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We prove that a two-variable p-adic I;-function has the series expansion I,4(s,t,y) =

([214/1219) St gy D (x(@)q°/ (@ + pt)*) Siio (3 ) (F/(a + pt))"E;,  which interpolates the
values I q(-n,t, X) = E;, . 2(pt) —p"xn(p)([2],/ 2] ) E}, ,, o (£), whenever n is a nonpositive integer.
The proof of this original construction is due to Kubota and Leopoldt in 1964, although the method
given in this note is due to Washington.
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1. Introduction
The ordinary Euler polynomials E,(t) are defined by the equation

zetx
ex+1

- nZ:OEn(t)%, (1.1)

Setting t = 1/2 and normalizing by 2" gives the ordinary Euler numbers

E,= Z"EnG). (1.2)

The ordinary Euler polynomials appear in many classical results (see [1]). In [2], the values of
these polynomials at rational arguments were expressed in term of the Hurwitz zeta function.
Congruences for Euler numbers have also received much attention from the point of view of
p-adic interpolation. In [3], Kim et al. recently defined the natural g-extension of ordinary
Euler numbers and polynomials by p-adic integral representation and proved properties
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generalizing those satisfied by E, and E,(t). They also constructed the one-variable p-adic g-I-
function I, 4(s, x) for Dirichlet characters y and s € C,, with [s|, < p!~(/("1) with the property
that

lpa(=11,x) = E}, n g = 2141205 P" Y0 (D) E;, yiorn g (13)
forn =0,1,..., where E, g is a generalized g-Euler number associated with the Dirichlet
characters yw™ (see Section 2 for definitions).

In the present paper, we will construct a specific two-variable p-adic I;-function
lpq(s,t, x) by means of a method provided in [4-6]. We also prove that I, 4(s, ¢, x) is analytic
in s and t for s € C, with |s[, < p'=1/®P1) and t € Cp with [t|, < 1, which interpolates the
values

2]
Lq(-nt,x) = E; . (pt) = p xn(m[ ]q E; o), (1.4)

whenever 7 is a nonpositive integer. This two-variable function is a generalization of the one-
variable p-adic g-I-function, which is the function obtained by putting ¢t = 0in [, 4(s, ¢, x) (cf.
[3-11]).

Throughout this paper Z, Z,, Q,, and C, will denote the ring of integers, the ring of p-
adic rational integers, the field of p-adic rational numbers, and the completion of the algebraic
closure of Q,, respectively. We will use Z* for the set of nonpositive integers. Let v, be the
normalized exponential valuation of C, with |p|, = 1/p. When one talks of g-extension, q is
variously considered as an indeterminate, a complex number g € C, or a p-adic number g € C,,.
If g € Cp, then we normally assume |1 - g|, < 1. If g € C, then we assume that |g| < 1. Also, we
use the following notations:

g _1-(9)
R T

, (cf. [7,8]). (1.5)

Let d be a fixed integer, and let

X =Xg=lim(Z/dpNZ), X*= U a+dpZ, a+dpNZ,={xeX|x=a (moddpV)},
< O<a<dp
N

(ap)=1

(1.6)

where a € Z lies in 0 < a < dp™. Let UD(Z,) be the space of uniformly differentiable function
on Zy. For f € UD(Z,), the p-adic g-integral is defined by

dpN-1
I(f) = j f(a)dug(a) = f f(a)dpug(a) = hm 1 Z fla)g® for[1-gl,<1. (17)

quO

In [8], the bosonic integral was considered from a more physical point of view to the limit g — 1
as follows:

p—l

h(f) = limIy(f) = f f(a)dui(a) = 11m Zf (1.8)

P
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Furthermore, we can consider the fermionic integral in contrast to the conventional “bosonic
integral.” That is, I_1(f) = prf(a)dy_l(a) (see [9]). From this, we derive I_1(f1) + I.1(f) =
2f(0), where f1(a) = f(a+1). Also, we have

n-1
Ly(fa) + (1) 'Ly (f) =2>,(-1)""f(a), (1.9)
a=0

where f,(a) = f(a+n)and n € Z* (see [9]). For |1 - g|, < 1, we consider fermionic p-adic
g-integral on Z, which is the g-extension of I_1(f) as follows:

dp N_1
I—q(f)zfzpf(a)dﬂ—q( = lim ——— de] » >, f@ " (13D (1.10)

2. g-Euler numbers and polynomials

In this section, we review some notations and facts in [3].
From (1.10), we can derive the following formula:

al(f1) + 14(f) = [21,£(0), 2.1)

where fi(a) is translation with fi(a) = f(a + 1). If we take f(a) = e°*, then we have f1(a) =

e@D* = ¢a%e¥ From (2.1), we derive (ge* + DI 4(e™) = [Z]q. Hence, we obtain
Lq(e™) = f e™dpy(a) = 2 (22)
-q z, -q qex +1 . :
We now set
[2]17 & x"
=>»E —. 2.
ge* +1 nZ:O " n! 23)
E; ; is called the nth g-Euler number. By (2.2) and (2.3), we see that
J‘ a"dp_q(a) = E, ;. (2.4)
P
From (2.2), we also note that
(2]
(t+a)x — q tx )
Lpe dp_q(a) pn 7€ (2.5)

In view of (2.3) and (2.5), we can consider g-Euler polynomials associated with ¢ as follows:

ZE ! , L (t+a)"du_g(a) = E;, ,(t). (2.6)

ex+1
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Putlimg_1E;, , = Ej and limg 1 E;, _(t) = E},(t). Then, we have E,(t) = E;,(t) and

n
E,= 2" <”> E;, 2.7)
m=0 m

where E,, and E,(t) are the ordinary Euler numbers and polynomials. By (2.3) and (2.6), we
easily see that E}, _(t) = S o )HMES, . Ford € 27, let fa(a) = f(a+d). Then, we have

d-1
GLg(fa) + (1) Lg(F) = 21, 2 (-D) g f (@), see [3]. (2.8)
a=0

If d is an odd positive integer, we have
d-1
A Lq(fa) + Lo(f) = [21,2,(-1)"q" f (a). (2.9)
a=0

Let y be a Dirichlet character with conductor d = d, (=odd) € Z". If we take f(a) = x(a)et+ax,
then we have f;(a) = f(a +d) = y(a)e?*e"*®*. From (1.7) and (2.9), we derive

[2], 30, (-1)"g° y(a)et+™

P (2.10)

J‘X x(a)e(”“)xd‘u,q(a) —

In view of (2.10), we also consider the generalized g-Euler polynomials associated with y as
follows:

[2], 30 (-1 g x(a)etx e X"
Fyq(x,t) = P = ZEn . q(t)m. (2.11)

From (2.10) and (2.11), we derive the following equation:

[ x@ e+ @ d @) = 0 @12)

forn > 0. Putlimg 1 E}, (f) = E}, | (£). On the other hand, the generalized g-Euler polynomials
associated with y are easily expressed as the g-Euler polynomials:

E;q(D) = d" al Z( 1) x(a)E;, (%”) n>0. (2.13)

‘1a1

Let y be a Dirichlet character with conductor d = d, € Z*. It is well known (see [11, 12])
that, for positive integers m and n,

ZX mi_ 1 (Bm+1,x(dn) - Bm+1,x(0))r (2.14)
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where B,,,,1,,(t) are the generalized Bernoulli polynomials. When d = d, (=odd) € Z*, note that

[2], 26 (1) g x(a)e 0 (1 - (- gle)")

1- (- ge®)
d n-1 al dn

— z]qzz(_l)M qu+dlx(a + dl)ex(t+a+dl)= [Z]qZ(_l x(a)ex(tﬂz (2.15)
a=11=0 a=1

-3 (1 Z( g x@sa)”) o

m=0

By (2.11), the relation (2.15) can be rewritten as

[2], 30 (D) x (@)t D* (1= (- g%e™)") & w4l _dn X
. 1— (- gle) Z: E;, (1) + (-1)"g meq(t+dn))M
(2.16)

Now, we give the g-analog of (2.14) for the generalized Euler polynomials. From (2.15) and
(2.16), it is easy to see that

Z( 1%y (a)(t +a)" (meq B+ (-1)"q"E;, | (t+dn)) (2.17)

for positive integers m and n. In particular, replacing g by 1 in (2.17), if y = x°, the principal
character (d, = 1), and t = 0, then

n-1
> (-1)%a" = %(Em(O) + (1) E(n)). (2.18)
a=1

Definition 2.1. Let s € C with Re(s) > 1. Let y be a primitive Dirichlet character with conductor
d=d, (=odd) € Z". One sets

qZ gy ey (2.19)

(s, = (t+n)°
n=0

Remark 2.2. We assume that g € C with |g| < 1. Let y be a primitive Dirichlet character with
conductor d = d (=odd) € Z*. From (2.11), we consider the below integral which is known as
the Mellin transformation of F, ;(x, t) (cf. [13])

e—(t+u)x

d 1 ®
s—1 _ _1\4,.a s-1
] D e R

(2.20)
4!
1)%g” dl i) [ R
qz( )"q" x(a+ )Z( ) TEY IS
We write n = a+dl, wheren =1,2,..., and obtain
1 . s-1 _ )
mj;) X Fyq(=x,t)dx = qZ t+n) =1y(s,t, x). (2.21)
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Note that I;(s,t, x) is an analytic function in the whole complex s-plane. By using a
geometric series in (2.11), we obtain

21,6 S e = 3,07 (222)

n=0

We also note that

Mm—(d>pl S (1)"g y(m)e™ (2.23)

n=0

x=0

By Definition 2.1 and (2.23), we obtain the following proposition.
Proposition 2.3. For n € Z*, one has l;(-n,t, x) = E;,X,q(t).

The values of [;(s, t, x) at negative integers are algebraic, hence may be regarded as being
in an extension of Q,. We therefore look for a p-adic function which agrees with I,(s, t, x) at the
negative integers in Section 3.

3. A two-variable p-adic [,-function

We will consider the p-adic analog of the [,-functions which are introduced in the previous
section (see Definition 2.1). Throughout this section we assume that p is an odd prime. Note
that there exist ¢(p) distinct solutions, modulo p, to the equation x?") —1 = 0, and each solution
must be congruent to one of the values a € Z, where 1 < a < p, (a,p) = 1. Thus, given
a € Z with (a,p) = 1, there exists a unique w(a) € Z,, where w(a)"’(p) = 1, such that w(a) =
a (mod pZy). Letting w(a) = 0 for a € Z, such that (a,p) #1, it can be seen that w is actually
a Dirichlet character having conductor d,, = p, called the Teichmiiller character. Let (a) =
w(a)a. Then, (a) =1 (mod pZy). For the context in the sequel, an extension of the definition
of the Teichmiiller character is needed. We denote a particular subring of C, as

R={aeCp|lal, <1}. (3.1)

If t € Cp, such that |t|, < 1, then for any a € Z, a + pt = a (mod pR). Thus, for t € C,, |t|, <
1, w(a+pt) = w(a). Also, for these values of t, let (a+pt) = w™'(a)(a+pt). Let y be the Dirichlet
character of conductor d = d,. For n > 1, we define y, to be the primitive character associated
with the character y, : (Z/lem(d, p)Z)* — C* defined by y.(a) = y(a)w™(a).

We define an interpolation function for generalized g-Euler polynomials.

Definition 3.1. Let x be the Dirichlet character with conductor d = d, (=odd) and let F be a
positive integral multiple of p and d. Now, one defines the two-variable p-adic /;,-function as
follows:

F F m
; (1) x(a)g*(a+pt)” Z< ><(a+—pt)) E, o (3.2)

lpq(s,t,x) = 2
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LetD = {s € C, | |s|, < p""W/® D} and leta € Z, (a,p) = 1. Fort € Cp, |t|, < 1, the
same argument as that given in the proof of the main theorem of [4, 5] can be used to show that
the functions X7 (5)(F/(a+ pt))mE* o and (a +pt)® = Do o( ) ({(a+pt) —1)" are analytic
for s € D. According to this method, we see that the function >, (5 )(F/(a+ pt))mE;qu

is analytic for t € C,, |t|, < 1, whenever s € D. It readily follows that (a+pt)° =
(@)’ (5 )(a‘lpt)m is analytic for t € C,, |t|, <1, when s € D. Therefore,

lpq(s,t, x) is analytic for t € C,, |t|, <1, (3.3)

provided s € D (see [5]).

We set
a_a -5 [2]’7 < -5 F " *
hpq(s,t,a| F) = (-1)"q"(a + pt) 2, 2 \m (a +pt> E (3.4)
Thus, we note that
-n a_a n[Z]q * ‘“‘Pt

hpqa(-n,t,a| F) =w™"(a)(-1)*q"F [Z_]qFE"'qF<T> (3.5)

for n € Z*. We also consider the two-variable p-adic I,-functions which interpolate the
generalized g-Euler polynomials at negative integers as follows:

F
La(s,t, x) = Z x(@)hpq(s,t,alF). (3.6)
a=1
(P/ﬂ)=1

We will in the process derive an explicit formula for this function. Before we begin this
derivation, we need the following result concerning generalized g-Euler polynomials.

Lemma 3.2. Let F be a positive integral multiple of p and d = d,. Then, for eachn € Z, n > 0,

Enq®) = F" 2]qZ( Dq°x(a)E;, (a;t>. (3.7)

qF a=1

Proof. By (2.6) and (2.11), we note that

2 d n
Fx,q(x/t)=%2( rar@ 3 (5 ) G 68)

a=1

Then, we have

Ej o) "Z( 1% y(a (””). (3.9)

11111
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On the other hand, if F = dp, then we get
(Fx)"

[Z]q al x(a)ZE <a+t> n!

d p-1 b osb ela+bd)x gtx
+
=21, DL (=1)™ g™y (a + bd)—FeFx T

a=1 b=0
(3.10)

,_\

p-

— zlqi(_l)aan(a (a+t)x bd bd bdx
a=1 b:O

x(a)ZE <a+t>(dn!)n.

This completes the proof. O

quFx +1

d

Set y, = yw™. From (3.5) and (3.6) we obtain

F 2o [a+pt
by n,tx)—F" Z J(@)(-1) q“En,qF( F’”)

1

EQn

2l an(a)(—l)u T <%Pt> (3.11)

‘1111

[2] Hr t
- > xa(pa) ()P E; (pa;p >

[‘iul

for n € Z*. From Lemma 3.2, we see that

* . a+pt
e = B IS (g (T,

qal

(3.12)
F\" [2] Flp a+t
Fnar () = (P) W;( V@) n(@)E, <qv>””<F_/p>'

From (3.3), (3.11), and (3.12), we obtain the following theorem.

Theorem 3.3. Let F (=odd) be a positive integral multiple of p and d .. Then, the two-variable p-adic
l-function

F . . . 0 _ F m i
pq(s t,x) = q ; (-1)"x(a)g*(a + pt) mZ=O<7;> ((a+—pt)> Emlq}': (3.13)

a
(p,a)=1

admits an analytic function for t € C, with |t|, < 1 and s € D and satisfies the relation

2]
Lpq(-nt,x) = E; . (pt) = p xn(P)[ ]q E; o) (3.14)

forneZ" and t € C, with ||, <1.
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From (3.5) and Theorem 3.3, it follows that h,,(s,t,a | F) is analytic for t € C, with
[t[, <1and s € D.

Remark 3.4. Let (a + pt) = w™'(a)(a + pt), and let t € C, with ||, < 1 and s € D. Then the
two-variable p-adic I,-function defined above is redefined by

Lpg(s,t,x) = f x(a){a+pt)°du_4(a), compared to [3,10]. (3.15)
v

Then, we have

ZWJ(_”/ t/ X) = fxxn(a) (El + pt)nd#_q(a) B IXXn(Pa) (pa + pt)nd#_q(pa)
) (3.16)
@10 E.aPt) = Pan(P)_qE:erm‘i’"(t)’
[Z]qf’

since X* = X - pX and [2] ,dp_q(pa) = [2] ,dp-q (a).
If g —1 in Theorem 3.3 and Remark 3.4, we obtain the following corollary.

Corollary 3.5. Let F (=odd) be a positive integral multiple of p and d,, and let the two-variable p-adic
I-function

g a -5 < -5 F " *
lp(S,t/X) = Z (—1) x(a)(a+pt) mZ=0<m> <m> Em (317)

a=1
(p.a)=1
Then,
(1) I,(s, t, x) is analytic for t € C, with |t|, < 1and s € D.

2) L(-n,t, x) = E; . (pt) = p"xn(p)E;, ., (t) for n € Z*.
(3) Ip(s,t, x) = [y-x(a)(a+pt)*du_i(a) for t € C, with |t|, < Tand s € D.
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