) = Up(t, 8)x0 + j Up(t, T)u(r)dr, t=s, s20 (Su, P)
S
withu € L}OC(RHX), x € X.
Let U, Y be Banach spaces, let B € C;(R;,B(U, X)) and let C € C;(R,,B(X,Y)). We
consider the system (Sy, B, C) described by the following integral model

t
x5 (8 x0,u) = U(t, s)xo +J U, 7)B(t)u(t)dr, t>s, s>0, (5.11)

ys(Exo,u) = C()xs (5 x0,u), t>s, s>0,

with u € L}OC(RHU), x0 € X.
In what follows we suppose that (Syx) is uniformly exponentially stable. The stability
radius of (Sy) with respect to the perturbation structure (B, C) is defined by
Tstab(Su, B,C) = sup {r > 0: YA € Cs(R,, B(Y,U)) with [||Al]| <7 (5.12)
= (S, BAC) is uniformly exponentially stable}. '
Let V € U(R,). Since the system (Sy) is uniformly exponentially stable, we have that
(Su) is completely (V(R+, X), V(R,, X)) stable, so it makes sense to consider the linear operator

t
Dy V(R X) — V(R,X),  (Dyu)(®) = fo Ut Tyu(r) dr. (5.13)

It is easy to verify that Dy is closed, so it is bounded.
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We consider the operators

By :V(R, U) — V(R,,X), (Bvu)(t) = B(t)u(t),

(5.14)
Cv:V(R,U) — V(R,X),  (Cyu)(t)=CHul),

and we note that By, Cy are bounded linear operators with || By || < |||Bl|| and ||Cv|| < |||C]]]-

Definition 5.17. The operator
,EV : V(R+, U) — V(R.H Y), ﬂv(u) = (Cvpov>(u), (515)
is called the input-output operator associated with the system (Sy, B, C).

In what follows, we suppose that there is m > 0 such that ||C(f)x|ly > m||x||, for all x € X
and all ¢ > 0.
The second main result of this section is the following.

Theorem 5.18. The following estimation holds:

1
Tstab (Su, B,C) > +——. 5.16
stab( u ) ”‘evll ( )

Proof. Let A € C4(R,,B(Y,U)) be such that |||A|| | Zv]| < 1.
Let®@ =R,,0: xR, — ©,0(0,t) =0+tand let®(6,t) = U(t+6,0), forall 6,¢ > 0. Then
o = (D, 0) is a linear skew-product flow. We consider the variational integral control system

xo(t; xo,u) = DO, t)x + Itm(a(e,s),t -s)u(s)ds, t>0,0€0O (S)
0

. 1
with u € L.

(R4, X) and xp € X and, respectively, the system (S, B, C) given by

t
xg(t, x0,u) = D(6,t)xp + I ®(0(6,s),t—s)B(o(6,s))u(s)ds, t>0, 0€0O, (517)

0
yo(t,xo,u) = C(0(6,1))xp(t, x0,u), t>0, 6 €O,

where xg € Xand u € L] (R, U).

For every 0 € © we associate with the system (S, B, C) the operators P9, BY, CY, and L,
according to the definitions in Section 4. We denote by av (S, B, C) := supeeeHL?, II.

We prove that ay (S, B,C) < || £y]. Indeed, let 6 € © and let u € V(R,,U). Since V is
invariant to translations, the function

u(t-9), t>6,

0, te[0,0), (518)

ug: R, — U, ug(t) = {

belongs to V(R.,U) and ||ugllv®,u) = llu|lv®, ). In addition, using Lemma 5.4 we have that
the function

p:R, —Y, @(t) = (Lvug)(t+0), (5.19)
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belongs to V(R.,Y) and [|¢[lv®,,v) < [|-2v(uo)lly(r, v)- We observe that

LY (u)(t) = C(0 + t)J‘tU(B +1,0 +5)B(0 + s)u(s) ds
0
O+t

=C(O+1) u@ +t,t)B(r)u(r - 0)dr
0 (5.20)

O+t

=C(O+1) U +t,t)B(t)up(t) dr
0
= [Lv(ug)](t+0) =(t), Vit>0.
This implies that
1LY @) lly e, vy =lolveen <12v (o) lly e, vy < 12vIlluelly g, = 1 2vIHTulve,m — (5:21)

Since u € V(R.,U) and 0 € © were arbitrary, from the above inequality we obtain that ||L€,|| <
|-2v]l, forall 8 € ©,so ay (S, B,C) < || Zv|l.

Since [||A]|]|[|£v]] < 1, we have that |||A]||av(S,B,C) < 1. Then, from Theorem 4.7 it
follows that the perturbed system (S, BAC) is uniformly exponentially stable, so there are
K,v > 0 such that

||(DBAC(91 t)” < K€7Vt, Vt>0, VO € O. (522)
But
t
Dpac(0,t)x =U({t+06,0)x + J‘ U@ +t0+s)(BAC)(O +5)Dpac(0,s)xds, VO,t>0, Vx € X.
0
(5.23)
which is equivalent to
t
Dpac(0,t-0)x =U(t0)x + f U(t, 7)(BAC)(T)Dpac(0, 7 -0)xdr, Vt>02>0, VxeX.
0
(5.24)

On the other hand, we have that
t
Upac(t,0)x =U(t,0)x + f U(t, 7)(BAC)(T)Upac(T,0)xdr, Vt>60>0, VxeX.  (5.25)
0

Let0 > 0. Forevery T > 0and x € X, let
pxr:[0,0+T] — X, ¢x7(T) = Dpac(0, 7 — 0)x — Upac (T, 0)x. (5.26)

If M,w > 0 are such that |U(t,s)|| < Me“"), for all t > s > 0, then from (5.24) and (5.25) it
follows that

t
gz ®] < Kf lgsr(o)||dr, VEe[6,0+T], (5.27)
0
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where K = Me“T||[BAC|||. From (5.27), using Gronwall’s lemma, we deduce that ¢, r(7) = 0,
forall T € [0, 0 + T]. This implies that

Opac(0, 7 - 0)x =Upac(T,0)x, VT e[0,0+T], Vxe X. (5.28)
Since T > 0, x € X, and 6 € © were arbitrary, we deduce that
Dpac(0, 7 -0) =Ugpac(r,0), VYr>6>0. (5.29)
Then, from (5.22) we obtain that
|Upac(r,0)|| < Ke™™9, vr>02>0. (5.30)

In conclusion, the perturbed system (Sy, BAC) is uniformly exponentially stable and the proof
is complete. O

Concluding the above estimations, we deduce the following.

Theorem 5.19. The following estimation holds:

Tstab(Su, B,C) > sup !

. (5.31)
veo,) [|Lv ||

A lower bound for the stability radius of nonautonomous systems in terms of LP-spaces
is given by the following.

Corollary 5.20. The following estimation holds:

1
Tstab(Su, B,C) > sup —. (5.32
(S0 B C) 2 b )

Remark 5.21. For the case p € [1, o), the result given by Corollary 5.20 was firstly proved in
[19] (see [19, Theorem 3.2]) for a very general class of nonautonomous systems described by
mild evolution families. A distinct proof for Corollary 5.20 was presented in [11], forp € [1, o0),
using evolution semigroups techniques (see [11, Theorem 4.2]).

Remark 5.22. A distinct approach for the estimation of the stability radius was given by Jacob
in [20] for the case of time-varying systems in finite dimensional spaces. There, the author
considered a time-varying system (A, B, C) with A € L ([0, 00), K™"), B € L*([0, 00), K™™),

C € L*([0,00),K?"), where K € {R,C}. The family of input-output operators {Ly,}, 5, is
defined by

t

(Lt )u(t) = C(t)j @4 (t, 7)B(T)u(r)dr, t>ty>0, ueLlP([t), o) K"), (5.33)
to

where {D,(t, )}, denotes the evolution family generated by A. In this case, the author

proved that

Tstab(A, B, C) = supL. (5.34)
020 [ Lo |
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